













Lecturefilntroductionn

What is an Algorithm A set ofwell definedrules forsolving
a computationalproblem It is typically

a bound on theamount of time it takes to terminate
with an answer

m.am ii i
branch of computerScienceAlgorithms are
everywhere Forexample

ComputerNetworksRoutingprotocols in communicationnetworks are
based on classical shortestpath algorithms

Cryptography Publickey cryptography relies on numbertheoreticalgorithms

ComputerGraphics Computationalprimitives suppliedbygeometricalgorithms
Databases Databaseindicesrely on balanced searchdata structures
ComputationalBiology Usedynamicprogrammingalgorithms forgenomesimilarit
MachineLearning Clustering Algorithms is at the core ofunsupervisedlearning

CPUwith RandomizedHashingAlgorithms
DataStructures and Asynchronous Parallelism

vs

NVIDIA Tesla V100Volta32GBGPU
with Tensorflow cost a 4.700

CPUwith smart algorithms is 10xfaste

Paper SLIDE InDefenseofSmartAlgorithms
Over HardwareAcceleration for Large Scale
Deep Learning Systems in MLSys 2020
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KarmupIntegerMultiplication
ImportantDistinguish between thedescription of theproblem beingsolved and the method of solution
Inthis class wewill introduce the computationalproblem inputsand desire
output and then come up with one or more algorithms thatsolvethe
problem
Problem
Input Two n digit nonnegative integers x and y
Efet Theproduct x y

Assess theperformance by counting thenumberof.ph tivenopectioys it performs

Adding two singledigitnumbers
Multiplyingtwosingledigitnumbers
Adding azero tothebeginningend
of a number

IF.huAlgorithm

g
i i if

These are four primitiveoperations or more generally n388
a digitadf.tt gEnuibtei heI I fiIitdigi

ii t.ie iiaigie
andat most 2n additions at most two percarryWehave a partialproducts one per digit of thesecond number

To compute partialproducts we need n 3h 342 primitiveoperations

Overall the amout of work grows quadratically_with thenumber ofdigits

a sequence ofstepsand later wewill explain
what the algorithm is and why it is correct
56784

34s fsÉÉÉÉ I
steps 22652

StepsAdd two trailing zeros to step4 fourtrailing zeros to step1
and add both to Step2
104.672 1022840 2652 7006652 which is thesame



Beforeexplaining theabovealgorithm called Karatsuba Algorithm
let's first discuss a simpler version
A Recursive Approach
AntberwithTeven number n ofdigits can be expressed
with two 4 2 digit numbers i e the first half and the secondhalf

10 α b similarly y 10 Ctd
Therefore x y 1042.2 b 1042 d

10 IE 104 2 and be b.de

2 digitnumbers

we can recurse to compute the n 2 digit multiplications
5678 1234 104 56 12 102 56.34 78.12 78.34

56.12 10 5 1
4iots.at

6ii g
sottoo

a

oaReclntMult
InputTwo ndigitpositive integers x andy
s YIE.IQ E'poIeYoftwo

I toffee x y in one stepand return the result3 Is
α b first and secondhalves of

Electrify hm emp2 ad temps be

7 Compute 10 tempt 10 temp2 temp3 temp4 andreturntheresult

KebaultiplictionAlgorithy
Optimized recursive algorithm that makes 3 recursive calls insteadof 4

y 10 Cac 10 lk f
tb.d

Wedon't care about term ad or b c
we justneed their sum



an we express ad b c using the terms a c b d and one more multiplication
First observe that a term ofthe form z 2 2321 can givetstwoproducts
i e a c and bd from four terms i.e 2 22,23 and24Next weassignvalvesto 2,122,2

Both Catd ctb and atb ad can giveus thedesired terms a c and b d
Catd ctb a ctxbtdctd.by ggyCatd ctb a c db

atb ctd a
ctadtb.ctb.dz gbftcatbY.lctd

at bid

compute adeb c withthreemultiplications

Karatsuby

InputTwo ndigitpositive integers x andyOutputTheproduct X Y
Assumption n is a power of two

1 If u t they
2 compute x y in one stepand return the result3 Key b first and secondhalves of X4
5 C d first and secondhalves of y6
7 REIisitely tinpot tempt a c temp2 pg tempse bd
8 Compote 10 tempt 1042 temp2 tempt temp3 temp3

and return the result

Karatsuba Algorithm makesodythree recursive calls So it must be
faster than the simple Recursive Algorithm In a later class we will
see the tools to calculate the gains i.e Divide and conquer section

MergesortAlgorithm
Problem Sorting
InputAnarray of a numbers in arbitrary order
OutputAnarrayofthe same numbers sortedfrom smallestto largest

15141 571211 Fist



Asimpleforting first
SelectionSort Scanthrough input to identifyminimumandcopy it to outpuscan through input to identifysecondminimum

Approach
1514111817121613

17 1714432

1514 11181
a 17127 1 7

15 19 I IF
1411 h II II

14415

4 2

1411

Mergesort Merge

and

1 Algnoringbasecase norecursionneeded 1 it 1 j 1
2 recursively sortfirst half ofA 2 for k
3 D recursively sore secondhalfof A

3g
if fffff.gg Ifhen4 return Merge CD

e

T.EE DCi
8



Running Emerge
Supposethetwosortedarrayshavelength 1 2 each

4 11 89 t estf.pest.wooperations

Each iteration performs a comparison in Line3 an assignmentto B in Lines 4 or
an increase of counters ifj in Lines 5 or 8 and an increase of k total fouropera
A sloppy but convenient inequality is 41 2 operations are less than 41 21 6
Thus Gl is an upperbound on the number ofoperationsperformedbyMerge

ones

5h off S in pityP sible for

III Forevery inputarray of length n 1 theMergesort algorithmperforms at most onlogan 6h
operations where log is the base 2 logarithm

Proof We use a recursion tree where nodescorrespond to recursivecallsand
children of a node correspond to recursive callsmadebythatnode

level 0 outermostcall 0 entireinput
level 1 1strecursion 0 lefthalf 0 righthalf
level 2

lastlevel 0000 00000000 000000000000
singleelementarrays
Quiz 1 Howmanylevelsdoes the recursion treehaveas a functionofthe length n of the input array

a Aconstantnumber b logan
c rn d n

Quiz2 Fill in theblanks at each level j 01,2 oftherecursion tree
thereare blank subproblemseachoperating on a subarray of
length blank
α 2 and 2 b n 2 and n 20
c 2 and n 20 d n 20 and 20



Proceed levelby level supposewe analyze level ofthe recursion tree
MergeSort makes two recursive calls ignoretheircostfor now and invokes theMerge
subroutineFrom previousanalysis Mergeperforms at most 61 operationson l elementarra
Let Im bethe number ofelements in subproblem m
The trwork in level j ignoring the cost of recursion is

61 beat 6lzi 6 l lost tl 6h

Recallfrom Quiz2 that we have 2 subproblems at level j ofthe recursiontree
Thus the workperlevefjubproblem is 6h 20

Totalworkbylevel j of recursion tree

EFlevelisubproblems workperley.gg
bpwblem

6ngj
Theupperboundontheworkdoneatlevelj.is independent of j
Thus this is the perfectbalance between the tension from
doubling thenumber ofsubprolems at every level and halvingthe amount ofwork
per subproblem

For thefinalpieceof theanalysis we want to compute thenumberofoperations
across all levels of the recursion tree The recursion tree has logan 1 levelsfrom0 to logan inclusive Thus the total number ofoperations are

Eiffel workpef.gr c6nlog.n on


