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3-D Euclidean Space - Vectors
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3D Rotation of Points - Euler angles

Rotation around the coordinate axes, counter-clockwise:
1 0 0

R(a)=|0 cosa -sina
0 sina cosa

P ‘:% cos 0 sin
v B B

Y R(B= 0 1 0
y | P -sing 0 cosf

x X cosy -siny 0
R,(y)=|siny cosy O

2 0 0o 1

R = Redon) Byl AdRi( )

Rotation Matrices in 3D

3 by 3 matrices

9 parameters - only three degrees of freedom
Representations - either three Euler angles
or axis and angle represntation

Tl 712 713
R=| 11y 722 723
31 732 733
Properties of rotation matrices (constraints between the

elements) RET =1

det(R)y =1
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Rotation Matrices in 3D

3 by 3 matrices

9 parameters - only three degrees of freedom
Representations - either three Euler angles
or axis and angle representation

11 12 "13
R=| 1o rop T23
r31 732 733

Properties of rotation matrices (constraints between the
elements)

. 1 for i=j, L
RRT =1 iy == { b wije{1,2,3}

0 for i#j,
det(R) =1 Columns are orthonormal
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Canonical Coordinates for Rotation

Property of R RMRT() =1

Taking derivative

RORTM)+ RORT@) =0 = RERTE) =-(RHRT@)T
Skew symmetric matrix property

RERY(t) = a()
By algebra

R(t) =@R(t)

By solution o ODE
R(t) = ‘c:'t
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3D Rotation (axis & angle)

Solution to the ODE
R(t) = &t

R = I+ @sin(0) + &2(1 — cos(6))

with [l =1 Y [ o | w3
or @3
@ . @2
R=T+ ——sin(|w|l) + —5(1 — cos(|jw]]))
lle]l [Jwll
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Rotation Matrices

11 ™12 713
R= |rp1 722 723,

Given
31 T32 T33

How to compute angle and axis

o]l = cos1 (trclce(R)—l) w 1 [r32 r23]

w|=cos | ————), —=—"—"|riz—r31|.
2 [ 2 sin(||«!

lleell sin(|lwl]) 731 — 12
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3D Translation of Points

T ts
ranslate by a vector P cR3

iz

I X +iz
X=z4t=|Y+ ty
Z4t:
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Rigid Body Motion - Homogeneous
Coordinates

Xc:Ran"l'T:

X )X';
X=|Y| =+ X= €R?,

z

1

Y
1 Zow

Xe r T]|X*
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Rigid Body Motion - Homogeneous
Coordinates

Xc:=RXuy+T,

X=|Y - X= € R*,
7 Z
1
Xe X
Y. | R T Y
Ze | T o Ty
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Properties of Rigid Body Motions

Rigid body motion composition

By Tl] [Hz Tz] — [Hlﬂz M +T

5152:[0 illo 1 0 1 ] € SE(3)

Rigid body motion inverse

-1
_1_[rT|”" _|RT —RTT ;
g = [0 1] = [ o 1 € SE(3).

Rigid body motion acting on vectors
9+(v) = gX(q) — 9X (p) = gv.

Vectors are only affected by ri§t@ictmma&sdsbmogeneous coordinate is zero




Rigid Body Transformation

X

Coordinates are related by: Xc=RXw+T,

Camera pose is specified by:  g=(R,T) € SE(3)
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Rigid Body Motion

Xe(®) = R(®)Xw +T#) = gew(t) X w,

+ Camera is moving
9()

R(t) T(t) x
[ o 1 ] c RAx4,

X (1) = gew(t)Xq
+ Notion of a twist
VE(®) = gew(Dgar (®) € se(3),
X =VaOX@) Va0 = [i’ff) ’f}’]
+ Relationship between velocities

X () = @)X () + v(t)
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Image Formation - Perspective Projection

Pinhole Camera Model

Pinhole

Frontal
pinhole

x
X=|Y| - x= [
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More on homogeneous coordinates

In homogenous coordinates - these represent the
Same point in 3D

[x,v,z, 11T, [xw, YW, zw,W]T eR*

The first coordinates can be obtained from the
second by division by W

What if W is zero ?

Special point - point at infinity - more later
In homogeneous coordinates - there

is a difference between point and vector
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Pinhole Camera Model

di r = T | _ f X
2-D coordinates =ly|T 7|y
Homogeneous coordinates
T X ;,(
x = |y | = % Y|, X — 7
1 VA 1
T f oo 1000 )}E
Zly|l=]0fO0 0100 7z
1 g 01 0010 1

N
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Image Coordinates

z’ Sz Sg Ox T
=y |=|0 sy oy Y metric
1| 0 0 1 1| coordinates -~
- -

e d

Linear transformation ~ Ks .~

©0)__% - oy

. ,/’/ ,
pixel ) , o -
coordinates ¥ =

(0r.05) |— Sy

Sz
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Calibration Matrix and Camera Model

Pinhole camera Pixel coordinates

Ax = KfﬂoX 13’ = K513
fsz fsg oo |[1 0 0 0 1)5
Me! =K KiMgX=| 0 fsy oy | [0 1 00 p
0 0o 1 0010 1

Calibration matrix K = KK Mo
| S

(intrinsic parameters)

Projection matrix n=[K,0] € R3x4

Camera model Az’ = KMNgX =NX
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Calibration Matrix and Camera Model

Pinhole camera Pixel coordinates

Az = KMoX ' = Kz
Xu*
fsz fsg ox 1000
M =| 0 fsy oy 0100[3’*2] s
0o 0 1 0010 1“

More compactly Az = K;llggX =NX ‘

Transformation between camera coordinate
Systems and world coordinate system
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Radial Distortion

Nonlinear transformation along the radial direction

Jubiad\ Bk

}?_J’ ”l ; (S

“Ta
z = ctf(ri=zg—0), r=|lzq—cl
f(r) = 1+a11'—|—a2r2—|—a.31-3+a41~4_|_,..

Distortion correction: make lines straight
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Image of a point

Homogeneous coordinates of a 3-D point P
X=[xv,ZzwWTer*, W=1) p

Homogeneous coordinates of its 2-D image ‘
-

z=[x,y,2]" €3 (2=1)

Projection of a 3-D point to an image plane

MER, M=[R,T] € R34 a

— 3x4
A€R, M= [KR, K[ R
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Image of a line - homogeneous
representation

Homogeneous representation of a 3-D line L

X X, v
_|Y || Y V2

X=12|=|z |t#|vs| #<EER
1 1 0

Homogeneous representation of its 2-D image

I=[a,b,d" € R>

Projection of a 3-D line to an image plane

z=I'nx=o

M= [KR, KT] € R3*4
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Image of a line - 2D representations

Representation of a 3-D line

]-%
X=|Y |=|Y,
zZ Zo
Projection of a line - line in the image plane
_ Xo+ '\Vl
- Zo + ,\V3

Yo+ AVl
Zo+ AV

+p

Vi
Vo, peRr
V3

y =

Special cases - parallel to the image plane, perpendicular
When A -> o - vanishing points

Inart - 1-point perspective, 2-point perspective, 3-point perspective
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Visual Illusions
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Vanishing points

Different sets of parallel lines in a plane intersect
at vanishing points, vanishing points form a horizon line
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Ames Room Illusions
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More Illusions

Which of the two monsters is bigger ?
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