Chapter 3
STOCHASTIC EFFECTS IN FINITE GENETIC MODELS

3.1 TIntroduction

In this chapter we wlll exrplore the characteristics
of finite genetlc adaptive systems, that is, genetic
plans which have limited memory and time to adapt to the
problem at hand. As one might expect, the behavior of
such systems can very conslderably from the norm predicted
by mathematical analysls involving expected values, the
Jaw of large numbers, and liwmit theorems. The motlvation
for analyzing finite models, of course, 1s that they
correspond to the observed behavior in any practical
application of genetlc adaptive systema. We will pursue
this znalysis by considering in more detall the character-

istics of plan Bl 1ntroduced in the preceding chapter,

J.2 The Problem of Premature Convergence

We begin by anmalyzing the behavior of plan Rl on
test function Pl (see appendix A). Here the problem
conglate of Tfinding the minimum polnt on the three

dimensional parabolic surface given by
3
FI(X} = 2 I%p Ii_ﬁ 5-1_-2. Axi’.(]l
1

As tllu=strated in appendix C, plan Rl generates an
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exponential decrease in both £t} and £*(t) over ths
interval 1 = t = 10,000, However, since Rl is a stochastic
process, these curves represant the performsnce of Rl
averagaed over the number of independent runs. Table 3.1
deplcts the behavior of El for a particular run on Lest
function P1. Notlce that there 1s 1little or no improve-
ment in f(t) and £™(t)} from t=3000 on, even though

r*(t) 1s still greater than the minimum of zero at the
origin, This behavior is typlcal of plan Bl., After

an initlal reduction in f(t} and f*(t]. a threshold seems
to be drossed after which 1little or no improvement is
generated., If we look more closely at the population
A(t) maintained by Hl, the reason for this lack of
lmprovement becomes ¢lear: each individual in A(3000) is
very nearly alike. Hecall that plan Rt uses a binary -
genetlc representation for polnts in the solution space
A. That is, each gene position can take on only the
values ¢ or 1, and for this problem.iﬂi = (103}3 = 107
requiring f = 30 gene positlons. If we conslder A(t)

a reservolr of gene values (slleles), the "lost® column
in table 3.1 illustrates that 1n A(3000} 22 of the 30
gene posltions have no lnstances of one of the two
possible alleles. That is, pian Rl has converged to a

particular allele in all but 8 positions and hence
reduced the search gpace for crossovdr to 2B = 256 polints.

Moreover, if we say that plan Rl has effectively con-

vargad to & particular allele whenever an allele is
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found in more than 95% of the population, then the
“converged® column in table 3.1 1llustratez that by

t = 3000, Bl has effectively converged in 25 of the 30
positions.

Thiz reduction in the search space A 18 preclsely
the behavlor discussed in chapter 2. Unfortunately,
howaver, in thils case the optimum for F1 is not contained
in the reduced subspace. HNor is 1t very llkely that

plan Bl will find the optimum for t> 30600, To see thls

recall that crossover can generate a polnt in A for trial

only if all the alleles for that polat are present in

the population. Hence, crossover effectively searches
anly the reduced subspace of 256 pointe. Moreover,
because of the similarity of 1ndividuals in A{3000},
the results of many crossovers will be to produce an
offspring identical with one of the parents, providing
no new polints for trial. Comparing the "trials®™ column
and the "generation" column in table 3.1 1llustrates
this reduced effectlveness of Rl as slleles are lost
from the population. Initially, nearly 50 new trials
are generated per generation by crossover and mutatlon.
However, from generation 60 on (¢t 3000), there are
fewer than 15 new trials per generation.

Restating these observations in terms of the
hyperplane analysiz of chapter 2 yieida further insight
into the problem. For 25 of the 30 first-order hyper-

Flane partitions of A, plan Rl has chosen to allocate
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almogt all of the trlals from t = 3000 on to one of the
two oompeting partition elements. However, 1f we con-
gider the symmetry of test function Fl on A, it should
be clear that every first-order partition of A presents
plan Bl with a 2«armed bandit problem in which the
machines have equal payoffs. In other words, no par-

ticular sllele has an advantage over 1ts competitor;

yet in 25 of 30 positions, one allele saems to have
almest completely dominated, effecting a dramatic Tre-
ducetion 1n the search space.

Immediately one thinks of 1lncreasing the mutation
rate as a simple direct way of malntaining variabillty
in the population. But we must{ be careful at this point
of aprlying a cure to a symptor rather than the preblem.
Certainly increasing mutatlon willl increase the var-

iation in the population maintsined by Bl on Fi. But

recall that on Fl no particular sllele has an sdvantage
over lts conmpetitor., For the other functions in E
there clearly are alleles which yleld much hilgher per-
{formance than their competiters. Inereasing mutation
in thege cases will retard the domlnance of the better
performing alleles and slow the adaptive respongse. What
we attempt to understand in this chapter is why Rl

has such a high rate of allele logz on Pl. The hope

iz that understandlng this problem.will provide insight

into improved performance on E.
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3.3 Genetic Drift
The prhenomencn of genetic drift 15 a well-studied

Problem in population geneticse. Since 1t is an artie
fact of the application of random selection processes to
rfinite populations, 1t has considerable bearling on the
Tinlte genetic models under study in this chapter.
Genetic drift can be illustrated by the following simple
stochastic model. Suppose we have a population A(t) of N
individuals and we generate A(t+l} by making N uniformly
random selections from A(t) with replacement and apply
no genetic operators, Again we focus our attention on
the alleles of a particular gene and observe the num-
ber of instances of these alleles in the population. If
we assume a blnary genetlc representation and a uni-
formly random inltial population A{0), then the sxpected
numbey of @-alleleg Ei{tj for gene 1 is N/2., However,
as t increases, the variance of Rl(t) also increases

to the extent that wide deviatlons from the norm are
qulte likely.

To se¢e thls more clearly, we can represent the
above model as a Markov process in which the Btatesq
are simply the N+l possible valuee of R,(t). The
transition probability PJk is simply the probability
of k successes in N Bernouli trials with a probability

of success on each trial of }/N. That is,

. N-k

k
Py = Go) () (1=
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The initlal state probabilities Py are simply

po=ry, =PV = Gt

Z'k
With no genetic operators deflned, it should be clear
that states Ri(t) = (¢ and Rl(t} = N are absorbing states,
Since the other N-1 states are all transient, the proba-
bility of being in either of the absorbing states 1in-

creases over time and in fact approaches 1, Of even

more interest 18 the expected number of generations to

first entry into a particular state. We are interested

in those states 1n which one of the alleles under ob-
servation has managed to dominate a certain percentage
of the population. To illustrate the effects of genetlc
drift we will foeus our attentlon on 4 states: 70, 80,
90, and 100% dominance.

.Tha expected number of generations fjk te first

entry into state k frow state ] 18 glven by:

ad
n
n=0
n
where rjk 15 the probability of first entry to k from J
in sxactly n éteps. tmfortunately, the computation of
n
these expected values 1s difficult since the terms rdk

are copputed recursively as

n
n i n=-1
= fk *Pkk
jk 1 J

P
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in terms of the extended transition probabillties Py

which are themselves computed by ralsing the transition

=[]

However, for our purposes, we can estimate the

matrix

to the nth POWET «

expected values by simulation, the results of which are
1llustrated in figure 3.l1. As might be expected, the
number of generations to reach a particular state of
dominance 1s a linear functlopn of populatlion slze. The
slopes mssoclated with the (70, 80,90, and 100%) states
are roughly 1/%, 2/5, 4/5, and 8/5 allowlng for a pre-
dicted rate of dominance. Flgure 3,2 i1llustrates more
clearly the role of population size 1n increasing the
expected number of generations to first entry into one
of the four states. Moreover, it 1llustrates that the

effects of genetic drift cannot be ignored even in a

population of size 100 if the number of generations
exceeds 50,

To reduce these stochastic effects over the interval
of adaptaticn, we can of course increase the population
size eufficiently to minimize genetlc drift, but we do
so at the expense of maintaining a larger population and
in generel a slower adaptive responaé. 4 second alter-
native which immediately comes to mind is to add &

mutation operator which would counteract the sllele loss
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FIG 3.1t GENETIC ORIFT VARYING POPULATION SIZE
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Figure 3.1: The rate of allele loss due to genetic drift
ss a function of population size. .
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FIG 3.2: GENETIC CRIFT VRRYING POPULATION SIZE
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Figure 3.2: The rate of allele loss due to genetlo drift
ag a function of populatlion size.





















































































































