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Problem formulation

Input: Corresponding images (of “features”) in multiple images.
Output: Camera motion, camera calibration, object structure.
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Projection model — point features

Homogeneous coordinates of a 3-D point p
X=[XY,ZWl'eRr*, (W=1) i P

Homogeneous coordinates of its 2-D image

x = [z,y,2]" €R>, (z=1)

Projection of a 3-D point to an image plane

A(H)x(t) = N(t)X ;;
Q
At € R, M) = [R(), T(t)] € R3*4 ‘

R(t) — K(t)R(t), T(t) — K(#)T(t) (R(H).T(t) o
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Image of a line feature

Homogeneous representation of a 3-D line L

| L

X=X,4+uV, X, VeR* necr
,'II //IAV
Homogeneous representation of its 2-D co-image X,

1 = [a, b, C]T c 3

Projection of a 3-D line to an image plane

1O)Tx() =1)INE)X =0

N(t) = [R(t), T(t)] € R3*4 SN ‘
(R(t), T(t)) -

ICRA 2004, New Orleans




Incidence relations among features

Multiview constraints are nothing but incidence relations at play!
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Questions

What are the basic relations among multiple images
of a point/line?

How many images do I need?
When are those relations insufficient ?

How can I use all the images to reconstruct camera
pose and scene structure?

How can I do the reconstruction if some features are
occluded?
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Traditional multifocal constraints

For m images of the same 3-D point p: (X1,X2,...,Xm)
I X1 0 0 1T )\1 _ I |_|1 i
O X2 O )\2 . |_|2 X
| 0 O Xm | | Am | | T |
I |_|1 X1 0 0 |
Np - I_I:Q O .X.Q O c %3m><(m—|—4).
| MmO O xXm |

rank(Np) < m 4+ 3 (leading to the conventional approach)

det (Np(m+a)x(m+4)) = O

— Multilinear constraints

among 2, 3, 4-wise views
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Rank conditions for point feature

WLOG, choose camera frame 1 as the reference

"] 0 x; O
Ny =

| R T O

Ry T 0 xo -

-0

0
: c §R3m X (m+4)
0 ’

Xm |

[ XoRoxq

: X2 RaX
M, = | X3faxi

L }/(ranXl

Multiple-View Matrix

Lemma [Rank Condition for Point Features]

rank(Np) = (m + 2) + rank(Mp)

X515 |

x313

XmTm |

Let M, = [M;, M5], then M7 and M are linearly dependent
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Multiple View Matrix for Point Features

roRox1 x>
M, = $333$1 $3_T3 c R3(m—1)x2

i f'r\anwl Q/T-FnTm i

/-‘A
11 < r .1
~ 1

M, encodes exactly the 3-D information missing in one image.

rank(Mp) =1 rank(Mp) =0
03 - pr
01 02 03
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Rank conditions vs. multifocal constraints

rank

rank

[ XoRox1
x3R3x3

XoRox1
x3R3x3

X215
x373

XmTm, _

x>T5
x37T3

< T |

1 = x!TjR;x; =0

o~ T T TN
1l = Xi(RixlTj —1;x7 Rj )Xj =0

e These constraints are only necessary but NOT sufficient!

» However, there is NO further relationship among quadruple wise
views. Quadrilinear constraints hence are redundant!
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Multiple-view structure and motion recovery

Given m images of 7 points: (x7,...,%X),....Xm), j=1,....n
) i Y J
aj X3.T3 + X3Pf3X1 — 0 c §R3(m—1)><1
| XTI I f{mRmX]l _
- _
ozlxz-l X,L-l * X%
—). . . T —).
P-[TZ ] — (XQX,L-Q X%*X% [Tz ] — 0 E§}ge3n><1
7 — —_ — —_
7 : : 7
aX® XTIk XTfT

If n > 6, in general rank(P;) = 11
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Reconstruction Algorithm for Point Features

Given m images of n (>7) points

forjhe Jth poiit _ SVD

wofowy 23T
s N j |
w3Raw) @373 [ﬂ = 0= N°

—— ——

T Rm®] T Tm SVD
For the /jthimage l

o~ P
Alw% ®a:,6-1 xl

1

—_——

2.2 2 2 S
A 5‘31_® x; x; [?4 = 0= (Rf,Tf)
(/

Nzl @ x7 x'Tm

ICRA 2004, New Orleans 12



SVD based 4-step algorithm for SFM

1. Initialization: (a) Set k=0; (b) Compute
(R2,T>) using the eight point algorithm;
(c) Compute o/ = . Normalize s.t. a} =
1.

2. Compute (R;,T;) as the null space of P,
1 =2,...,Mm.

3. Compute the new o/ = O‘i—l—l as the null
space of M7,j = 1,...,n. Normalize s.t.

1 -
Apyq = 1.

4. If |lap —ap41|| > €, then E = Ek+1 and goto
2. Else stop.
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Reconstruction Algorithm for Point Features

90.84°

89.820 \\'/
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Reconstruction Algorithm for Point Features

4-View Reconstruction with 24 Paints

0,=87.88°
< 0,-93.73°
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Example: simulations
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Multiple View Matrix for Line Features

= Point Features

| ToRox1 x2T5 |
x3R3x1 x3T3

_CEﬂ\’LRmicl @Tm_

0 < rank(Mp) <1

= Line Features

1S Roly 13T

I{Ral; 11T3

Bl 1 1, T |

c R(m—l)x4

0 <rank(M;) <1

M encodes exactly the 3-D information missing in one image.
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Multiple View Matrix for Line Features

rank(Mp) =0

—————————————————————————————————————————————
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Multiple View Matrix for Line Features

DRyl BT
I3R3ly 13T3
I} R4l 1T,
ILRsl, UL

l1,15,13,l4,l5 eachis an image of a (different) line in 3-D:

e R*™**  rank(M)) = 3,2, 1.

S
|

Rank =2 Rank =1

LE{ Lo
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Universal Rank Constraint

= What if we have both point and line features?

« Traditionally points and lines are treated
separately

= Therefore, joint incidence relations not exploited
= Can we express joint incidence relations for

« Points passing through lines?
=« Families of intersecting lines?
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Universal rank condition

heorem [The Universal Rank Condition] for images of a point on a line:

| DERo,D; DAT, | A
D3y R3D; D3T3 D, = x; or l,

= x; or 1.

| DitRmD1 DT

1. If D; = 1; and D} = x; for some i > 2,
then:

1 < rank(M) < 2. | -Multi-nonlinear constraints
among 3, 4-wise images.

2. Otherwise:

0 < rank(M) < 1. | -Multi-linear constraints
— — among 2, 3-wise images.
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Instances with mixed features

Examples:
Case 1: a line reference Case 2: a point reference
@RQE )EETQ lngxl lgTQ
Ml Ao I£R3l/1\ 1§T3 Mp — X%R:SXl X%T:S
U Rsly LTy | 15 Rsxy 1575
1 <rank(M;) <2 0 < rank(Mp) <1

e All previously known constraints are the theorem’s instances.

e Degenerate configurations if and only if a drop of rank.
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Generalization — restriction to a plane

Homogeneous representation of a 3-D plane 7

—————————————————————————————————————

aX +bY +cZ+d=0. 7 T
i /| g
X =0, r=[rl,7?]:7l eR3, 72 R ‘o
' D3 RoD; D3To 1
D3 R3D; D3T3 i
M = : : X

D,ﬂﬁRTnDl D#;’Tfrnf

I 71Dy 2 ]
Ok
Corollary [Coplanar Features]
Rank conditions on the new extended M
remain exactly the same! (R(t),T(t)) o
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Generalization — restriction to a plane

Given that a point and line features lie on a plane 7 in 3-D space:

[ X5Roxy %57 | _ 1:2FR2E 127, |
)/CER3X1 }/(?J,Tg, ITR311 lTT3
M, = 5 E e pBm=2)x2  pp > 3 c x4
XmBRmx1 XmTm I%lel IZ;LTm
mlxq 72 ) il 2
0 < 'ra,nk(Mp) <1 0 <rank(M;) <1

In addition to previous constraints, it simultaneously gives homography:

@(Riﬂ-z — Tiﬂ'l)X]_ =0 lf(RZWQ — Tiﬂ'l)f; = 0
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Example Vision-based Landing of a Helicopter

Onboard Camera View X Translation {m) X Rotation {deg)

0.0o7o

¥ Translation {m) Y Rotation (deg)
-0.048 -n.294|] ig i e
Thresholded Image Features Z Translation {m) Z Rotation {deg)
; o214 R e - ¥
i
¥ 3 17 z0 b i ]
1243 1.059 11 637
al
3 T

Video courtesy of O. Shakernia and C. Sharp
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Summary

e Incidence relations <=> rank conditions
e Rank conditions => multiple-view factorization
e Rank conditions implies all multi-focal constraints

e Rank conditions for points, lines, planes, and
(symmetric) structures.

e Rank conditions holds for both calibrated and
uncalibrated case — later additional constraints
self-calibration
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