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Class Difticoliy: ... hard? Computbility + Complerity Theory
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\'\Tm'- Mo\}he,wuics + Cow?ufdﬂow

The be%‘“‘";"ﬂ“ﬁ' "On cowmputable wumbers with gu u‘apl"wﬂ'ow
4o the Ev\*scheh\uv\:\syro‘o\ew", b\, A,M.Tdvina , 14 3b

An wmathe waica] wodel of cowputation evollivg riqovous definition of computation|
1asks | the alqovithwy +o solve cow puthsious| tasks , and the basic vesourees these vequire

The concept of cowpum{\'ovc Vewza\eé uselt as a deep that .‘lluwa{vmfes o+her
concepts avd Held v a new liqhe

Theory of Computstion progresses ['ke duy other wathewdical ‘(o.H, researchert
Prove theorewms sud qewevalize, s"««\?\\'l\’ and Cvegde Vaviationy buted ov theiv
jdqwewy aud vecedvc 4oite .

The intevaction berweew Mathewdics aud Cownputation predaces Tuviug's work

K wathematical vaderstauding could solve duy Ppractical prodlew,
ouly *‘t\\rowé\n - cov»\?uﬁﬁom\ process applied o the dotta ot hawd/

|weractions betweey Madhematics omd CO"“\F\H’D(ﬁOv\ cin be divided  four
over\aw\‘mj caferaowes‘-

® Nee& Of ToC {0 vse %e\new\ Ma&\f\emﬂ'm\ —Pec}/mic‘ues.

© Need of Muthewsrics 4o compure (i, uce wlgorithus)

-

-
&=
@) Some wathemutica | theovews QuUivdutee the exttence of a wathewaticol object.
But, cav the o‘c\jed qusrmteed to erist be eﬂ‘v‘dewﬂs/ foumd 2




@) The sudy of computation lesde <0 +he produtsion of uew wathewtical
results theovewms aud ?Vo\o\e\MS-

Cov«?uh\ﬁowd Conpleyif7 T\AeoV‘\/_

EO\VI\, on, ToC focvsed ou understauding vhich CowF\ITOHf'OWo\ Pm\o‘ew\s
e lavd ‘which camnot be solved |n~, ot\taori‘f\ﬂvls.

Put, s divicion turns out +o be oo codrSe
Lo>Tov whw —on‘ole\ms st con loe solved in 'Vv\'v\a‘?\el +he. best o(‘ao\r('rb\v'»\
10 sole thew wow't terwivate fost emouah.

Twos, there was weed Fov o wuch wove vefived theors +hat will ecoumt
wot only tov whether o ’PVO‘O‘CW\ 5 so\w‘o\e, but also fov she ?erOW\awce
ot the so(vm3 u\gov:«\rm

Computas ol Cov«rle%/ Theory vas boru ia 13605 with the goul of
v\d(\aevsfa\wdiwj e{'f‘r'u‘e,wt cov«fvfo\-a’o\q:

4 . o .

: Deterwive e wnwwa\ AMoOUN4s o{' wﬂuva\ resoLYees (‘hw\e, Me\nov\,,
Comw\wicom'ow) veeded 4o colve \M'r\)m\ cow\?uh«'owo(\ 4’0\5‘(5 '0\/
watuvra) ww?uf(-h'ovm\ wodels "

NOW"\dD(TS | CO\MFU'H‘HOM\ woae‘\'vﬂ has erpwéec\, -{'owo\vds W&eumn(l_(w
wove coucepts sudh d5: secvrer  Lyoof, \eo\vw'w% : kwow\eéje, ) randowmuess
iv\&cmcﬁow/ evo\u’n'ow/ skrMe:\w , g\/nc\t\mw’ eic.

|MF0NW* TvivvdF\e& ® Cow\')v-hﬁiouu\ Mo&e ‘(wa:

® E”iu'ew,-
® kﬁv‘ﬂ‘ﬂoﬂo Tl’tiv\(ima:

® Class Licution:



© Reductions:

@ COW\P\M?—V\ ess:
@ |W|1x>$si Bé'i{7=

The Real Lecyuve L

Basics

: A\p\\o\oet T & Fivide set of ovacters.
. Lm%ua%e L over 2 : o get of $+n'wi\s COMw'w\'wj hovetevs f’vowl 2

- Bupty civivg &

¥ A laguage doesw't have +o be Fuite.

Sex_ Operdtors for Lauguages

- Uniown O«peruimr- Lyuly= S’x | xel, v Xe Lyl

-Concatemdtion Opevaror: L, Ly =L, oLy =LiLy= {_X\[\X&L. A yelag

* Una Opersiion ~~> que"e) S’rd\v 0 evafiov lf
e i '-%z {.1}\'-'3 ! ket AL—k ot to be qowcuseé
= L= i?“l\%ﬁLhyeL 3 w&\'\o\ W‘fm,l\\s
50, L,*=6 u :LOU L'UL&U... w

a4
Yo k +iwes

Tor eyowple, L=§ 01,18 Thew L=§ed L'-{0113, L2-{otol,ou, 10113
L= {01001 ,ololl, 01101, 01\,
1001, 1o, 1oy, |3
so, L*=§¢ 011 alol ou, tor,11,00001 01011, 01101, 011,
1ol 1ol nor, 1, ... §

w e stovd w\‘-\\ll oAk s%w\p\e Mo&e\ o{' cow?vfd\-h'ow ownd
a ewple class ot |w\qu«3es.



BE@U - Lo(w&y_gagé}

’?QMSiVe(De*\'m"h'ow L@{ Q \)e, +\\e Set o{’ ot“ Y@%U‘OW la«\f)udjes over ok\?"'ﬂ‘)et Z
. BeR  aud {&75&11
2 Veel : {sfeR
3.1E LeR then LFeR
4.1 LeR and LR them LLgeR
5. 1§ LeR aud LaeP,, +hem Liule c®

' kwu\ogﬁ ~ Operatious '+ '-* 'z dve used fo detive withewatical expressions
where the ovtput s & wuwmbey
Ope\mﬁoms "', V' | "% ore Lsd o defive veciu\wr e,r\:reij‘ows

wheve the ovtput 'S of lo\mgve\\)e
Sometivies the umion 'V is dewoted o '+'. Kbo, sowetive we drop ' wad 'Y’
50, the veqular expression (0+1)¥ gtarss with laaquagqe L= LiuLg vhere L =03
omd ko= {,!'S, omd e(P'phes the ¥ opevatiow.
. |V0 regc)'o(v efpress(oué' +he Star o\Derouu'ow s dov\e -f‘n‘vs+ ,{\'o"oueé b‘/ cousitendh'ov /
avd then uwion, valess Paveaeses chawguh.‘s order.

'Defermiwisﬁc F‘wi’te Avtowmat o (’DFA\

3 A de{'em(wis-uc Fuite ovfowmatou 1S «  stdte wmdchme ‘("Aoﬂ- rokes oS an En?u’c
o S’W\'wg and outputs either "uccePt" oY "re,\',ect"

strivg W —> “DF A '—> Accept /’Ra,(,ec*

"’f 'PVOCesses +\Ae s-tn‘u?) vid trawsitiows befweea Stdtes
*IB.C

E ¢wp‘e: ¢
Lxawple Start —> @<
>®)
lwpvt "bec

() X3 e 7 e AD)eL2: )
S+«vt—>®< @ — @< @< @
otb b otb ot.b
SS @) O O O



Lomtb\)o(ge L, trowm m%uhv qPV‘essiow £+(Zfo) or wove detorled iﬁau(b(“l%#" f)d)
L= £94v§ o, aal, b, sk, abat | batet, bbk, ...

: b
1S "uxp’ﬂ) ved" b DFA. b
7 m_,
ol

3

Quiz 1.1 Given the 'f'0||ouiu3 'DFA,

o

| sart— CLo@®
N

which of the £o||w%w3 Stode wmeuds {'m\Se
o) Striug "abl’ outputs Accept
b) Shiv\3 YT OVtputs kccep-t
¢) Strivg " bl Outpu+S Acce‘)‘t
d) Stig b’ gutputs hecept

Move 'vaw«\l\/ ,

[ A deteruministic Fuite |sutowatm | M= (Z.,Q, 3 H ,8’) is defied by
2 A\\a\\ubu,i

- Fvite ser ot states, R

- Starx state, Se@

- Set ot accept statey, Fe QA

- Trawsition ‘Rmch'o'f\, Y: Qr 2 — (&}

Bock 10 eyowple S Z={ab,}
. F kﬂj O- {Ai.B.Cn—Dg
Start —> @b\ 4:.»9 3= £ AY

{" F-{d3

et Y
¥- S ERE AllEls

o]0 |D

DI\D)D D B

The terw (M) wems thet wochive M recognizes  |auwguaye L
That is, every xek is decepred ia M and

eVev7' oka,e\afeA X A M s & mewber 6(' L



Clawm: \F L, is reognzed by DEA M, wad L, is reoyiized by DFA Mgy
[J theu |+\nere exst, o DEA M thut Yetogwi?—fs LD.U L :

Prodt Sketch:
et M,=CZ,Q,,$.)F,,§,) O(ué M&=(2’&&)51,F1’8’;)

Thew, constvues o mew DFA M=(Z,8,5, F |T) soh +hat
Q= £ (AR) | Ae®, ABeBa}

5= £ (5,5)3
F- L (AB) | Ae FL v BeFy §
) ( (AB) , x) = ( 5 (AN ,S,L(Is,x))

We hwe o prove that L(M)=> L ubg and L( Ve Loy
Let Sirivg W= WWy ... W be the fuput, wheve W is +he i—th chavactey.

L{MY=S L, ubg: We il show thas here exissy o Sequeuce of states i
,1-e., (S.,S,_\ , (A, ,‘B.S D, (Ak,'bv), such Mot

O 8’( (Q';Sl\ - Wv\ = ( A\ ,‘BIB
@ 8( (b(‘b,%i)l \'i) = (A'(,H' %iﬁ‘\
® Ake F. OR 'Bkc- F:\

Withoot lgss of qeveralty, levs assume that we ave (v cace Axe Fy (s opposed o BieF)
157 e woly £has was comstruesed it "Oﬂous that d, (5, w) = A,

s well ol V’ieE| ) l(—\] : ‘o',(Ai,,wm) = Ai,u. g‘m(‘w RV&M&‘\' hoﬂs {‘of co\sc'ﬁkeli.
Since 0,0, «d ® hold, if W is dccepted +hem i+ isaot wewher of Livks.

Ove weeds +o also chow the other dvection L( Ve Loly. a

50 ‘chr we o(\ oWeA A Sm \e trom S hov
fvowm ciate with iwpw Mavacrer X.
\|/E~L+m& +o ollow W'\)“Hp\e.

nondetehrmamistic 'R’vu'&e duhwdd‘ol-'



Nowée’fevv\iwisﬁc Fuite Aufowmhk (NVA\

+DFA does wot ollow oy o(w\okavif\, ou Wow trangtions ove wode
> o State dund awm i put Mowvacter ollowed ov\\7 o s\'w&\c tvavbitiow

- 'Re,pveseqﬁv\% wd\h‘P\e -Pv\'emak\ Avavsitions w?“’\/\ R 'Pt'ﬁeé Sholte uué, \'\APOT c'nowo&cfeh
a\\ows wove 'Heﬁ‘oﬂ"k/ M oUY Aes\'ﬁn.

- Cowsider |- {Weiﬂ.b?f \ w ends i o(\)g , we  (ow use either  DFA or NFA.

EEn b
SR %{?@ sort—> (%) 2> £>

5 NFA
DF A A ruchive atecepts o iuput it shere exists
sowe seduence of ollowoble tmwsitiouns
that endy i am oecept stoe

- Two woljor Amwaes covpaved +o e delivition of DFAs:
O® lustesd of V:ArI >R we hwe 3: Qx> ae"
@ Alow £ 4rmmsitions. Chawye State using the empty string

s, the tvausition Fouerion of the oé‘oove NTA is
oA

X'._ qo {Qo.q& qui
q! J— {qg:g

Qe L=d=

E_‘ld_N_PLE_ L coutaivs o(\\ 5\-v\'m<3§ o the {orw okk where k is o wu|h'-|>\e ot Lo,
200
start —»O\ <

S0
& 50‘2

Questiow : l(ow much additiony) power does +his
— woudeterminism gives Us?



E_quivodev\ce o""DFAS aud NFAS‘

DFA= NFA : |t is clear +ha+ every DFA 5ol an NFA
NFA => DFA : Need +o show that for every NFA there epists o DFA such +het L(W)-L(W)

Proot Skerch: The ituition 16 siwilay +o the Proot dut theve etists « DFA
Mot Vewav\izes e umim of +wo \wcjvxaes.

NFA: M=(Z, & qo, F,Y) DEA: M=(Z,&, 9, F V)
A~

kvowM we weed +obuill

-To Coustrucs X we credte o wew state for every possible subset EREY
Tor exsuple, it the NFA of heud is the oue trom the previow page,
the set of states Of is

St AL EURE TR PO £ M W T R S L IC A R LR

A Each state of B is o label of & collection o stodes wot the ociunl cdlecsion
ot st Recall st srotes of O wve port oF 0 DA, shevetore they
ot be an wexual collection oF stutes.

"ie\'»qaﬁn # iO";qag

For mep\e‘ Fron 9o swe_,;qw ol fadle.s us 4o eithey qo or q

b
swt—>i>3> > Creste o« DFA state

- If otwy ot e g, 9, NFk states +twen Me OFA siate "£4.,923' is

o oclept State.
-Fom.i\l\,,%r N\’ we ‘/\elve’

QY = labels of 3\& . F’- {T&Of\jteT such thak tng
. &= ﬂicloy ST )= ([\)J ¥(g. %)

- To prove eduivalevie besueen Fuife Avtorda d 4o thow:
L] (G TN S AETIA ) e S
O\ wel (M) then wel (M)



- Letr wewowi..w,, be the

vt Shrivg oud pose thot NFA M oleceptS W.
We will show thett +the cwsfv:FueA DFA’ M’ otecepts W os well.

-Becuse M is au NFA we kwow thar theve eiors some Sequewce of states
do,q:,---, 9 Such Aot o\-weX(q-th wd 9, € F for iupot s«—\n‘u3 w.
—Lets switcth wow o DFA. 7

-Let T T, - '.Tk be o Sequevce of stases o M’ st. T;+\=¥’(Tz,, w:)
$Recall thas becavse M'is a PFA, Meve is ov\L, Me sequence ot states Jtvausitions for iput w

-We weed to prove ot Mete tvausitions lezxd 4o aw secept Stote i the YA
[doo‘w.:‘f e subset-labeled DFA states T, .. T, cowtam the O\Ccep%'kaéw

q Sequevce of
NFA swees qo, ., qu. More donmaly , HieloX): di€T

Prod: \uduerion => Bave Case: To=9'= $d0b

|wéoeh‘ve u\,vo('\aesib: Su?pose the Cz\c((M hous ‘QOV C\‘u‘;ﬁ

\Mductive §+e?= Show Mak qme TH\
me\ do Witiov o{ T.',«t\ :

T 30w = 8 (q e = $(qu, w0 {gﬁ 5(q,w)}
= O\on v {_U S'Cq,wc)‘g
0]

9et

TkuS, ‘16*\ C—T.;ﬂ .FVOV‘\ the dvesion we conclude thad le‘ﬁ
oamd  aivce qke F 1t -fo\'ows that T,e F

|7}



