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Why do we need Linear Algebra?

• We will associate coordinates to
– 3D points in the scene
– 2D points in the CCD array
– 2D points in the image

• Coordinates will be used to
– Perform geometrical transformations
– Associate  3D with 2D points

• Images are matrices of numbers
– We will find properties of these numbers



Matrices
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Sum:
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Example:

A and B must have the same 
dimensions



Matrices

pmmnpn BAC ××× =

Product:
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nnnnnnnn ABBA ×××× ≠

A and B must have 
compatible dimensions



Matrices

mn
T

nm AC ×× =
Transpose:

jiij ac = TTT ABAB =)(

TTT BABA +=+ )(

If AAT = A is symmetric

Examples:
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Matrices

Determinant:
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Matrices
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Inverse: A must be square
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2D,3D Vectors
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If 1|||| =v , v is a UNIT vector



Vector Addition
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u+v



Vector Subtraction
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Scalar Product
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Inner (dot) Product
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The inner product is a SCALAR!

norm of a vector



Vector (cross) Product

wvu ×=

The cross product is a VECTOR!
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Orientation:

αsin|||||||||.||  ||u|| wvwv ==Magnitude:



Standard base vectors:

Coordinates of a point     in space:

Orthonormal Basis in 3D



Vector (Cross) Product Computation
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Skew symmetric matrix associated with vector



2D Geometrical Transformations



2D Translation
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2D Translation Equation
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Homogeneous Coordinates

Homogeneous coordinates:

Translation using matrices: 



Scaling
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Scaling Transformation

sx.x

sy.y
x’

x



Scaling & Translating
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Composition of transformations 



Scaling & Translating



Rotation in 2D
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Rotation Matrix

!
"

#
$
%

&
!
"

#
$
%

& −
=!

"

#
$
%

&

y
x

y
x

θθ

θθ

cossin
sincos

'
'

P
x

Y’
P
’ q

X’

y

Counter-clockwise rotation of a point by an angle q

Counter-clockwise rotation of a coordinate frame
attached to a rigid body by an angle q



Rotation Matrix

Interpretations of the rotation matrix  RAB

{A}

{B}

Columns of  RAB are the unit vectors of the axes of 
frame B expressed in coordinate frame A. Such 
rotation matrix transforms coordinates of points in 
frame B to points in frame A

XA = RABXB

�
RAB =

�
cos � � sin �
sin � cos �

⇥

Use of the rotation matrix as transformation  RAB   



Rigid Body Transform

{A}

{B}

XA

XB

tAB

XA = XB + tAB

The points from frame A to frame B are 
transformed by the inverse of
(see example next slide) 

XA = RABXB + tAB

T = (RAB , tAB)

tAB

T = (RAB , tAB)

Translation only,        is the origin of the frame B expressed in the 
Frame A 

Composite transformation: 

Transformation: 

XA =
�

RAB tAB

0 1

⇥
XB

Homogeneous coordinates 



Example

XA =

�

⇤
cos � � sin � tx
sin � cos � ty

0 0 1

⇥

⌅XB

XA =

�

⇤
0 �1 0
1 0 3
0 0 1

⇥

⌅XB � = 90o, tAB = [0, 3]Tfor

{A}

{B}
XA

XB

tAB

XA =

�

⇤
2
3
1

⇥

⌅ XB =

�

⇤
0
�2
1

⇥

⌅

In homogeneous coordinates: 

Verify that the inverse of the above transform 
Transforms coordinates in frame {A} to frame {B} 



Degrees of Freedom

R is 2x2 4 elements

BUT! There is only 1 degree of freedom: q

The 4 elements must satisfy the following constraints:
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Rows and columns are orthogonal and of unit length
Matrix is orientation preserving


