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Most database systems are designed under assumptions 
of precision and completeness of both the data they store 
and the requests to retrieve data, even though in reality 
these assumptions are often false. In recent years, con- 
siderable attention has been given to issues of impreci- 
sion and incompleteness in databases, and this article 
surveys and compares the basic approaches that address 
these issues in relational databases. 

Consider the following example, a relation 
EMPLOYEE with attributes (NAME, DEPART- 
MENT, AGE, TELEPHONE-NUMBER, SALARY). 
A typical tuple in this relation may have the value (Sue, 
accounting, 38, 395-7453, 52,000). Now consider this 
information: 

Tom's department is either shipping or receiving. 
There is probability 0.6 that the salary of Harry is in 
the range 60,000-75,000, probability 0.3 that it is in 
the range 75,000-90,000, and probability 0.1 that it is 
some other value. 
Betty is young. 
John's telephone number is unknown. 
It is unknown whether Bob has a telephone. 

In each case, the value of some attribute cannot be speci- 
fied with a single element from the assumed domain of 
values; but, in some of those cases, other information is 
available. In the first case, the value is one of several 
possible values; in the second, a probability distribution 

is available; in the third, the value is described by an 
imprecise term; in the other two cases, the value is simply 
unknown (note that the latter case is less informative 
than the former). In any case, the available information 
cannot be represented in the standard relational model. 

Assuming that the above information has been accom- 
modated in some way, now consider these retrieval 
requests: 

Employees of the shipping department. 
Employees with high salary. 
The salary of Harry. 
Employees under 25 years of age. 
Employees with a telephone. 

In each case, it is either impossible to formulate an 
appropriate query in a standard relational language or 
else the response to the query is not obvious. Should 
Tom be included in or excluded from the list of 
employees of the shipping department? Either way, the 
answer may be wrong. How would the database system 
determine what constitutes 'high salary'? Can a useful 
estimate be given of Harry's salary? Is Betty under 25? 
Should Bob be included among those with a telephone? 
If it is assumed that the database contains only precise 
data, then all but the second request are quite ordinary; 
the second request, however, is a sensible request, which 
simply cannot be expressed in relational database 
systems. 

Consider now this additional information: 

Data on the employees of the accounting department 
are guaranteed to be valid. 
There may be additional employees in the personnel 
department. 

These statements provide additional information on the 
quality (validity and completeness) of the information in 
the database. Such information can qualify the answers 
given in response to any of the above queries. For exam- 
ple, the answer to the query about persons with high 
salary should mention that this information is guaran- 
teed to be valid only for the employees of the accounting 
department, and complete for all employees, except 
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world', when used in this paper, does not refer to the 
actual state of things, but to a subjective observation of 
this world by an individual or group of individuals. Thus 
statements about the precision and completeness of a 
database are actually statements about the relationship 
between the database and a particular subjective view of 
the real world. Because the real world is elusive, it has 
been suggested that 'absolute truth' cannot be the criter- 
ion for the correctness of a database, and instead data- 
base designers, administrators, and users should concern 
themselves only with the question of whether they know 
of some other database that is 'closer' to the truth. A 
more thorough discussion of these issues has been given 
by Thompson1. 

In database research it is sometimes assumed that a 
database is a complete model of the real world. Under 
this assumption, called the closed world assumption 
(CWA)2, a database contains all occurrences of the data 
it attempts to model. More accurately, the CWA states 
that if a fact is not included in the database (and cannot 
be inferred from it), then it is false. In practice, however, 
this assumption is not realistic, as most databases include 
at least some information that is possibly incomplete. 
Indeed, the research described in this paper usually 
assumes that the CWA does not hold. (Later, research is 
described that assumes a restricted version of the CWA.) 

This article reviews and compares approaches to issues 
of imprecision and incompleteness in databases. The 
works discussed are all within the framework of the 
relational model of databases3, and it is assumed that the 
reader is familiar with the model and its terminology". In 
addition, the following concepts and terms will be used. 

It is assumed that each attribute of every relation is 
associated with a predefined 'domain', which specifies 
the permissible values of that attribute (e.g., the set of 
integers in the range 0-120 for the attribute AGE, the set 
{shipping, receiving, accounting, personnel) for the attri- 
bute DEPARTMENT, etc.). A value stored in the data- 
base is 'definite' if it is an element of the associated 
domain and is known with certainty to be the correct 
value. When a definite value is not available, it is possible 
that an approximation is available, or else the value is 
altogether missing. These possibilities shall be referred to 
as 'imprecise' data and 'incomplete' data, respectively. 
Databases that store only definite data will be referred to 
as 'standard' databases. Databases that can also store 
imprecise or incomplete data will be referred to as 
'extended' databases. 

A retrieval request specifies a tuple of attributes and a 
qualification. It is answered by the tuples of values of the 
corresponding attributes, which are stored in the data- 
base and satisfy the qualification. The qualification is 
constructed from phrases that compare attributes and 
definite values using standard mathematical compara- 
tors (e.g., DEPARTMENT = shipping, AGE < 25, 
INCOME = SALARY). Such requests will be referred 
to as 'specific' queries. Requests that are not specific will 
be referred to as 'vague' queries. 

Finally, a database system that can only store data- 

bases with definite data and evaluate specific queries will 
be referred to as a 'conventional' system. 

While there is a wide variety of approaches to impreci- 
sion and incompleteness in relational databases, most 
models and systems that have been developed can be 
classified as extensions to the relational model for 
expressing: 

imprecision 
incompleteness 
validity and completeness 

Models in the first category extend the relational model 
to represent imprecision, with incompleteness treated as 
a specific case of imprecision. In addition, appropriate 
retrieval language and query evaluation algorithms are 
defined to allow the specification and evaluation of vague 
queries. Models in the second category extend the rela- 
tional model to represent incomplete information and 
evaluate queries correctly in the presence of incomplete- 
ness. Models in the last category store information about 
the quality of the data (its validity and completeness) and 
use this information to qualify their answers accordingly. 

The next three sections are devoted to these categories. 
The last section provides a comparative discussion of the 
various approaches. 

MODELLING IMPRECISION 
Most approaches to the modelling of imprecision in 
databases are based on the theory of fuzzy sets, and first 
a few basic concepts from this theory are established. 
Then a model for fuzzy databases is defined and several 
variations discussed. 

Fuzzy-set theory was first introduced by Zadeh5.6 as a 
generalization of classical-set theory, and since then has 
been adapted and applied to various applications, 
including databases and artificial intelligence. Its basic 
concept is the fuzzy set, which is defined as follows. 

Assume a universe of elements U. A fuzzy set F is a set 
of elements from U, where each element has an asso- 
ciated value in the interval [0,1] which denotes the grade 
of its membership in the set. 

In classical-set theory a set S is characterized by a 
membership function x,, which maps the elements of U 
to either 1 or 0, to denote their membership in S: 

In analogy, in fuzzy-set theory a fuzzy set F is character- 
ized by a membership function p,, which maps each 
element of the universe U to a value between 0 and 1, to 
denote its grade of membership in F: 

A fuzzy set is often denoted by a list of the elements 
whose membership grades are greater than 0, along with 
these grades. For example, a fuzzy set YOUNG with 
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Table 1. Fuzzy relation with precise domain values Table 2. Relation with imprecise domain values 

PROFICIENCY EMPLOYEE 

PROGRAMMER LANGUAGE P NAME DEPARTMENT AGE SMART SALARY 

Dick Pascal 0.9 Sue accounting 38 0.8 52,000 
Dan Fortran 1 .O Tom {shipping, receiving) 27 0.6 low 
Mary Cobol 0.3 Betty 1 young 0.9 40,000-50,000 
Mary Lisp 0.8 Jim personnel 42 I .O high 

elements 20, 30, 40, and 50, and grades of membership 
1 .O, 0.7, 0.5, and 0.2, respectively, is denoted: 

YOUNG = {1.0/20,0.7/30,0.5/40,0.2/50) 

The usual set operations of classical-set theory are 
extended to fuzzy sets by defining the membership func- 
tion of the result of each operation. For example, if A 
and B are two fuzzy sets with membership functions p~ 
and pe, respectively, then their intersection, union, com- 
plement, and (Cartesian) product are defined by the 
following membership functions: 

The empty fuzzy set is a fuzzy set with membership 
function pg(u)= 0 for all u E U. Given two fuzzy sets A 
and B, A is a fuzzy subset of B, if p,(u) < p,(u), for all u E 

U. Most of the properties that hold for classical-set ope- 
rations, such as distributivity of union and intersection 
or DeMorgan7s laws, can be shown to hold for their 
fuzzy counterparts. The only exception is the law of 
excluded middle, where in fuzzy-set theory: 

AnA # Q and AUA # U. 

Fuzzy-set theory has formed the basis for several exten- 
sions of the relational model aimed at accommodating 
various forms of imprecision. The model described is 
derived from other  source^^-^. 

In the relational model two slightly different kinds of 
imprecision are observed. The first involves imprecision 
at the level of data values; for example, the salary of John 
in the relation EARN = (EMPLOYEE, SALARY) may 
be imprecise. The second kind involves imprecision at the 
level of tuples; for example, there may be uncertainty 
about the membership of the tuple (Dick, Pascal) in the 
relation PROFICIENCY = (PROGRAMMER, LAN- 
GUAGE). 

There are several ways to define fuzzy databases. As a 
relation is a subset of the product of several domains, 
one approach is to define relations that are fuzzy subsets 
of the product of fuzzy domains. As each such relation is 
a fuzzy set, each of its tuples is associated with a member- 
ship grade. This definition admits imprecisions of the 
second kind. As an example, consider the fuzzy relation 
in Table 1. The usual attributes are supplemented with a 
column that assigns the membership grades to the tuples 
of the relation. Thus the tuple (Dick, Pascal) belongs to 
the relation PROFICIENCY with membership grade 
0.9. (Alternatively, this tuple may be interpreted as stat- 
ing that Dick's proficiency in Pascal is 0.9.) 

Consider again the fuzzy set YOUNG. It can also be 
interpreted as a description of the term 'young': it is a 
term that refers to 20 year olds with possibility 1 .O, to 30 
year olds with possibility 0.7, etc. Thus fuzzy sets may be 
applied to describe imprecise terms. 

Consider now standard (nonfuzzy) relations, but 
assume that the elements of the domains are not values, 
but fuzzy sets of values. This definition admits impreci- 
sions of the first kind. An example of a relation with 
values that are fuzzy sets is shown in Table 2. It is 
assumed that the fuzzy sets high, low and young are 
defined separately. Having fuzzy sets for values permits 
specific cases where a value is either: 

A standard set, such as {shipping, receiving} or 
40,000-50,000 (a fuzzy set whose elements all have 
membership grade 1 .O; these values are omitted from 
the notation). Note that the interpretation of such sets 
is purely disjunctive: exactly one of the elements of the 
set is the correct value. 
A simple value, such as Tom or personnel (a singleton 
fuzzy set, whose only element has membership grade 
1.0; both the set notation and membership grade are 
omitted). 
A null value denoted with 1 (an empty fuzzy set). 
A singleton fuzzy set, such as {0.8/smart} (the set 
notation is omitted, and if the name of the element 
coincides with the name of the attribute it is omitted as 
well). 

Finally, by defining a fuzzy relation as a fuzzy subset of 
the product of fuzzy domains of fuzzy sets, both kinds of 
imprecision can be accommodated. 

To manipulate fuzzy databases (to answer queries), 
the standard relational algebra operations must be 
extended to fuzzy relations. These operations include 
ordinary set operations, such as intersection, union, 
difference, and product, as well as special operations, 
such as selection, projection, and (natural) join. 

Consider the first definition of a fuzzy database, where 
relations are fuzzy subsets of the product of fuzzy 
domains. The definitions of the relational set operations 
are then similar to the definitions of fuzzy-set operations. 
The treatment of selection, projection, and join is shown 
below. 

Let R be a fuzzy relation with attributes a. For the 
selection by condition $ from R define a function that 
assigns all the tuples over the attributes a membership 
grades in the selection. The membership grade of a tuple 
that satisfies $ is identical to its membership grade in R; 
the membership grade of a tuple that does not satisfy $ is 
0. 
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Let R b e  a fuzzy relation with attributes a ,  and assume 
p E a. For the projection of R on $, define a function 
that assigns all the tuples over the attributes P grades of 
membership in the projection. Each tuple over the attri- 
butes p corresponds to several tuples over the attributes 
a (with different membership grades in R). The member- 
ship grade of a tuple in the projection is defined as the 
maximum of the membership grades of the correspond- 
ing tuples in R. For example, if 0.3/(Mary, databases, 
Cobol) and 0.8/(Mary, databases, Lisp) are two tuples in 
the fuzzy relation (PROGRAMMER, EXPERTISE, 
LANGUAGE), then 0.8/(Mary, databases) is a tuple in 
the projection onto (PROGRAMMER, EXPERTISE). 

Let R, and R2 be two fuzzy relations with attributes a, 
and a,, respectively. For the (natural) join of R, and R2, 
define a function that assigns all tuples over the attri- 
butes a, Ua2 grades of membership in the join. Each tuple 
over the attributes a, Urn, corresponds to one tuple over 
the attributes a, (with a membership grade in R,) and 
one tuple over the attributes a2 (with a membership grade 
in R,). The membership of a tuple in the join is defined as 
the minimum of the membership grades of the corres- 
ponding tuples in Rl  and R2. For example, if 0.8/(Mary, 
databases) is a tuple in the fuzzy relation (PROGRAM- 
MER, EXPERTISE), and 0.3/(Mary, Cobol) is a tuple 
in the fuzzy relation (PROGRAMMER, LAN- 
GUAGE), then 0.3/(Mary, databases, Cobol) is a tuple 
in the join (PROGRAMMER, LANGUAGE, EXPER- 
TISE). 

Consider now the second definition of a fuzzy data- 
base, where relations are standard, but the elements of 
the domains are fuzzy sets of values. The 'softness' of the 
values in the tuples introduces problems of identifica- 
tion. For example, consider a join of R,  and R2 on a 
common attribute AGE, and assume the tuple in R, has 
the value young, while the tuple in R2 has the value 21. 
The join should be able to identify these two values of 
AGE, and connect the two tuples. 

To define the relational operations in this case, a few 
more concepts must be established. A possibility distri- 
bution function of a variable X assigns each u E U the 
possibility that X = u: 

ndu) = poss(X = u) for all u EU 

A fuzzy set F induces a possibility distribution function 
of a variable X, whereby: .rrdu)= p,(u). Thus possibility 
distribution functions and fuzzy sets are interchangeable. 
The possibility measure of a variable X assigns every set 
A G U the highest possibility of any of its elements: 

n J A )  = max{nx(u)} for all A C U 
'CA 

In some respects, possibility measures are analogous to 
the more common probability measures. (For simplicity 
it is assumed that U is finite; if U is infinite then supre- 
mum should be substituted for maximum in the defini- 
tion of a possibility measure.) Assume now that A is a 
fuzzy subset of U. The possibility measure of A is cor- 
rected to account for the fact that the membership of an 
element u in a set A is only a possibility: 

n d A )  = max min{xdu),p,(u)} for all fuzzy A C U 
mu 

Standard mathematical comparators, such as = or <, 
are defined via sets of pairs of values; each set includes 
the pairs for which the comparison is true. Similarly, 
fuzzy comparators are defined via fuzzy sets of pairs of 
values. For example, the operator similar-to on the 
domain of persons may be defined by providing pSimilar- 
,,(a,b) for every two persons a and b. Other examples of 
fuzzy operators are much-greater-than for integers, dis- 
tant for geographical locations, and so on. 

Consider a simple selection condition of the kind A 8 
a, where A is an attribute of a fuzzy relation R (the 
domain of A will be denoted D), 8 a fuzzy comparator, 
and a the name of a fuzzy set (a possibility distribution). 
Examples of such selection conditions are 'age is young', 
salary is much-greater-than 50,000', and 'performance is 
much-higher-than mediocre'. 

Let the variable x. A denote the value of attribute A in 
tuple x, and let E be the (fuzzy) set of elements that are in 
relation 8 with an element of a. The possibility measure 
of E is: 

nX.*(dj is the possibility that the value of attribute A in 
tuple x is d, and pE(d) is the possibility that d is in relation 
8 with an element of a. The latter is given by: 

p+(d,d) is the possibility that d is in relation 8 with d ,  and 
pa(d) is the possibility that d is in a. 

This measure computes for each tuple x in R a 
membership grade in the selection. Thus it derives all the 
tuples that possibly satisfy the condition (and their 
membership grades). It is also possible to define a dual 
measure (called the necessity measure) that expresses the 
necessity of an event as the impossibility of the opposite 
event. The necessity measure will derive the more re- 
stricted set of tuples that necessarily satisfy the condition 
(and their membership grades). 

The above computation may be generalized to selec- 
tion conditions that compare two attributes and to com- 
pound selection conditions. This approach also defines 
the join of two relations, where values of the same attri- 
bute in two different relations must be compared. The 
notion of similarity is also used in the definition of pro- 
jection, to eliminate redundancies (tuples that are con- 
sidered 'similar' to other tuples). Elimination of redun- 
dancies is also performed during other set operations, 
such as union and intersection. Clearly, the computa- 
tional expense for query processing is much higher for 
the second kind of fuzzy databases. 

Finally, the two approaches to the definition of rela- 
tional operators on fuzzy databases may be combined to 
define operations on relations that are fuzzy subsets of 
the product of fuzzy domains of fuzzy sets. 
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The model developed by Prade and Testemale7 also 
includes a special domain value that denotes inapplicab- 
ility, i.e., a particular attribute is not applicable to a 
particular tuple. This model can therefore deal with two 
kinds of incompleteness: unavailability and inapplic- 
ability. 

Experimental database systems based on ideas similar 
to those described here have been implemented by vari- 
ous researchers. One example is the FRDB system8. Its 
overall architecture involves three components: 

A database for storing extended relations (standard 
relations over domains of fuzzy sets). 
An auxiliary database that stores the definitions of 
fuzzy sets that are used for domain values (e.g., 
YOUNG) and fuzzy comparators (e.g., much-greater- 
than). . Rules that define additional fuzzy concepts via the 
concepts stored in the auxiliary database (e.g., the 
definitions of 'young age' and 'high salary' may be 
combined to define 'successful'). 

Each statement in the query langauge of FRDB per- 
forms one fuzzy relational operation, and a query is 
executed with a sequence of such statements. An 
optional argument of each statement is a threshold value 
between 0 and 1. This value filters the tuples of the result, 
retaining only tuples whose membership grade exceeds 
the threshold value. Users can present queries such as 
'select person who is young and very smart', 'select 
person who is much more intelligent than athletic, or 
who is not very young', and 'select city, where summer- 
temperature is not much greater than winter-tempera- 
ture, and is not so large'. 

Several alternative approaches to imprecision are now 
reviewed that are not based so closely on fuzzy-set 
theory. 

Recall that comparators are defined via sets: a 
standard comparator is defined by a set of pairs, a fuzzy 
comparator by a fuzzy set of pairs. While any set may 
serve to define a comparator, comparators may have 
individual semantics that should be captured in the 
defining set. For example, the set that defines the com- 
parator = (equality) is expected to include every pair 
(a,a), and if (a,b) is included, then (b,a) should be 
included as well. This models the reflexivity and sym- 
metry of equality. By analogy, the fuzzy set that defines 
the comparator - (similarity) is expected to include 
every pair (a,a) with possibility 1, and (a,b) and (b,a) 
should always have equal possibilities. 

Additionally, equality is defined to have transitivity: if 
(a,b) and (b,c) are included, then (a,c) is included as well. 
Defining the transitivity of similarity is slightly more 
complicated. If (a,b) and (b,c) have possibilities sim(a,b) 
and sim(b,c), respectively, then (a,c) should have at least 
the smallest of these possibilities: 

sirn(a,c) 2 rnin{sirn(a,b), sirn(b,c)} for all a,b,c E D 

where D denotes the domain. Therefore, it follows that 

sim(a,c) 2 rnax rnin{sim(a,b),sirn(b,c)) for all a,c E D 
*D 

This form of transitivity is usually referred to as max-min 
transitivity. Note that sim(a,b) is the possibility that a 
and b are similar, but may also be interpreted as the level 
of their similarity. 

An alternative approach is to define distances among 
the elements of the domain, and then use these distances 
to derive measures of equality and similarity. By dividing 
each distance by the diameter of the domain (the largest 
distance among its elements), a measure of dissimilarity 
is obtained. Its complement to 1 is then a measure of 
similarity. Equality is defined as similarity with value 1. 
With an appropriate radius to serve as a threshold dis- 
tance, every two values are either similar or dissimilar. A 
selection condition such as A - a would then be satisfied 
by every element of the domain of A that is similar to a. 

Vaguelo is an example of an extension to a conven- 
tional database system that uses data distances to inter- 
pret vague queries (another example is Ares"). Vague 
extends the relational model with the concept of data 
metrics and its query language with a similar-to compar- 
ator. A data metric defines the distance between every 
two elements of a domain. For example, in a personnel 
database there may be metrics to measure distances 
between titles, between salaries, between qualifications, 
as well as a metric to measure distances between 
employees. A similar-to comparison is satisfied with data 
values that are within a predefined distance of the speci- 
fied value. For example, the vague comparison 'language 
similar-to Pascal' may be satisfied by Pascal, Algol, and 
Modula. To  present queries, users need only to know 
about the new comparator. Database designers are 
provided with several different methods for defining data 
metrics, and users are offered several features with which 
they can adapt the available metrics to their own needs. 
Recall that a specific query establishes a rigid qualifica- 
tion, and is concerned only with data that match it pre- 
cisely. A vague query of the kind that can be handled by 
Vague establishes a target qualification and is concerned 
with data that are close to this target. For example, a 
query to retrieve the employees who are engineers and 
who can program in Pascal can be relaxed by the users of 
Vague into a query that retrieves the employees who 
have a title similar-to engineer, and who are proficient in 
a language similar-to Pascal (and possibly match an 
applied mathematician who can program in Algol). The 
advantage over conventional database systems is evi- 
dent. If the database system can only evaluate specific 
queries, the user must emulate a request that is intrinsi- 
cally vague with specific queries. Usually, this means that 
the user is forced to retry a particular query repeatedly 
with alternative values, until it matches data that are 
satisfactory. If the user is not aware of any close alterna- 
tives, then even this solution is infeasible. 

Buckles and Petry12 define fuzzy databases differently. 
Relations are extended to allow values that are sets of 
domain elements. Therefore, a fuzzy tuple is a sequence 
of sets (dl,d2, ..., d,); it represents a set of specific tuples 
(al,a2 ,..., a,), where .ai E d ,  for all i. Thus a fuzzy tuple 
models uncertainty: each of the specific tuples that it 
represents is equally likely to be the 'correct' tuple. Addi- 
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tionally. each database domain has an associated similar- Table 3. Using functional dependencies to complete relation 
ity matrix that assigns a value between 0 and 1 to each 

SALARY-HISTORY 
pair of domain elements. The output of standard rela- 
tional algebra operators, such as join or project, is post- 

NAME AGE YEAR SALARY 

processed to merge tuples (by unions oftheir Sue 38 1989 48,000 

respective components), if a pre-specified similarity Sue 1 1990 52,000 
Jim 

threshold is not violated. 
42 1989 46,000 

Jim 42 1990 50,000 
Recently, Garcia-Molina and Porter13 suggested 

modelling uncertainty by using traditional probability 
distributions (rather than possibility distributions). A Table 4. Using inferred functional to complete 
probability distribution function of a variable X over a relation 
domain D assigns each value d c D a value between 0 and 
1, as the probability that X = d. One important difference ASSIGNMENT 

between probability and possibility distribution func- 
tions is that the sum of the probabilities assigned to the 
elements of X must be exactly 1. The definition of a 
probabilistic database is similar to the second definition 
of fuzzy databases: standard relations, but with domain 
values that are, in general, probability distribution func- 
tions. A feature of this model is that it allows probability 
distributions that are incompletely specified: each such 
distribution is complemented with a 'missing value', 
which is assigned the balance of the probability. 

MODELLING INCOMPLETENESS 
If a model such as the fuzzy data model is not used, then 
all imprecise information must be ignored, and the infor- 
mation is then considered to be unavailable. When the 
value of a particular attribute for a particular tuple is 
unavailable, a special value, called null and denoted 1, is 
stored instead. Although the same symbol is used for all 
occurrences of unavailable data, it must be assumed that 
these nulls represent different values. 

When an entity is modelled by a set of attributes, it is 
assumed that every occurrence of this entity would pos- 
sess each of these attributes. In practice, however, there 
would often be exceptions; for example, while most 
employees would probably have names, departments, 
and salaries, some employees would possibly not be 
assigned to departments. This information is then con- 
sidered inapplicable. Again, when the value of a particu- 
lar attribute for a particular tuple is inapplicable, a null 
value is stored instead. 

Thus there are two distinct kinds of nulls, each with its 
individual semantics*. It is usually agreed that nulls must 
not be admitted in the key attributes of a relation, for 
example, the attribute NAME of relation EMPLOYEE. 
Intuitively, the key attributes are the subject of the rela- 
tion, and the non-key attributes describe this subject. 
Although such occurrences of incompleteness are poss- 
ible (e.g., there may be an employee whose department 
and salary are known, but not his name), incompleteness 
in the subject may lead to serious problems. For exam- 
ple, if their names are missing, the tuples of two different 

*It has been suggested that when it isunknown whether the incomple- 
teness is due to unavailability or to inapplicability, a null of a third kind 
should be stored, for example, when it is not known whether an 
employee is assigned to a department or not. 

NAME TITLE SALARY PROJECT 

Dick programmer 40,000 optimization 
Dan 1 48,000 interfaces 
Dan 1 1 networks 

employees that happen to have the same attributes would 
be identified by the system as a replication. 

The remainder of this section considers only nulls that 
denote unavailability and refers to relations with nulls as 
incomplete and to relations without nulls as complete. 
An incomplete relation may be considered as represent- 
ing a set of complete relations, each describing an 
admissible way of filling in the nulls with nonnull values. 

It is possible to fill in some null values automatically, 
using available semantic information. For example, 
consider the relation in Table 3, which describes the 
salary history of employees. Clearly, it can be inferred 
that the AGE attribute in the second tuple is also 38. In 
filling in this null, the fact that the attribute AGE is 
functionally dependent on the attribute NAME is used, 
and therefore if two tuples agree on their NAME attri- 
bute, they must also agree on their AGE attribute. 

The concept of functional dependency3v4 is fundamen- 
tal to relational databases and is defined formally as 
follows. Let R be a set of attributes, and let X,Y E R. If 
every two tuples that agree on the attributes X must also 
agree on the attributes of Y, then Y is functionally 
dependent on X, denoted X -t Y. Functional dependen- 
cies describe the semantics of a set of attributes and play 
an important role in the theory of database design. 

Given a set R of attributes and a set F of functional 
dependencies among these attributes, additional func- 
tional dependencies can be inferred. The set of all func- 
tional dependencies that can be inferred from the func- 
tional dependencies in F is called the closure of F and is 
denoted F+. One method to compute F +  is to initialize it 
to the set F and augment it through repeated application 
of the following three rules, known as Armstrongs' 
axioms: 

Reflexivity: X + Y is in F+ ,  for all X c R and Y G X. 
Augmentation: If X + Y is in F+ ,  then W U X + W U 
Y is in F+, for all W G R. 
Transitivity: If X + Y and Y + Z are in F+, then X + 

Z is in F+. 

Consider now the relation in Table 4, which describes the 
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Table 5. Marked nuUs 

EMPLOYEE (a) EMPLOYEE (b) 

NAME TITLE SALARY NAME TITLE SALARY 

Dick 1 40,000 Dick 1, 40,000 
Mary 1 1 Mary I, L 
Dan scientist 48,000 Dan scientist 48,000 

EMPLOYEE (c) EMPLOYEE (d) 

Table 6. Example of extended join 

EMPLOYEE DEPARTMENT 

NAME SALARY DEPARTMENT D-NAME MANAGER 

Sue 52,000 accounting accounting Bob 
Jim 1 personnel personnel Mike 
Betty 48,000 1 shipping 1 

EMPLOYEE W D E P A R T M E N T  
NAME TITLE SALARY NAME TITLE SALARY NAME SALARY DEPARTMENT MANAGER 

Dick 1, 40,000 Dick 1, 40,000 Sue 52,000 accounting Bob 
Mary 1, l.3 Mary 11 40,000 Jim 1 personnel Mike 
Dan scientist 48.000 Dan scientist 48.000 

Betty 48,000 accounting Bob 
Betty 48,000 personnel Mike 
Betty 48,000 shipping 1 

assignment of employees to projects. The assumed 
semantics are that each employee has a unique title, but 
may be assigned to several projects, and that the title 
determines the salary. In terms of functional dependen- 
cies: NAME + TITLE and TITLE + SALARY. 
Neither dependency can fill in any nulls. The former 
dependency cannot be used, because although the last 
two tuples agree on NAME, both values of TITLE are 
unavailable. The latter dependency cannot be used 
either, because although one of the values of SALARY is 
available, under the earlier assumption the two null 
values of TITLE cannot be assumed identical. However, 
the functional dependency NAME + SALARY, which 
can be inferred by transitivity from the given functional 
dependencies, can be used to determine that the value of 
SALARY in the third tuple should be 48,000. 

Consider now the relation described in Table 5(a), and 
assume that here also NAME + TITLE and TITLE + 
SALARY. Assume that it is known that Dick and Mary 
have the same title (though that title is unknown). It is 
obvious that Mary's salary is then also 40,000. To  infer 
this value properly, the concept of marked nulls is intro- 
duced. Initially, as all the null values in the database are 
assumed to represent different nonnull values, different 
null symbols are used. Table 5(b) shows the initial assign- 
ment of marked nulls for the same example. Whenever 
two unavailable values are known to be identical, the 
corresponding null values are identified. Table 5(c) 
reflects the knowledge that Dick and Mary have the same 
title. Now the second dependency can be used to con- 
clude that 1, is 40,000. The result is shown in Table 5(d). 

So far the representation of incompleteness has been 
discussed. A more complex issue is how to manipulate 
databases with incomplete information. Here attention is 
limited to the problem of querying such databases (the 
updating problem has been discussedl4Js). The main 
issue in querying incomplete databases is how to extend 
the standard relational algebra operations to incomplete 
relations, so that the results of queries make sense. Vari- 
ous approaches have been proposedl6. Here the focus is 
on that advocated by CoddI7. 

The first question is the value of a comparison x =  y  if 
x  or y  or both are null. The appropriate result is always 
the unknown truth value, rather than true or false. 

Accordingly, a three-valued logic is defined, where the 
usual values true and false are joined with a third value, 
called maybe. The logic operations and, or, and not are 
defined with the following truth tables: 

false maybe 

false false false false 

false maybe 

false 

false false 

true true true 

false 

true false 

The existential (3) and universal (V) quantifiers behave 
like iterated V and A ,  respectively. In addition, each 
comparator must be extended to handle nulls. The exten- 
sion of equality has already been discussed: x = y  is 
defined to be maybe if either x  or y  or both are nulls. 
Other comparators are extended in a similar way. 
Finally, a logical expression has the value maybe if there 
is at least one substitution of the null values by nonnull 
values that yields the value true, and a t  least one substi- 
tution that yields the value false. 

The extension of the set theoretical relational ope- 
rations (e.g., union, intersection, difference, product) is 
straightforward, with the provision that all null values 
are considered identical. Thus two tuples that agree on 
their nonnull values are identified. The definition of pro- 
jection is also unchanged, but note that after projection a 
relation may include a tuple with null values only. The 
(natural) join operation tests whether tuples in two rela- 
tions agree on a particular subset of their attributes. As 
this evaluation may yield either true, false, or maybe, the 
extended join is defined as two different relations: the 
true-join includes the tuples for which the test yields true; 
the maybe-join includes the tuples for which the test 
yields maybe. An example ofjoin is shown in Table 6 (the 
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join attributes are DEPARTMENT and D-NAME); the 
true-join is shown at the top, and the maybe-join at the 
bottom. Similarly, the extended selection is defined to 
have two parts: a true-selection and a maybe-selection. 

There are several difficulties with the three-valued 
logic scheme, requiring careful reconsideration of vari- 
ous operations. For example, if x  is a variable that ranges 
over an attribute with null values, then the comparison 
x = x  is no longer guaranteed to evaluate to true, and if R 
is a relation with null values, then the natural join of R 
with itself is no longer guaranteed to evaluate to R. The 
three-valued logic approach has been discussed and criti- 
cizedI8. 

MODELLING VALIDITY AND 
COMPLETENESS 
A database is a model of the real world, and its designers 
and administrators invest continuous efforts to ensure 
that this model approximates the real world as accurately 
as possible. Still, if the database is large enough, it is 
almost certain to be an imperfect model. Consequently, 
the answers issued by the database system in response to 
queries are imperfect as well. 

The question of the integrity of the information that is 
received from a database (or, for that matter, from. any 
other source) is usually the primary concern of the user. 
Usually, this question has two parts: 

Is the information valid? 
Is the information complete? 

For example, when the personnel database of a large 
corporation is requested to list all the employees in the 
accounting department, the concern is with the validity 
of the information received (is each person named indeed 
an employee of the accounting department?), as well as 
with its completeness (are there any other employees in 
the accounting department that were not listed?). 

In other words, answers have integrity if they contain 
the whole truth (completeness) and nothing but the truth 
(validity). The issue of completeness is usually not 
addressed in database systems and the issue of validity 
only in part, through the mechanism of integrity con- 
straints. 

In general, integrity constraints are formulas in predi- 
cate calculus that express relationships that must be 
satisfied by the database4. Assuming that initially a data- 
base satisfies the constraints, thereafter update requests 
are accepted only if they do not violate any of the con- 
straints. Such constraints enhance the validity of a data- 
base (and hence the validity of its answers), but they 
cannot ensure it. For example, it is not possible to 
express constraints that ensure that the information 
about each employee in accounting is valid, or that all 
the employees in accounting are included. 

The concept of information completeness is related to 
the CWA mentioned earlier. Recall that the CWA was 
criticized on the grounds that usually it is unrealistic to 
assert it on the database as a whole. In practice, the 
CWA can only be made on some subsets of the database. 

Recently, a new model for integrity was developed19 
that addresses these problems. New kinds of integrity 
constraints, called validity constraints and completeness 
constraints, were introduced. A validity constraint 
asserts that a particular subset of the database is guaran- 
teed to be valid, and a completeness constraint asserts 
that a particular subset of the database is guaranteed to 
be complete. Together, validity and completeness con- 
straints are assertions on the integrity of the database. 
(The relationship between validity and completeness and 
the previous terms imprecision and incompleteness will 
be discussed in the final section.) 

In addition, the new integrity model is designed to 
certify the integrity of answers. For each answer issued in 
response to a query, it determines: 

whether the answer is valid (the information is ensured 
to be correct) or only partially valid (specified portions 
are ensured to be correct) 
whether the answer is complete (the information is 
ensured to include all the real-world occurrences) or 
only partially complete (specified portions are ensured 
to include all the real-world occurrences) 

In effect, the database is qualifying its answers by the 
scope of its knowledge (as defined by the constraints). 

As a simple example, assume a database with relations 
EMPLOYEE = (NAME, DEPARTMENT, SALARY) 
and DEPARTMENT = (D-NAME, MANAGER), 
and assume it satisfies two integrity constraints that 
guarantee valid information about employees in the 
accounting department, and complete information about 
employees in the departments managed by Mike. The 
answer to a query to retrieve all employees who earn over 
35,000 is certified to be valid with regard to the account- 
ing department, and complete with regard to the 
employees who work for Mike. Clearly, answers that are 
accompanied by such 'certification of quality' are more 
meaningful. 

In discussing the new kinds of constraints, the intuitive 
terms database 'subsets' or 'portions' have been used. 
Formally, validity and completeness constraints are 
defined as views. A view is an expression in the relational 
algebra (or calculus) that defines a derived relation in 
terms of the database relations. Assume a database 
schema (i.e., a set of relation definitions) S, let e be a view 
of S, and let D be a database with scheme S (i.e., a set of 
relations that extend the definitions S). The derived rela- 
tion obtained by applying the view e to the database D is 
denoted by e(D). 

Assume now that the portion of the real world 
modelled by the database is represented in a hypothetical 
database W, and denote the actual database D (W and D 
have identical relation schema S, but their extensions are 
different). Let v and c be two views of S. The view v is a 
validity constraint satisfied by D if v(D) C v(W). The 
view c is a completeness constraint satisfied by D if c(D) 
2 c(W). Hence validity and completeness are treated 
with perfect duality. 

If both the database and the real-world environment it 
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models are static, then a database with integrity will 
always retain its integrity. In general, however, real- 
world environments are subject to changes, and data- 
bases must change accordingly. Such changes might vio- 
late the integrity of databases. 

This integrity may be violated in two ways. 

First, through changes to the database that do not 
reflect actual changes in the real world. For example, 
an employee who works in a department managed by 
Mike is deleted from the database, thus violating the 
aforementioned completeness constraint, or the salary 
of an employee in- the accounting department is 
changed in the database, thus violating the aforemen- 
tioned validity constraint. 
Second, through changes in the real world that have 
not been incorporated into the database. For example, 
a new employee starts to work in a department 
managed by Mike, or the salary of an employee in the 
accounting department is raised. 

Both kinds of violations can only be avoided by human 
supervision: the database administrator must monitor 
closely the views of the database that are governed by 
validity and completeness constraints, updating them to 
reflect all the changes in the real world, and nothing else. 

Assume now validity and completeness constraints 
with the following restrictions: 

Views of validity constraints do not include any true 
tuples. 
Views of completeness constraints do not include any 
false tuples. 

For example, assume that it is mandatory that employees 
of the design department earn a salary of at least 40,000. 
Then the view of the employees of the design department 
that earn less than 40,000 is guaranteed not to include 
any true tuples. Similarly, assume that it is mandatory 
that every programmer knows Pascal. Then the view of 
the programmers who know Pascal is guaranteed not to 
include any false tuples. (It is assumed that only values 
from the domain of programmers are used.) The inte- 
grity of such views can be monitored without human 
supervision: any update that inserts a tuple into a validity 
view of this kind (clearly, it is impossible to delete from 
such views), or any update that deletes an existing tuple 
from a completeness view of this kind (clearly, it is 
impossible to insert a new tuple into such a view) can be 
rejected automatically. Clearly, validity constraints of 
this kind correspond to 'traditional' integrity constraints. 
Thus the 'traditional' integrity model is subsumed in the 
validity component of the new integrity model. 

A method for representing the new integrity con- 
straints and inferring the validity and completeness of 
answers has also been describedlg. The definitions of the 
integrity constraints (i.e., view definitions) are stored in 
special relations, called meta-relations, whose structure 
mirrors the structure of the actual relations. Standard 
relational algebra operations, such as product, selection, 

and projection are extended to the meta-relations. When 
a query is.submitted to the database, it is performed in 
parallel both on the standard relations, yielding the 
standard answer, and on the meta-relations, yielding a 
meta-answer. The meta-answer contains definitions of 
views of the answer which are guaranteed to be valid or 
complete. These definitions are then translated to state- 
ments of the validity and completeness of the answer and 
are presented alongside the answer. 

DISCUSSION 

The model described in the previous section is funda- 
mentally different from those described in the second and 
third sections. First, the former models define incom- 
pleteness as unavailability of data, and imprecision as 
availability of approximative values (incompleteness, 
therefore, is a strong form of imprecision). The latter 
model defines validity as being correct. Thus, to a large 
extent, validity corresponds to precision and complete- 
ness. The latter model-then defines completeness as  hav- 
ing all the correct data. Second, while the former models 
accommodate imprecision and incompleteness by storing 
approximative or null values, the approach of the latter 
model is to describe the stored data that are valid or 
complete. Finally, while the former models extend query 
evaluation to match properly the stored representations 
of imprecise and incomplete data, the latter model 
extends query evaluation to define the data in the answer 
that are valid or complete. 

Among the models presented in the second and third 
sections, the fuzzy database model is the most general. It 
defines a framework that incorporates data imprecision, 
as well as data similarity and null values. Of course, a 
fuzzy database requires more investment. Depending on 
the particular version of the model, membership grades 
must be provided for each tuple of each fuzzy relation, 
definitions for every fuzzy domain value and for every 
fuzzy comparator, and so on. The other approaches 
reviewed also require investment (though less extensive) 
in the definitions of similarities or probability distribu- 
tion functions. In contradistinction, a database that 
incorporates only null values requires no auxiliary defini- 
tions. 

A similar pattern is observed in the simplicity and 
efficiency of the required extensions to the query evalu- 
ation algorithms. Evaluating a vague query in a fuzzy 
database (and to a lesser degree, evaluating a vague 
query in any of the alternative approaches described in 
the second section) is much more laborious than evaluat- 
ing a query in a database with null values. 

Obviously, the fuzzy data model (and to a lesser degree 
the aforementioned alternatives) is more ambitious, and 
also more risky. The definitions of concepts and similar- 
ities that are provided by the database designers and 
administrators may not reflect the interpretations of 
these concepts and similarities as recognised by many 
database users. This may result in responses that do not 
match the intentions of the queries. In this respect, the 
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model of incompleteness in the third section is much 
'safer'. 

Data incompleteness is encountered in virtually every 
nontrivial application, and database designers and ad- 
ministrators who must decide how to cope with it have 
three basic options: 

discard every tuple not entirely definite 
complete unavailable data with default values or est- 
imates 
represent incomplete data 

The first two options are suitable mostly for non-critical 
applications. For example, a mailing list would include 
only complete postal addresses, a telephone list would 
assume a default area code wherever it is absent, and so 
on. However, the reality of most applications is that 
partial data are valuable and should not be discarded, 
while estimates are often unacceptable. Consequently, 
the conservative approach for critical applications is to 
represent incomplete data. As commercial database 
systems of the present generation offer little support for 
incompleteness, this representation is often through 
some ad hoc mechanism. It is expected, though, that 
database systems of the next generation will substantially 
increase their support in this area. 

The situation with data imprecision is somewhat 
different. Essentially, there are four options for coping 
with imprecise data: 

discard every tuple not entirely definite 
ignore the uncertainty and assume the data are precise 
disregard the available approximation and treat the 
data as incomplete 
represent imprecise data 

Again, the first two options are suitable mostly for non- 
critical applications (they correspond to the first two 
options for incompleteness). However, because of the 
aforementioned risks inherent in retrieving from data- 
bases that accommodate imprecision, quite often the 
conservative approach for critical applications is to treat 
imprecision as incompleteness. Systems that accom- 
modate imprecision appear to be more suitable for speci- 
fic applications: fuzzy databases can prove to be useful in 
intelligent systems, such as expert systems, and systems 
such as Ares and Vague can support intelligent user 
interfaces in applications where uncertainty of answers 
may be tolerated (e.g., where answers are considered 
suggestions, whose suitability is later verified by other 
means). 

Research in these areas is continuing, with many of the 
research projects now addressing recent technologies and 
the opportunities and problems they suggest. In particu- 
lar, investigators are looking at issues of imprecision and 
incompleteness in the context of the logic data model, a 

model that may be viewed as the extension of the rela- 
tional data model with rules of inference2'). 
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