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In this paper we identify an undesirable side-effect of combining different email-control mechanisms for protection
from unwanted messages, namely, leakage of recipients’ private information to message senders. This is becaus
some email-control mechanisms like bonds, graph-turing tests, etc., inherently leak information, and without
discontinuing their use, leakage channels cannot be closed. We formalize the capabilities of an attacker and show
how she can launch guessing attacks on recipient’'s mail acceptance policy that utilizes leaky mechanism in its
defence against unwanted mail.

As opposed to the classical Dolev-Yao attacker and its extensions, attacker in our model guesses the contents o
a recipient’s private information. The use of leaky mechanisms allow the sender to verify her guess. We assume a
constraint logic programming based policy language for specification and evaluation of mail acceptance criteria
and present two different program transformations that can prevent guessing attacks while allowing recipients to
utilize any email-control mechanism in their policies.

Keywords: Application layer security, inference attacks, information leakage channels, secrecy, Dolev Yao
l. Introduction

Email, a widely popular communication medium, is plagued with several problems like delivery of unsolicited
commercial or fraudulent messages, lack of authentication of message senders, inability to ensure integrity and
secrecy of message conteantg. Several solutions have been proposed to counter these problems and many have
been incorporated into the delivery mechanisms. However, there exists a class of problems that has not receivec
much attention yet, which is the problem of protection of recipients’ sensitive information. It is surprisingly easy to
uncover information that recipients may consider sensitive, like recipient maintaiaekist or whitelist Not only
can this lead to security breaches, but also jeopardize the defenses against unwanted messages. In this paper, v
formalize this problem and a new attack technique on policy based evaluation, which is a counterpart to dictionary
attacks on cryptographic protocols [4]. As a solution we also provide a policy transformation technique to prevent
attacks on sensitive information.

Leakages can occur in many ways. For instance, simgiress harvestingttacks through the Simple Mail
Transfer Protocol (SMTP [21]), the default email delivery protocol, are easy to construct. In this attack, a malicious
sender attempts delivery to a preconstructed list of possible recipients, and recipient mail server replies help her
to identify which ones arbona fideaccount holders [18]. Contrary to the SMTP protocol recommendations, mail
servers can prohibit such feedback, thus implementing a blanket protection policy against harvesting attacks. More
fine-tuned, policy-based schemes for feedback control are also possible [9], [10].

Controlling SMTP feedback to senders is not enough to protect recipient’s private data. For instance, email-
control techniques like monetary bonds [14], graph-turing tests for human initiation gtcZ] provide feedback
to senders from outside the SMTP transmission channel. Clearly, signals through monetary transfer due to bond
seizure can't be prevented by stopping SMTP feedback. This signal informs the sender that the sent message wa:
able to overcome recipient’s bayesian filters, if they are being used by the recipient, in addition to confirming
recipient’s email address. This knowledge can further help a malicious sender in propagating unwanted emails in
future. Apart from the efficacy of filter rules, a recipient or a domain may wish to protect a lot of other private
data, like their email behavior, the set of their email acquaintaretes,

In this paper, we identify two types of email-control mechaniswis, leaky mechanismike monetary bonds,
acknowledgement receiptetc, and sensitive mechanismike white-lists, i.e., the set of senders from whom a



recipient always accepts emails, blacklists, the set of senders from whom the recipient does not wish to receive
messages, filtergtc. A leaky mechanism is defined as an email-control mechanism that, by the virtue of its use,
informs the sender whether his or her message was accepted by the recipient or not. Whereas, a sensitive mechanis
is defined as an email control mechanism that uses recipient’s private information to decide whether to accept a
message or not, but does not disclose any information to the sender. However, if these two types of mechanisms
are used in combination, disclosure of recipient’s private information is possible and it is the security goal of this
paper to prevent such disclosures. Readers may be familiar with leakages due to well-crafted web addresses an
images embedded within a message that provide automatic acknowledgement receipts. In section Il we describe
how leaky mechanisms provide message acceptance confirmations to the sender. Mechanisms like blacklists, filters
etc, are sensitive because of the nature of the information they control and because their knowledge can help a
malicious sender to bypass the control they provide.

The abundance of email-control solutions and the need for automation of several aspects of user's email agents
have led to the use of policies that allow flexible control over the behavior of local email systems. Such policies
are easily constructed through end user ingug,( simple user feedback allows Gmail to display or not display
embedded imagegtc) and through explicit administrator level policies, leading to considerable automation of
repetitive tasks. However, because the email system is highly automated, there exists a potential for confidential
information to be leaked unintentionally. Even though it is not guaranteed that using a means to leak information will
reveal information, however, the probability of leakage of sensitive information, when using leaky and sensitive
mechanisms in combination, is non zero. In particular, schemes that allow sharing acceptance policies to stop
undesirable messages earlier in the transmission process (see [8], [9], [10]) compound the problem. Armed with the
knowledge of recipient policies, an attacker can simply send a large volume of messages and observe the behavio
of the feedback channel in order to discern relevant information.

Our modeling of an attacker assumes basic capabilities of computing unfold/fold transformations [22], computing
Clark completion of predicate definitions, and the ability to generate a large number of messages. Though, in the
worst case analysis, this attacker need not generate a large number of messages to learn parts of a recipient’s priva
information. With this attacker in mind, and assuming that the private data is not explicitly disclosed to the attacker,
we suggest two program transformation techniques:néeessary policy transformaticend thesufficient policy
transformationthat can be used in tandem to prevent leakages, while leakage channels are still active. We show
that these policies are semantically closest to the original policy, while preventing leakages.

Protection against disclosure is a standard problem that has been previously studied in many areas, for example
protection of sensitive information in database transactions (Pfleeger [19], Chapter 6). We analyze the problem in
the context of emails, which is very different from other application domains where this problem has been studied.
In the section VII we survey some of the disclosure solutions and argue why they are different from our domain.

A. Our Contribution

The main contributions of this paper include, to the best of our knowledge, the first formal analysis of well-
studied confidentiality problem in the context of emails, and a novel solution to protect sensitive information from
attacks. We summarize our contributions as follows:

« We develop a logical formalism for expressing and solving the problem of leakage of private information due
to the use of leaky mechanisms.

« We define a new attacker model with the attacker being capable of com@lérigcompletiorof programs and
applyingunfold/fold transformationn addition to the ability of generating messages. With these capabilities,
and the usual assumptions about distributed email communications, this attacker can unravel message recipients
protected information.

o We describe a new type of information leakage attack on email systems due to the combination of email-control
mechanisms.

« We develop two policy transformation schemes, namely, necessary and sufficient policies, that, when used in
tandem, can prevent the leakage of sensitive email information.

The rest of the paper is organized as follows. In section Il we provide some motivating examples of information
leakage attacks. We follow this with an informal and intuitive description of how we plan to mitigate leakage
attacks in section lll. This is followed by the formal model in section IV and the attacker model in section V. In
section VI we discuss the transformation algorithm and necessary and sufficient policy transformations that can



prevent leakage of information, followed by the related work (section VII) and the conclusion (section VIII).
lI. Examples

A simple leakage scenario is one where specially crafted messages can lead to recipients divulging private
financial information to attackers. Such attack techniques are termed as ‘phishing’ and are beyond the scope of this
paper. We focus on automatic leakage of information through the email system. Several types of information may
be regarded as lucrative by different classes of message senders. For instance, knowledge of a large set of valic
email addresses is of prime importance to bulk emailers. As would be the efficacy of filtering rules of bayesian
filters, now omnipresent in every recipient email system. Senders may want to know if their messages were read
by the recipient, even if the recipient does not wish to release an acknowledgment receipt. We provide some basic
examples below how the system could be manipulated to yield such confirmations.

A. Direct disclosure

SMTP, the default email protocol, allows leakage of information, as discussed earlier. In table | we list some of
the reply codes that can be used for gaining confirmation of valid/invalid email addresses and is an example of
direct leakage. In addition to the SMTP protocol, email-control schemes and protocols layered on top of the SMTP
protocol can also result in leakage of information. For instance, graph-turing tests [17] is one such protocol that
can be employed by recipients for proof of human initiation. In this scheme, recipients generate a challenge for
incoming messages, and only on receiving a successful response is the message delivered to recipient’'s mailbox
However, issuing a challenge confirms that the recipient address is a valid email address, or it successfully dodged
bayesian filters employed by the recipient.

Reply  Meaning Confirmation provided

Code

251 User not local; will for- Forwarding address
ward to (addresp

450 Mailbox unavailable Invalid address

452 Insufficient system storage  Valid address

550 Mailbox unavailable Invalid address

551 User not local; tryadds Forwarding address

553 Mailbox name not allowed Invalid address

TABLE I Leakage through SMTP reply codes

As these disclosures are made through feedback provided in the protocol, they can be prevented by modifying
the behavior of SMTP state machine. In the rest of the paper, we assume that these disclosures can be prevente
using policy-based control schemes for feedback control [9], [10] and don't investigate them further.

B. Disclosure through leaky mechanisms

Well-crafted URLs or images in a message are a prime example of how malicious senders generate acknowl-
edgement receipts without requiring any recipient action. Such a message when viewed or the URL visited by the
recipient can cause HTTP requests to a web server that confirms that the recipient read the message. Preventio
of automatic acknowledgements is possible through policy based control over which or what type of messages
can contain HTTP content. Though URLs and images don't qualify as a leaky mechanism (since they are not
email-control mechanisms), similar leakages are possible through other mechanisms. For instance, bonds inherentl
leak information irrespective of whether feedback is provided by the email system itself or not. This is because
seizure of bond causes monetary flow and therefore informs the person posting that bond that the recipient read the
message. This can help a sender infer certain information about the recipient email system as well as recipient’s
private information. We characterize these leakages as follows:

« Confirmation of email address: Bulk senders may simply wish to know if a recipient address is valid or not

and can use leaky mechanisms, SMTP feedback or well-crafted messages for this purpose. Leaky and sensitive
mechanisms need not be combined for this leakage to occur.

» Leakage of sensitive information:In this case, the sender knows that the recipient address is valid and wishes

to know additional information about a recipient, using the fact that the recipient employs leaky and sensitive
mechanisms in combination.

As an example of the second case, we consider a simple example next to illustrate the basics of an attack.



Example 1 (Leakage through monetary bonds).Consider a simple recipient policy that states that messages
from blacklisted email domains (or senders) will be accepted if a minimum bond of $diue present; for all
other messages a bond of minimum vafie (a < b) is required. Such a scenario is easily foreseen as monetary
signalling techniques ([11], [14], [16], [23], etc.) have recently been applied (in various capacities) in real email
networks. We represent this policy simply as (a formal definition of syntax follows later):

accept message —if— sender is not blacklisted and message is bonded with value a

accept message —if— sender is blacklisted and message is bonded with value b > a

Suppose a sender knows that the recipient is using a policy based on bond values and blacklists. Further, since
bond seizure provides confirmation if a message was read or not, the sender can guess values of a, b and whethe
a sender is on the recipient’s blacklist, and verify these guesses by sending a large number of messages while
observing the feedback channel. With the values of a and b known, the sender can easily verify if an email address
is in the recipient’s blacklist or not. The situation is further simplified, if the sender is given these values as a part
of policy sharing. Such an attack can be accomplished with as little as only two email messages: the sender sends
two identical messages with only bond values different: one bonded with $aluec (a,b) and other bonded with

value $d, d > b. Also, we assume that the targeted recipient seizes bonds for all commercial messages delivered
to his mailbox. If both the bonds are seized, the sender knows that he or she is not on the blacklist, otherwise if
only the second bond is seized will prove that the sender is on the blacklist.

[ll. Overview of our approach

Controlling unwanted messages through the use of various control techniques simultaneously and at various
stages of email delivery has been studied and proposed recently ([2], [12], [13] among others). Policy based control
has also been proposed recently that allows flexible control of email delivery mechanism, while allowing the basic
protocol to treat each email-control technique uniformly. Thus, turing tests, and other human initiation checks [17]
can be integrated within the SMTP framework, through policy feedback or policy sharing. However, this opens
up the possibility of any (and all) email control requirements to be communicated upstream. This capability gives
policies an important role in email delivery, with the potential of drastically altering the way unwanted messages
are handledj.e, unwanted messages may not allowed to originate at the sender domain if they don't satisfy
downstream policies. However, enforcement of this scheme requires explicit policy sharing with upstream agents.
This readily enables attackers to launch and verify guessing attacks. Even without explicit sharing, guesses can be
verified through leaky mechanisms, though the complexity of such attacks is more than the policy sharing case.

Even though communication or enforcement of policies that combine leaky and sensitive mechanisms is vulnerable
to attacks, and therefore, requires policies to be ‘strong enough’ to withstand leakage analysis, the responsibility
of enforcing ‘strong’ policies cannot be entrusted to the end users. At best, the end users are expected to answel
simple questions that help the system to construct a message acceptance policy on their behalf. The only option
that remains is to automatically strengthen or sanitize a policy that can leak sensitive information. This is not a
trivial problem and in the sections to follow, we show how to solve it. However, before we outline our solution, it
is worth noting that ‘strengthening’ action may not be required in every SMTP session. Based on mutual trust, and
history of previous interactions, email domains may distinguish between different transmitting domains and decide
on whether to use policy sanitization actions or not. (For additional information on such ‘service level' decisions
the reader is referred to [8], [10].)

Ouir first step in policy sanitization is to distinguish leaky mechanisms and sensitive information from the rest of
the recipient policy. This is required as we need to focus on the protected resource and the means through which
leakage occurs. The distinction is made in the syntax of policies and details are presented in section IV. Next,
we transform the original recipient policy into a zero information leakage policy against a correlation attack. For
example, consider again the policy in example 1. Assuming the policy only evaluates the sender's membership
in blacklist and monetary value of the bond, clearly, a message must at least have a bond valugoob&
accepted and will always be accepted if the bond value is at least& encode this information in two new
policies: thenecessary policyhat states that a message must have a bond valueachri#tl thesufficient policy
that states that message need only have a bond valuebdb $e acceptable. Note that in both the policies all
references to sensitive mechanisine,, blacklist, have been removed. Evaluating the sufficient policy for every



message, clearly, does not yield information regarding the contents of recipient’s blacklist. To establish minimum
threshold, the necessary policy can be sent across the network without the risk of leakage analysis, while message
evaluations being performed with sufficient policy in the worst case. Policy transformations are det&jl&d in

and we prove that transformations achieve required security goals, while being semantically ‘closest’ to original
policy, in § VI-C,VI-D.

V. Formal Model

A formal model for a policy based decision on email acceptance was presented earlier [8], [10], [9]. Here we
do not go into the details of the earlier models, but discuss a more general constraint logic programming (CLP)
based syntax where sensitive and leaky mechanisms are modefet/die and sensitivepredicates, respectively.

In particular, we assume that each message is evaluated by a single acceptance policy instead of multiple policies
authored by different principals in an email pipeline [10]. As our syntax is more general, it can be specialized to
represent any of the policies suggested earlier, or their composition.

A. Syntax

Definition 1 (Constraint domain). We use finite integer domain as the constraint domain, represent@ tyat
supports standard interpretation of the symbols=4, < and >.

Definition 2 (Terms). Terms cons_i)st of only variables and constants. Constants are from tf& Jeiples of terms
t1, ..., ty may be represented by .

Definition 3 (Primitive constraint). A primitive constraint is of the form g(tty) where g is a symbol from the set
{=, #, <, >} and t, t; are terms such that tis a variable and 4 is a constant. We use infix notation to represent
primitive constraints.

Definition 4 (Constraint). A constraint is conjunction/A) of primitive constraints.

Definition 5 (Predicates). Predicate symbols are partitioned into three sef®p, which are the predefined
predicates, Ry, which are the system defined predicates, dtl is the set of predicates that are guesses for
predicates inRp. In particular, we assume that three top level predicate syméotept allow and disallow e Rp.

Definition 6 (Private and Sensitive Predicates)Subsets oRp predicates, represented 3 and £, form the set
of private and sensitive predicates, respectively.

Definition 7 (System-defined Predicated?y;). Ry predicates are further partitioned into following sets:

Mch For each predicatep; € P, two predicate symbols, matchBnd matchNotP of same arity ag;, are
reserved to be defined by the program. In addition for every predicateZ @, the program reserves
predicate symbols M atchP; and QMatchN otP;

Pes For every predicate Q, such that @ P, the program reserves a predicate symbol ‘pesQ’, Q’s pessimistic
version (defined in section VI).

Opt For every predicate Q, such that @ P, the program reserves a predicate symbol ‘optQ’, Q’s optimistic
version (defined in section VI).

Definition 8 (Atom and Literal). An atom is of the form q(,...,¢,) where q is a symbol fronkp U RyU {=,
#, <, >} andty,...,t, are terms. A literal is an atom (called a positive literal) or its negation (called a negative
literal).

Definition 9 (Clause, Fact and Rule).A clause is of the form H— B where H is an atom, and B is a list of
literals. A fact is a clause in which B is an empty list or a list of literals with predicate symbols from tHe set
#, <, >}. A clause is called a rule otherwise.

Definition 10 (CLP Program). A CLP Program (simply a program) is a set of clauses. For a program P and a
predicate Q, Qx P if for any rule H+— B4,...,B, in P, Q = Hf or Q = B;# (i € [1,n]) for some§.

Definition 11 (Message).A message is a set of facts

We treat a message as a set of facts that constrain email message headers and content to sender supplied valu
For instanceMail From: abc@xyz is encoded astrbgom(abcQxyz.com) where atrbom is an Rp predicate.



We also assume that non-numeric constants can be encoded in finite integer domain.

Definition 12 (Mail Acceptance Policy). A mail acceptance policy, or simply, a policy is a pair= (IIz,IIp)
wherelly is a set of rules (ruleset) anfp is a set of facts. The prograiiy is required to be stratified and
contain definitions of top level predicate accept and at least one of the predicates: allow, disallow. The predicate
symbol accept is always defined as

accept{nsg) « allow(msg), ~disallow(msg)

B. Semantics

We reuse the three-valued semantics (with constructive negation) used in [10], which is Fages’ fully abstract
semantics Tp(I)= (T3 (I), Tp (I))) where symbols are as defined in [7], PlE) M where M is a message and
I =(I*t, I")inwhichI* and I~ are disjoint sets of constrained atoms, defined next.

Definition 13 (Constrained atom). A constrained atom is a pair|& in which c is a solvable constraint, A is an
atom and free variables occurring in ¢ also occur as free in A. The set of all constrained atoms is dengted by

Definition 14. Immediate consequence function

T#(I) ={c|p(X)eB | there exist a p(¥)- d|A1, ...,Am,~Amt1,...,mA, € P with local variables Y, g4; € I+
for ic[1,m] and ¢|A; € I~ for je[m+1,n] such that c=3Y(dAA]_,c;) is satisfiablé

Tp (1) ={c|p(X)eB | p(X)— di| Ak 1, - Ak my s " Akmy+1s- - Ay, for every clause with head @ P and local
variables Y;, there exist 1Ak 1,. -, €my|Akm, € 17 @Nd @ 41| Ak my+1+ - €ni [ Ak, € 17, such that c=
ALYYi(- di V2, e ,) is satisfiable}

Definition 15. Ordinal powers ofl'p
Tp10=0;Tp 1 B=Tp(Tp 1 8—1), 3 is a successor ordinallp T a = |_|/8<a Tp 1 B, in whicha is a limit
ordinal and| |;_,Tp 1 8 = (Up<a(TpP 1 B)7, Us<a(TP 1 6)7).

A message is accepted if @ccept(msg) € TI;L T w wheremsyg is a tuple of headers and content supplied in
the message. The authors show that the decision procedure using the presented semantics is complete [10]. Finall
we define the extension and Clark completion of a predicate as follows

Definition 16 (Extension of a predicate).Extension of a predicate p is the set ext(p)I} (1) such that each
constrained atom in ext(p) is of the form;g =)

Definition 17 (Clark completion). Given a rulesefl, each predicate p, px II such that for some rule € II
p(7) = head(r), is associated with a logical formula as follows. If there are n ruleglin

p(Z) «— By

then the formula associated with p is

V Iy, Bp
wherey; is the set of variables iB; except for variables inc;. If p # head(r) for any 7 € II, then the formula
associated is

VT —p(T)

The collection of all such formulas is called the Clark completiodlofWe represent the Clark completion of a
predicate p by p



V. Attacker Model

Next we define the attacker's capabilities and model leakage of private information. An attacker is constrained
to legal runs of SMTP protocol. However, the attacker is not restricted to gaining information from the SMTP
protocol plays alone. There is no restriction on the number of email messages an attacker can generate, and thes
messages can be targeted to any recipient. For worst case analysis we make following assumptions:

1) Attacker may know the form of policies being used at a particular email domainuse of blacklists,
whitelists, filters,etc. This is possible through explicit communication of portions of policies or through other
means (like attacker knows about the victim’s policy by the virtue of being served by the same email service
provider, say Hotmail, Gmattc). In particularIlz (rule set) may be known but ndl, (set of facts) where
contains definitions of private predicates.

2) From protocol runs an attacker cannot discern if a message reached the intended recipient’s m&jlbox,
recipient domain may indicate that the message was delivered, without actually delivering the message.
Confirmation of message acceptance can be obtained from leaky mechanisms alone.

3) Each message that reaches a recipient's mailbox is read by the recipient and actions like bond seizure,
reporting to reputation servicestc, are taken.

A. Capabilities

Given a set of ruledl = {m,...,m,}, and the set Q fq | q &< II}, an attacker has following capabilities:

1) Capability of computing Clark completion: For allq € @, the attacker can compu4&, g's Clark completion
with respect top.

2) Capability of unfold transformation [22]: Given a ruler,: H — A, B, C where A, CC Q and Be Q
such that for some rule; and somef such that B = hedd; )6, the attacker can transform, to H — A,
body(7;)0, C (herehead and body functions map a rule to the atom in its head and literals in its body,
respectively).

3) Capability of fold transformation [22]: Given a rulerr;: H «— A, B, C where A, B, CcC Q such that for
some ruler; and somé such that B = bodfr;)0, the attacker can transform, to H — A, headr;)d, C

4) Capability of message generationAn attacker can generate any number of messages (M M,,) of her
choice.

(For additional information on unfold/fold transformation of logic programs the reader is referred to [22].) For
modeling attacks on cryptographic protocols, the classical Dolev-Yao (DY) attacker [6] was used. DY attacker
was able to evaluate the secrecy of data during transmission. As opposed to this attacker, the email policy
attacker is capable of uncovering subset of extension of private predicate(s). The security goal of this paper is to
prevent an attacker from gaining this knowledge. Computing Clark completion of program definitions, unfold/fold
transformations and sending messages are the assumed capafilitiedsDY attacker capabilities like encryption,
decryption, term concatenation, term splittiregc.

An attack on extension of private predicate involves the sender sending messages (sets of facts like the sende
address, recipient address, time of transmission, bond vetogthat contain specific values for arguments of a
leaky predicate. These values are generated from an analysis of the recipient’s policy. The attacker is made known
of the fact that facceptfi) belongs toT'} (I) or T (I) through the signals received from leaky mechanism. With
these information, the attacker can construct éxt(pext(p), where p is a private predicate aridcpR 4. A precise
logical definition of this attack is being worked on.

B. Scripting an attack

An attacker can generate requisite messages using her capabilities in the following way. Given a setlbf rules
such that accepk II, the attacker computds®, the fully unfolded form offI (the head p of each fully unfolded
rule is referred to as“). This operation yields accefitthe fully unfolded form of accept with respect® In the
next step the attacker constructs the Clark completion of a€depyield accept*. Using accept’, the attacker
can then generate guesses by analyzing the values of leaky mechanism that can generate messages to verify h
guess. The unfold/fold transformation belongs to NP complexity class [3], as does the Clark completion operation.
Overall, the complexity of policy attack is NP.

Example 2. We encode a simple attack as discussed in section Il. Here, blacklist is the private predicate, whose definition



(or extension) is hidden from the attacker and bond is the leaky predicate. Sufipoise

allow(m) <« =blacklist(Y),bond(X),X >5
allow(m) <« blacklist(Y),bond(X), X > 10

Using the unfolding capability, accept predicate definitions can be transformed to:

accept(m) <« —blacklist(Y),bond(X),X >5
accept(m) <« blacklist(Y),bond(X),X > 10

Next the attacker can compute Clark completion of accept definition:

Vi accept(m)* < 3Yy, Xy —blacklist(Y1),bond(X1), X1 > 5
V
Y5, Xo blacklist(Ys), bond(Xs), Xo > 10

An attacker is now in a position to guess parts of the extension of blacklist using following rule:

blacklist'(Y,) <« —accept(mq),accept(ims), bond(X1),
bond(X), X, € [5,10], X > 10

Here blacklist € R4, is defined by the attacker. The attacker can send two messages with all facts same except the bond
values. The first message:{) is bonded with a value & (5,10) and second oneni;) bonded with a value greater than 10.

It is easy to see that ¥, € ext(blacklist), then the sender will get one negative and one positive verificatidaceept{n;)

€ Ty (I) and daccept{nsz) € T (I); otherwise both verifiers are positive.

VI. Policy transformations for privacy

To prevent an attacker from deducing subsets of recipient maintained set(s) of private information, we propose to
transform the evaluation policy such that leakage signals are rendered useless. There are two flavors of transformatiol
that we proposethe sufficient policyandthe necessary policyansformation. The intuition behind sufficient policy
is that it should accept a message just in case the message is accepted by the original polieyl padsible
definitions of the private predicates. On the other hand, the necessary policy accepts a messagedeiinition
of the private predicates in the original policy, hence ensuring that only messages satisfying the necessary policy
can satisfy the original policy. These policies are designed to be used in tandesingle evaluation of original
policy is replaced by the evaluation of necessary and sufficient policies.

A. Transformation algorithm

Transformation algorithm is discussed next. Since only those rules that use private literals in their bodies can leak
private information, the algorithm applies to such rules and leaves others unchanged. The transformation algorithm
is shown in figure 1 and consists of two transformations for each rule containing sensitive predicates and is described
in detail next.

Figure 1 begins with a general Horn clause representation of rulék;imvith meta-variables Q Q, and p.
andmsyg is the tuple of all variables used Tiiz. Q. (%) represents a non-sensitive literal at tié& position in a
rule, and can also appear in the head of the rule. The rule is shown tohawesensitive predicates in its body
and some sensitive predicatgs for k € [1, t'], each used positivelyn; times and negatively,, times. In other
words, recursive calls and multiple calls to the same predicate may be made inigerulg, may be in 1, Qu]
or Qu, = Qu, for uy, ug € [1, v], u1 # uz. However,Q, cannot make recursive calls to itself through negation or
include calls such that the program dependency graph includes negative cycles, the stratification restriction. Also,
eachpy, literal need not appear in the body of evepy, clause,.e., bothm; andn, can be equal to zero.

As shown in the figure, eac, definition is transformed to two related predicater,, pesQ, and optQ,,
where pes@,, is the ‘pessimistic’ version of),, independent of the definition of any private predicate used in
the definition ofQ,, andoptQ,, is the ‘optimistic’ version ofQ),, predicate, which holds for ‘some’ definition of
private predicates. More precisebyt(,, will hold if there existssomedefinition of private predicates used in the
definition of @,,, such that), can be shown to hold ifl, whereagpesQ,, will only hold if for all definitions of
private predicates,, can be shown to hold true iH.



— — — — [
Qu(yu,): - Ql(Yl), ey _‘Q’U()/’U)7p1(X1.1)7 s ;pl(Xm] 71)a —P1 (ern—&-l,l)a B _‘pl(Xm]-‘rn],l)a ey
pt’(Xt’,l): <oy TP (th/+nt/,t’)7 C.

For each clause il as shown above, add create following clauses, for each k and u, if not already
present:

—

pesQy, (}77:) —QumatchPy (X1, msg), QumatchN ot Py ()71), msg).

pesQ, (}71:) —QumatchPy ()?t/), msg), QumatchNot Py ()Tt/), msg).

—

Qumatch Py (X, 45, MSg): —pesQl(ﬁ), oo moptQy (Yy), Qumatch Py (Xq 1, mSg), . . ., QumatchPy (X, 1, mSg)

.., Qumatch Py (X1 i, mSg), - . ., Qumatch Py (X, k, msg), QumatchN ot Py( X, 41,5, MSG), - . -,
_ _— _
QumatchNot Pe( X, 4(j—1),k M5G), QumatchN ot Pe( X, 4 (j1),k> M8G); - - -, QumatchN ot P (X, ny k5 M57),
oy, QumatchPy (X1 1, msg), ..., QumatchNot Py (X, +n, .+, M59),

X # X jns 1€ [Lmy], j€ [L,ng],k €[1,¢],c
: L+,

QumatcizNoth()_(;, msg): —pes@Qy (}7;), oy, optQ,y, (Z)), QumatchPy (X1 1, msg), . . ., Qumatch Py (X, 15 msg),

..y Qumatch Py (X4 1, msg), . .., QumatchPy(X;_1 5, msg), QumatchPy(X;11 1, mSg), . . .,
—_— — —_—
QumatchPy (X, k, msg), QumatchN ot Py(X,,, +1.k, MSg), - - ., QumatchNot Py (X, +ny ks TSG), - - -
QumatchPy (X, v, msg), ..., QumatchNot Py (X, 4n,, v, M5G),

X?', K #Xm 147 k' i€ [177nlg']7 ]6 [17nk']7k/ € [1,t/]70.
R e 5

s — — . . ! ’
optQu(Yu): —optQ1 (Y1), ..., pesQy(Yy), X, v+ # ka,ﬂ.’k/, iel,my], j€[l,ng],k €[1,t]ec

Fig. 1: Transformation algorithm

It must be noted that the algorithm, as presented, does not include the details of how transformed and non
transformed rules are linked. Suppose there is a pred@&tg) in the body of a transformed clause that does
not use any sensitive literals. The transformation still renames jie&@ (") whenever it is used positively, and
optQ(T) when it is used negatively. However, the transformed versions of the definitiQf 8f) are not created
since it does not use any sensitive predicates in the body. Hence we add two rules for each such predicate, which are
pesQ(T) «— Q(7) andoptQ(T) «+ Q(7'). In example 3 we present a concrete example of this transformation.

Example 3. Pessimistic and optimistic transformations.
Consider thell definition of predicate trusted(x,.,z) that uses non sensitive predicates professor(Profile), student(Profile)
and bonded(B, minValue) and private predicate blacklist(,) defined inIlp:

trusted(Z

trusted(@) <«  student(Xrom), ~blacklist(Xrom)
—
T

trusted(@’) <« blacklist(Xerom), bonded(Xx-gng, )

) «— professor(Xrom)

The optimistic and pessimistic forms of the predicate trustetljp; are as follows. For simplicity we retain the names of
other predicates (i.e., student, professor, bonded are unchanged), however, in reality, their pessimistic and optimistic versions
coincide. Also, we use trustedMB symbol for trustedMatchBlacklist and trustedMNB for trustedMatchNotBlacklist predicate



due to space constraints:

pesTrusted(Z) « professor(Xrom)
pesTrusted(2) « trustedM B(y1),
trustedM N B(y3)
trustedM B(y1) +  student(Xrom)
trusted M NB(y3) <« bonded(Xx-gng )
optTrusted(w) <« student(Xpom)
optTrusted(T) <« bonded(Xx-gng5)

1) Necessary Policy

Intuitively, the necessary policy],.., Strips away sensitive predicates from the original policy. The basic idea
is to generate a policy where satisfaction requirements are in terms of non-sensitive literals, while assuming the
best possible scenario with respect to the definition of sensitive predicates. This aim is achieved by the following
definition of top-level accept predicate (acgeptmsg) for clarity) and while example 4 illustrates the basic idea:

acceptpec(m) <« optAllow(m), ~pesDisallow(m)

Example 4. [lllustration of necessary policy] Consider a rulesBty where B and B, are a list of positive literals with no
literal belonging toP. Hence their ‘opt’ and ‘pes’ versions coincide. AlsogpP

allow(msg) « Bi,p(X) 1)
allow(msg) « B, —p(X) )

Applying the necessary transformation we get:

acceptpec(m) <« optAllow(m), —pesDisallow(m)
optAllow(m) « B
(m

optAllow(m) +«— Bs

By unfolding and completing the definition of acggptwe get {j; and s are free variables in Band B, respectively)

Vm accept*.(m) « 3y By V 3ys B

This policy accepts messages depending upon the clauses of the original policy, with the change that sensitive predicate is
dropped from rules 1,2

2) Sufficient Policy

The basic idea behind this transformation is to syntactically match the uses of sensitive literals in the body of
rules withallow head,e.g, usepesAllow(ni) in place of allowi). In other words, we wish teesolve awaythe
uses of sensitive literals, akin to the predicate elimination strategy proposed by Reiter [20]. The following top-level
predicate accept (accep} for clarity) achieves this aim:

acceptsy,r(m) <+ pesAllow(m), —~optDisallow(mi)

Example 5 (lllustration of sufficient policy). Consider the ruleset given by rules 1 and 2. The sufficient transformation of
rules yields the following ruleset

accepts,p(mi) — pesAllow(m), —optDisallow ()
pesAllow(m) <+ matchP(X), matchNotP(X)
matchP(X,m) +« B

matchNotP(X,m) + By
By unfolding and completing the definition of accgptwe get
vm acceptquf(n_z)) < 3y1,ys B1,Bs

This policy accepts messages that simultaneously satisfy the bodies of clauses 1 and 2, with private predicate stripped off from
the rules.
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B. Syntactic Properties

The syntactic properties of necessary and sufficient policies essentially state that the predicates identified as
private in the original policy do not occur in transformed policies. These follow in a straightforward manner from
the transformation algorithm.

Lemma VI.1. Given PC P such that ifp; € P and p; o IIg thenp; % Il (resp.ILy ) wherell,. (resp.
IL,,r) is necessary (resp. sufficient) transformationlpf. O

Corollary VI.2. Given PC P such that ifp; € P and p; « IIr thenp“* or p do not occur inll¥”. (resp.Hjuf).
O

C. Semantic Properties

To prove how evaluation oflL,.. andlIl,; instead ofll prevents sensitive leakages, we need to show some
semantic properties of the transformed rulesets. The program corresponding to the original policy is represented
by P, where P d1z UTIp U M, in which M is a set of message facid,, is the set of private facts aridy is a
ruleset. We are interested in two forms of P for the purposes of the proof below. The first form is one where we are
interested in satisfaction of clauseslir, for all definitions of private predicatedl(,). The second form is one
where we are interested in satisfaction of the claused gnfor some definition of the private predicatdd,(.).
AssumingIlp contains only facts constructed from private predicates, we denote the program corresponding to
ILs, s by Ps, wherePs = 11, s U M and the program correspondinglig,.. by Py, where Py = II,,.. U M. Both
these programs are independent of the definitions of the sensitive predicates. We give a general relation betweer
‘optimistic’ and ‘pessimistic’ versions of a literal and the literal in theorem VI.3. Next we proceed to define the
relation between the programmed polidy; U IIp and the generated policiés,, s andIl,...

a) ‘pesQ’, ‘optQ’ vs.‘'Q’
We begin by relating the satisfaction of ‘pessimistic’ and ‘optimistic’ versions to the satisfaction of the original
predicate. Intuitively, this means that whenever the pessimistic version of a predicate is true, then the original
predicate is also true, irrespective of the truth values of the sensitive predicates. Similarly, ‘optimistic’ version

being satisfied implies that there is a possible definition of private predicates (in the set of prograri fg¢ts,
such that the original predicate is satisfied.

Theorem VI.3. Given a program P J1zUTlp UM, in whichTIgrUTIp is a policy that includes sensitive predicates
p1 to p; defined inllp and M is a set of facts, any litergbesQ.,, (%) in the programPg = IIy,p UM or Py =
I, U M, apart from theaccept(msg) atom, is satisfied if and only if for all definitions pf, ..., p; Q.(¥) is
satisfied in P, anaptQ, () is satisfied if and only if there exists some definitiomaf. .., p; such thatQ, ()
is satisfied.

Proof sketch: See appendix
b) Relationship betweenllg, IL,,; and I,

We relate the satisfaction of sufficient policy and necessary policy to the satisfaction of original policy. In other
words, we wish to show that the transformation algorithm generates ‘correct’ necessary and sufficient policies.
Informally, just as the result above, the next results essentially state that whenever sufficient policy is satisfied,
the original policy is also satisfied, irrespective of how the factsljn are constructed. Similarly, satisfaction of
necessary policy means that there is one such way to define the fddis such that the original policy will be
satisfied. Hence, the relation between Iihg ; andIlz andIl,.. andIlx follows from the above theorem.

In each progranP, Ps and Py, a message is accepted-ifaccept(msg) € T w, ¢ laccepta,p(msg) € TH Jw
andc |accept e.(msg) € T;N Tw respectively. Hence the following corollaries hold.

Corollary VI.4. Given a message M, a policy ruledéi, and a set of fact$lp defining private predicateg,
k € [1, t]) that occur inlg, ¢ |acceptni) € Tj T w if ¢ |accept, () € TF, 1 w.

Proof sketch: The accepts, () clause inll,,; is defined as

acceptsy, r(m) — pesAllow(mi), —opt Disallow (i)
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It follows from theorem V1.3 that: |pes Allow(ni) € Tj, 1w if ¢ | allow(ni) € T Tw for all definitions of private
predicates. Also¢ | opt Disallow(ni) € Tp. T w if and only if ¢ | disAllow(ni) € Tp 1w for some definition,
therefore,c |accept(mi) € T w if ¢ \acceptsuf( ) € T“L Tw O

Corollary VI.5. Given a message M, a policy ruledéf;, and a set of fact$l defining private predicates/(,
k € [1, t]) that occur inTlg, c |accept,s(ni) € T+ Tw if ¢ |acceptni) € T4 T w for all possible definitions of
predicatespy, k € [1, t].

Proof sketch: Follows from theorem VI.3 and the definition of the predicate aggept O

Corollary VI.6. Given a message M, a policy ruledéf;, and a set of fact§l defining private predicates/(,
k € [1, t]) that occur inIlg, ¢ |accepte.(m) € TF 1w if ¢ |acceptpi) € TF 1 w.

Proof sketch: The acceptye.() clause inll,.. is defined as
acceptpec(m) « optAllow(m), ~pesDisallow (i)

It follows from theorem VI.3 that | opt Allow(mi) € TJr T w if and only if ¢ | allow(mi) € T T w for some
definition of private predicates. Alse, |pesDisallow(m ) € Tp, 1w ifand only if ¢ | allow(m ) €Tp Twfor
all definitions of private predicates, thereford, accept e () e T 1 wif ¢ | accept(ni) € TF Tw O

c) Semantic proximity of II,,; and IL,.. to the original policy

In this section we wish to show that the transformed policies are semantically closest to the original policy. This
is important because while it may always be possible to generate a ‘safe’ policy which is completely unrelated to
a user’s policy, our transformation algorithm generates ‘safe’ policies that are semantically closest to the original
policy. Informally, we prove below that there is no policy that is safe and semantically closer to the original policy
than our transformed policies.

To achieve the result explained above, we first define a dominance relation for policies with respect to acceptance
of messages by a policy. While keeping a message fixed, the result of different policy applications on that message
gives the following dominance relation:

Definition 18 (Email Policy Dominance Relation).Relation> on Dy x Dy is said to be the email policy
dominance relation, wher®y; is the domain of all policies, such that an ordered pdikx, Iy) € >y if and only
if for all messages, M, |accepk (i) € Tj 1 w whenever [accepy (i) € Tj T w, in which Py = IIx UM
and B = IIy U M. We represent the facllx,Ily) € > by IIx > Iy.

We say that a policy A entails a policy B whenever-A; B.
Proposition 1. Policy Dominance Relation oy is a partial order.

Proof: For all policies x, y and z, each of the following hold, and therefore the proof follows:

e L >TI X
e I>NNYNY>SIT > T =Y
e I>QYNY>SO2Z—=T>OZ2 O

Proposition 2. IL,,; > IIg UIlp wherell,,; is the sufficient transformation dtr
Proof: Follows from Corollary VI.5 0
Proposition 3. IIg UTlp >y I, Wherell,,.. is the necessary transformation HOfz
Proof: Follows from Corollary V1.6 0

Theorem VI.7. Given a policy ruleseflz and a set of factslI, defining private predicateg,, k& € [1, t] that
occur inllz and any message MJ,,r, the sufficient transformation dig, is the least upper bound, under the
policy dominance relation>1g, that entailsllz U I1p, for all possible definitions of;p k € [1, ¢].

Proof sketch: From proposition 21,,; > Iz UIIp and from corollary V1.5 if ¢accept, s (i) € Tj, T w then
clacceptfi) € T} 1 w for all possible definitions of g k € [1, t]. To show thatlly, is the least such policy, we
assume otherwise and give the proof by contradiction. Assume there is a fgliguch thatll,,; > IIx >n
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Iz UIlp and dacceptx (m) € TF_ 1w, where R is the programPy U M, entails ¢acceptfi) € T/ T w for all
possible definitions of private predicates (where PlgUIlp U M).

Consider a message M such thaaazepk (ni) € T/ 1 w, and daccept,s(ni) ¢ T, 1 w. Due to the
entailment assumption abovéacceptfi) € T; T w for all possible definitions of the private predicates. But from
corollary VL5 if clacceptfii) € T T w for all possible definitions of private predicates théaccept, (i) €
T;S 1 w, which contradicts the assumption. O

Theorem VI.8. Given a policy ruleseifliz and a set of factslIp defining private predicateg,, k € [1, t] that
occur inIIr and any message M],.., the necessary transformation Oz, is the greatest lower bound, under
the policy dominance relatior1g, that is entailed byllz U IT1p, for some definition of predicates. pk € [1, ¢].
Proof sketch:The proof follows from theorem VI.3 and corollary VI.6 following similar arguments as in
theorem VI.7 O

D. Protection achieved from transformed policies

Now that we have defined the relation of our transformed policies to the original policy, we are ready to describe
how these transformed policies achieve the security goal that is addressed in this paper. In other words, we wish to
show that the transformed policies are ‘safe’ and they provide the necessary protection against the given attacker
model.
To describe the protection achieved from evaluating transformed policies instead of the original policy, we
compare following three cases of attacker knowledge.
1) Default: The attacker knows or can compul&;* and generate verifiers,e., if the constrained atoms
clacceptfi) € T; TworTy T w for different m.

2) Knowledge of transformations: The attacker is only allowed to know the transformed policy completions
I1=* and 18 b and can generate the verifiers faacept..(n) and ¢accep;uf(n_%) for different m.

3) Original ruleset with II,.., 1L, verifiers: Attacker can computél* but only generate the verifiers —
claccept, s(1), claccept..(mi) for different m.

In each case, the attacker may know either the original ruleset or the transformedlIiylgsagd Il ).
Depending upon which policies are used to evaluate message acceptance, the corresponding verifiers are generate
Hence, in the default case original policy is used to evaluate messages, whereas in the other two cases the transforme
policies are evaluated. We give informal proofs for the following theorems.

Theorem VI1.9. It is possible to verify a guess through guessing attacks if the attacker kidgwthat includes
leaky predicates and messages, M> 0 are accepted by the prograifizp U Ilp U M;

Proof Sketch: Because evaluations are carried out usibg U ITp U M;, leaky predicates will make available
verifiers dacceptfi) to the attacker. Since the attacker can compiie, she can generate a sequence of messages
to verify her guess. O

Theorem VI.10. If the attacker knowsﬂjjf (resp.Il¥*.) and acceptance of messages is decided by evaluation of

Ly, p UIlp U M; (resp.IL,.. Ullp U M;), then it is not possible to verify that @ ext(p), where pe P and ext(p)
is its extension

Proof Sketch: Since private predicates definedIin do not occur in rulesett,,.. andIL,,, therefore, they don't
occur inIIg, andIIE . Therefore, with the setH . andII;., the attacker doesn't have enough information to

nec* nec?

construct the definition of predicates iy from policy rulesets, and acceptance verifiers. 0

Theorem VI.11. If the attacker knows$lr and acceptance of messages is decided by evaluatitip ofUIlp U M;
(resp.I1,.. UIIp U M;), then it is not possible to verify that @ ext(p), where pe P and ext(p) is its extension

Proof Sketch: With I1x the attacker can construct rules that define a predic¢dte B4) such that ext() C ext(p).
However, these rules require verifiers generated from evaluation dil ghe Il U M. Since px Il U M (and

p % IT,... U M), therefore, verifiers generated from the evaluation of this program is exactly the same for both the
cases:

1) g € ext(p)

2) g & ext(p)
Hence, the attacker does not get back the required verifiers to verify her guess. O
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VIl. Related Work

Cryptanalysis of private-key cryptosystems through statistical attacks, like correlation attacks [15], aim to
determine the statistical relationship between outputs and inputs of cryptographic transformations. Zhang, Tavares
et al. [25] describe a zero information leakage between the change of output(s) and prescribed change patterns in
the inputs for protecting against correlation attacks. Our approach resembles this information theoretic model of
protection against information leakage, however, we describe how correlation-like attacks can be mounted against
sets of Horn clauses and present a transformation that can prevent against such attacks.

Our transformation procedure resembles the predicate elimination strategy, a complete resolution proof strategy
for multi-predicate formulas, proposed by Reiter [20]. Essentially, this strategy involves rewriting the theory with a
predicate P ‘resolved away’. Subsequently, a set of unsatisfiable P-independent clauses can be derived if the origina
set of clauses were unsatisfiable. In our approach, we propose a strategy for ‘resolving away’ the private predicates
in a given set of rules. However, our aim here is not to detect unsatisfiability. Instead, we construct new clauses
that do not leak any discernible information to guessing attacks.

The third closely related work is of Delaune and Jacquemard [4], who give a theory of dictionary attacks against
cryptographic protocols. In their work, they claim that if the set of possible values of the input is finite (and small),
then a dictionary attack (guessing attack) is only PTIME complex. They go on to give a theory of dictionary attack
by extending the classic Dolev-Yao intruder model for statistical inferences. In our work, we adopt their attack
model, and even though we require the attacker to be able to handle a greater degree of computational complexity,
the basis of launching attacks remains the same.

Relational databases have mature techniques for both access control and inference control. Access control protect
direct access to sensitive information. In our case, we assume that this is possible by policy specification and
enforcement. Inference control has been extensively studied in statistical databases and census data [5], [24], [1]
These approaches can be classified iegtriction-basedor restricting queries, grerturbation-based.e., addition
of random noises to source data. Our approach is closer to the restriction based techniques.

In restriction based inference control schemes, one of the concerns is of an attacker deriving protected information
through aggregation of separate queries. In other words, the protected information cannot be queried directly, but
deducible from the results of other queries. In the email domain, a query can be replaced by a message, and the
result of a query by a yes or no decisidre{ accept or a reject). Even with a boolean response, attackers can
deduce relevant information. This is the reason why we claim that inference attacks are easier to construct. Similar
to their response, we transform the evaluation policies, and thus reduce attacker’s capabilities to run some queries

In summary, we have applied a well-studied problem to the context of email messages and showed that important
information can be lost due to the current email delivery protocols and deployed mechanisms. Solutions applied
to other domains are not directly applicable to our domain, and therefore we provide a custom solution based on
program transformations, using ideas developed by researchers who have studied similar problems in other domains

VIIl. Conclusion and Future Work

In this paper we have identified an undesirable side effect of combining different email-control mechanisms,
namely, the leakage of sensitive information. Even though confidentiality of sensitive information has been widely
studied as a research problem, it assumes a different form in the email context, because of the ease with which
sensitive information is leaked. We provide example scenarios where leakage is made possible in two ways —
using the message delivery protocol itself and using leakage channels beyond the mail delivery protocol. Based
on how these leakages may be used by an attacker, we categorize them into two classes — automatic generatio
of acknowledgement receipts for validating an email address and automatic generation of acknowledgments for
inferring private information about the recipient. As leakage channels beyond the control of the delivery protocol
can't be closed by modifying email delivery protocol alone, preventing leakages is hard to achieve. In particular,
we investigate in detail the second class of attacks where a victim’s sensitive information is leaked.

As opposed to the classical Dolev-Yao attacker, we define a new attacker model and an attack technique. In the
worst case scenario, we assume that the attacker knows recipient’s mail acceptance criteria, but not the sensitive
information maintained by the recipient. With the abilities of computing Clark completion of normal Horn clauses,
unfold/fold transformations and generating messages, the attacker can mount attacks such that sensitive informatior
is leaked. As a solution, we provide an algorithmic transformation which can sanitize the combination of email-
control mechanisms, so that the leakage is plugged. We also show that the transformed policies that we generate
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are ‘closest’ semantically to the original policy.

Here, we are not so concerned with feedback obtained from out of band channels, like recipient informing the
sender through a telephone conversation. There is little we can hope to do about such signals, and their bandwidtt
is typically low. What we do aim to provide is a guarantee that the system itself will not signal whether message
acceptance depended upon private information maintained at the recipient’s end. It is possible to construct a hierarchy
of mechanisms to control email delivery [8], where our transformation can be supported through message evaluation
at different levels. For example, if all recipients in an email domain use the same sensitive predicate, then that
predicate can be pushed upstream, making it a global acceptance criteria, thereby reducing it's sensitivity. In our
ongoing work, we are studying such techniques to enhance our methodology.
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Appendix
Proof Sketch of theorem VI.3:

In all the three programs, a litergl(y’) can be proven it |Q(y) € T Tw. Since bothPs and Py have exactly
similar definitions of all the literals except theccept(msg) atom, hence, in the rest of the proof, we only show
the result forPg, and the same result fdPy is implied.

(=) We show thepesQ, () part of the proof by induction on the steps B, construction. The induction
hypothesis has four parts. First part states that givep,.(7') € Tp 1 o, ¢ | Qu matchPy(7,msg) € Ty, 1 a
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entails ¢ | Qu(7) € TH1B for some 8. Similarly, it states that giverr | pe(7') € T4 T «a, ¢ | Qu
matchNotP,(Z ,msg) € T} 1 a entailsc | Qu(7) € TS 1 B for some 3. The third part states that
¢ | optQu(T) € Tp, 1 a entailsc | Q,(7) €1 3 for some s and the fourth part states that| pesQ. ()
in T5 1 a entailsc | Qu(7) € Tj 1 6.

For the base caseTP 17 0 = (), and the hypothesis trivially holds. For the successor ordinals, we
assume that the hypotheS|s holds, hence the atoms added in the,step ¢ | Q,matchPy(Z,msg), c |
QumatchNotP,(Z',msg), ¢ | pesQ,(Z) and ¢ | optQ.(T) € T+S 1T «a. Next conS|derT+S 1T a+l. We
wish to show that the induction hypothesis holds for this step‘gwell. First consider the general form of a
QumatchP, (@', msg)0 atom that is added in this step),matchPy(z¥, ;. msg) — pesQi(yi), ...,

PesQo(72), ~0pt Qo1 (Fori): - - -+ ~0ptQops(Yors),
QumatchPy (71 1, msg), - . .,
Q.match Py (m, m—sg>),
QumatchNot Py, (T, 1.5, M59), - -
Q.matchNot Py (m, —sg>),
Q.matchN ot Py, (m, n?g))
Qumaz‘chNotPt(m,msg) Ty 75 m
i€ [1, mk] je [1nk] ke[l e
The above clause is derived from the following clausélin Q. (7') « Q1(¥1).. - -» Qo(¥s), “Qot1(Yori)s- - -»
“QotsWors)s 1Ty P1(Tmy 1)y D1 Ty 41,1),
e 1L Ty 1) s PRETR) e - Dk (T 1),

Dk (Tt 1.8)se Pk (Tt ) - o0 Pe(T10),
pt(m) pt(m) . ﬁpt(m) C.

We WISh to show that this clause generates), (') € TJr 1 6 for someg. Since eachyes( constrained atom
corresponding to the literal in the body &, matchP, (@, msg) must be |nT+ T « and eachopt() constrained
atom inT,_ T o, by induction hypothesis each c.atom (constrained atom) of positilieeral in the body ofQ,,
clause is |rﬂ”r T~ and each c.atom of negative literal islip, T v (since membership of entails membership of
Tp). There are three cases to consider baset gnin the first case, if alpy, literals in the body o), (') evaluate
to true, there | Q, (') € T3 1 v+ 1 since the rest of the literals allow such a deduction, as shown in the bottom-
up semantics presented earller In the second casejrikc |pk(x,7k) € Tp 17, i.e, if some sensitive literal used
positively inQ,(2’) definition is inT, then the corresponding constrained atot@umatcth(aT,;;, msg), which
must be inT;STa, entailsc |Q,(7) € T4 1y + 1 due to the induction hypothesis. Similarly, in the third case, if
somenegatively used literals |py (Zm, +.1) € Tp 17+1, then the corresponding| Q. matchN ot Py (T, 475, 154)
constrained atom ifl’}_ 1 entailsc |Q. () € T7 1. Therefore, in every case it can be shown thiD., (') €
T18.

It is straightforward to see that the second part of the induction hypothesis can be shown for

¢ |QumatchNotP,(Z',msg) constrained atom added mp under the assumption that/p,(z’) € Tj 1~ based
on the proof of the first part. We show the fourth part of the induction hypothesis next. As mspyliteral is
defined aipesQu( )« QumatchP,(T,msg), QumatchNotP, (7', msg) thereforec |pesQ. () in Tp, Ta+1
implies ¢ |Q, (') in T 1.

Lastly, we need to show the third part of the induction hypothdsas, ¢ |optQ,(T’) € Tp T+ 1 entails

¢ |Qu(T) € 1v. Sincec |optQ, () is in T,  Ta+1, in all its definitions, constrained form of some literal in its
body, by the virtue of its membership @f, Ta always prohibits: |optQ.,(7') literal's addition toT+ Ta+1. By
the induction hypothesis, it can be easny shown that either for somd1, o], c |Qx(z7) € T or for somek €
lo, s, ¢ |Qx(zx) € T3 1y for every clause definin@., (7).

For the limit ordinal case |matchPy(x', msg) € Tf_ 1o (resp.c [matchNot Py, (T, msg), ¢ [pesQ. (7)) entails
that the c.atom: | match P, (7, msg) € Tp 1 3 (resp.c | matchNot P (T, msg), ¢ | pesQu(7)) for somef
< a, by construction. Also¢ | optQ,(7') € Tp, T« entailsc | optQ,.(7') € Tp, 15 for someg < «a, by
construction. The induction hypothesis now applies, giving the desired result.

(«) Here we show that it: |Q,(7) € T/ w, it entailsc [pesQ.(Z) € TF T w. If there is ac |Qu(7) €
T4 1 w that does not contain any private literals in the body, the desired result follows immediately, so we assume
otherwise. Consider any minimal collection @f,(z) clauses inll that together can be used to shewQ, (7)) €
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T4 1w. Consider an instance,(z1) of a p; atom occurring in some definition @, (") literal in this collection,
say A, such that |A € T/ Tw. We claim there must be a clause, say B, in the collection which contain&y)
such thatc |B € T} fw. To see this, we assume otherwise and show that A can be removed from the collection
without interfering with the collection’s ability to prove that|Q, () € T*Tw This contradicts the assumption
of minimality. The key observation in this argument is that if in a set of clauses that do not contain the clause with
pa(71) there is no occurrence of the literap, (z7), then those clauses shawQ, (') € T+ T w for all definition
of private predicates such that they makéz7) false without depending on the truthfulnesgygtxl) and therefore
we get the result for all possiblEg, i.e., ¢ |Q.(Z) € T*Tw The argument can be easily generalized for a set
of private literalsp;, occurring inQ, (') clause’s body. SincgesQ, (') rule in I,y is constructed by pairing
correspondingnatchP and matchNotP predicatesi(e., matchPy(zz, msg) and matchN ot Py(zy, msg)), it is
straightforward to see that givenQ.(z') € T/ lw, it entailsc |pesQ.(7') € T}, T w. When there are additional
uses ofp,, the argument can be repeated and the recursive definitiotutfh atoms used to show that additional
clauses are incorporated into the derivatiorilip, ;.

(=) For theoptQ, (') part of the proof, we want to show that/optQ, (=) € TJr T w entailsc |Qu(Y ) €
Tw. We again use induction on the stepsigf, construction. The induction hypothe3|s states thaiptQ, (@)
€ T*STa entailsc |Q,(Z") € 13 for somep. For the base casdp.10 = (), hence the hypothesis is trivially
satisfied. For the successor ordinals, we assume that the hypothesis holds for any atoms added i the.step

c |loptQu(T') € TJr Ta entailsc |Q.(Z') € 13, for somes. Next consider they + 1 step and are |optQ,(7)
added in the th|s step

optQu(T) = optQu(), - 7PesQors(Yors)s iy #

m i€[l,my], j€[l,ny], k €[1,t], ¢
This clause is derived from the following general clauseItn Qu(Z) — Q1(y1)s - Qo) "Qor1(Jox1)s - -»
“Qots(Yors)s PLELT)se s P1(Tmy 1)y =1 (T 41,1),

. ~;_‘p1(xm1+n1,1); e pk‘(m)l' . ‘!pk(x’nLk,k)l
_\pk(xmk-i-l,k:)y- . '1_‘pk($mk+nk,k})y- .y pt(m)v
oDt (T 1) P (T 11,6 - Pt Ty 4 g i) C-

As evident from above, all literals used positively (fisdtterals) are translated teptQ in the body ofoptQ., (')
and the rest, i.e, those used negatively, are translated-t@s( in this clause’s body. Since eaept( literal
in the body ofoptQ, (") must belong tciTJr Ta for it to belong toT+ Ta+ 1, using the induction hypothesis, it
can be shown that |Q1(y7) to ¢ |Q,(vs) € T'y for some~. Slmllarly, the fact that loptQ.(T) € T+ Ta+1, it
entails that constrained atoms corresponding to easly literal in its body belong tcTP Ta. Con5|der any one
such atom, say: |pesQo+;(7) € Ty, Ta. As already shown, this entails that|/Q,+;(z") € T3 Tv. Hence, for
some definition of private predlcates]Qoﬂ( Z') € 1v. Finally, sincey; ;7 # ym—ﬂk) i€ [l,my], 7€ [1,nyl,
k' € [1,1], for some definition of private predicates (y; /)0 € 17 andpk/(m)ﬁ € 1v. Hence, alp can
be constructed such th&}, (7' )0 € 1y + 1. Similarly, the limit ordinal case can be shown in a straightforward
manner.

(<) We show thate |Q,(7') € Tw entailsc |optQ,(T') € TJr T w by reversing the arguments given above.
We again use induction on the steps of construction. The mductlon hypothesis statefthaf) € T« entails

¢ loptQu (@) € TF, 13 for someg.

For the base caseO = (), hence the hypothesis trivially holds. For successor ordinals, we assume that the
hypothesis holds for all atoms added to in the siefNext consider the step + 1 and ac |Q, () literal added
in this step, whose general form is as shown above. Sifég,(7') € Ta + 1, each literal used positively in its
body, i.e., the firsto literals ¢ |optQ1(y1) to ¢ |optQ,(y,) can be shown to belong t?)“Jr 14, using the induction
hypothesis. Similarly, since the negatively used literal€if(’z") must belong tof, they cannot be members of
T4 7o and hence: [pesQo+j(Yotj) € Tp 1y for j € [1, s]. Finally, all the sensitive literals used positivelye.,

]pk(xmk ) must belong tof«a and each sensitive literal used negatively, c |pk(m’) must belong tof«
for ¢ |Qu(T') € Ta + 1. Therefore,X,,, +jx # Xm, r can be easily shown. It is now straightforward to see that
this entailsc |optQ, () € T+ T~ 4+ 1. Similarly, the limit ordinal case can be shown in a straightforward manner.
O



