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Tu rin 3 M ka"\MeS‘

- 60 “'o\v we have seew +wo oou\‘)omﬁowd woées\sr'ﬁuqe Ao towdtor an”Tushdww
Avtomats” Fiuite oautowmats hove wo oecess fo wmewory aud Pushdows avtowmate have
v \Mifc& wewor (iv\ « forw ot ” sfmc‘() but vsable ouly i the last in "'"'M ov+
Mouviev. Tke\/ both Wave |inited (JIPGLJ!“H'Q’S which i wk~/ we Switdh to a
wmove Powevfd\ wodel.

- Tqu& viadmives (TM) werc")vo‘)oseé b~' Alom Twmﬁ va V436 aud they cav do
evevx’fh{ug & vexl computer can do. UnlortuMate , theve ave certaiv Tvo\a‘ev.s
Mot even TMe cavvot  solye ——>'prob\ev«s bcrov\el the theoreticol \imits o conplriztiov.

—Tie TM wedel vees o tipe st has a lefrmostead but vot a h'j\ll-Mosf eml.
head

Tape:

i
| — |
>

More MPow-awl\ , we oq wow reod ard write ow duy location of twe +xpe
To captuve Yo fou eriondlity | we WNave 4o jutvoduce votation +haf
speci@.'es it e heod of the tape 18 wo‘l\'ﬂa to the |eft or r.'a\ﬂ,.

- \M-\(a“j : the tape  coutams m\7 the ivput &!m'mj sw‘h'wg {rowm the \e{""“"%“’
locotion aad the Llavle cmovacter g e,Veh/W"lEVe else.

-The ovtputs, "accept’ aud “reyect' ave chramed by ewrerin the e\es"gvm«‘el
okcceftiv‘é ond vedeq\'wsj stdres. These states nve trap states (recal
that A Fuite omd Wwehdowu automata +\\e~, ave wot tvap stafes) | o d J«‘ney
termivdie the execvtion vwme di&kc\y. T

Forwms| Defivition of a 'K:L‘wj Muchwe

'T\\e Fravusition Fvwcﬂ'ov\ ? o{' & Torivq wmachive ’m\(es -rl\c 'corw\:
OxT — AT = L,_KS
- G

l ~N D
the 61\7»«'00\ at the -?he, nert state > xhe ew sywbo( —rhe cl}rea:oq
coyvewr fosiﬁaw o{' J('\'\e that +ke machive ‘\'\1 at 15 Writeeu ot JMM 4\«2 \\OA

wochine head 'S MOV"Wﬁ o  thecurveut Position woves oFter
ot +the wachiue hexd Writing




Detinition 3.3: A’ Toviva wadhive is & 7-4uple (& Z r,s o ‘,cb
wheve G,?}F ave all Fuite se«“: oad = T PUC\&“
l. Qis 4we set ot all states
9.2 is twe iwput o(\?\na‘oe{ v of (owfo\?w{ucj fhe blank Sjm‘do‘ Tl
.Tis the tdpe alphabet, where uel” qnd 2T
x $= G\" r— &" r)‘{L:R‘S 'S ‘\"0\3 tvavsition ‘chﬁo“
Qo€ @ is the start State
: qdm‘”e& is the dAccept state
°|rc¢ca e is {he rejedt stxfe wheve o(njm ‘Lc\*wp'r

W

No o p

- NO'\‘\‘ce *‘40(* S (‘pes Wot covfamwm ”U“"“’\L‘I(‘:OVQ e ‘{'"VS& " a\)‘xuv(wj ou the
+ape Warks the eqd of +he put

o h( ’(‘Ae Mac\l\ivne ever 4riey +o wove 4o the \e‘h o‘(’ k\v\e \effwosf ce“ o‘F &L\Q
tape, then the Wead stays in the Sawme Place tor that wove.

-As the TN cow\PufeS, d/'o\uaes \\o\p?ev\ “:
® the curveat stare
® the covvent fape couteu+s
@) the corveat Wexd location
Av\ 1M 5% dwf 14t 1om /5@%\43 ot the above three Pave wmeters S oxhei A Cov\{ijumiow

ot the Tuw'Wﬂ wmachine.

'A COW\)md V‘eF\resewmﬁow o‘% cow{'favr«h'ow& ’ﬁ\e cowe\'%w«h'ow "'u.qv g 1S del,eup
ot +wo S’n"iv\css A auwd v over +he -hx?e «\F‘/m‘oet 0nS we\\ 05 A Stxte q

State: 9 Represen fettion
Tope:[1 [of 1 [tfoft [t [v|tfuful. —~5 > 10119, 0111\

Y
-The tdpe countains 'U.“V : i.e., COMN(RrteWdt 10U of 4w amd V.
- Stue 9 "eots' the tape M two pieces its postion i dixtey +he the wepr 5inbol

tHhas he ‘/\eo(& vexds iS5 +\'\e %Vsr s1wbo\ a(' v,

-Covrf.'%umh‘on Ci \Iie\cls Cov\‘r':%uvﬁiov\ Cg\ if the Tuva.3 wmadhive (o \eﬁu“Y
(50 “:vom C\ to (’1 1M oL &'w&‘t frawnsition.

V\ore ‘Qo?ﬂo&“7‘ S"\’?‘”e Sywbo‘s o(,‘),éér aud an‘was Wm,VEe r* oau d qL'%eQ.

We Sxy hat: 'u,uq,',bv \/ieh\s UG oAV

|f +t\€ +vomsi fiom S’(qi., \33 =(qs’ C—,‘,L—) 'S ‘er'r o'( S’ Ae‘EH\Hc‘ov\_



We suy that: aaqibv  yiels  wacqy

%
|f +L\€ +vowmd f1om S(qi, \33 = (C‘M C,,R) 'S 'Pmr'r o'( S’ Ae{'ﬂ\?‘h‘ov\_

-A Tuviw} wigeUine o¢cCepts 'm‘;vi w i o sesLeyce of cov\‘r'a‘aurm'ows C-,Ca, i Cx
exiots where:

®C s +l\e StV Gtkfe cov iﬂumim o‘[’ M o pruf W, i.e.’ C.=qaw.

@ Esch Ci yields Gy, aud

@ CI{ 1S ov oLCCe,]WWj Cou‘f{auvﬁt'ow

-The co"eCHow of Sﬂr\'was that M oLecepts i the ,o(wawtt)e recoavqi:.ed L7 M : douoted bf L(M)

rDeQ.’v.;ﬁo«\ 35: () « ‘dwauacje 'K)m%—reco%wizo«b\e it sowme Toviug wadhive recogwzes ix.

A A TM oyevafiwa OV ol® iwput W Com have *"WCC OUtCOwes occept redect, or \oop.
LOO? wedsus ""MH e machive does wot \l\d\{;.‘DiS-i’t'q%uis“\'m‘ a Wmachye Mas is
foO\':ivq Lrowm ove that is {'o\\(\'w3 4oo \oqs IS éi%‘(’:w\k.

< T‘/\C TMS +‘m& \'\o\h o e(\\ iw\DU‘tSI i.e., +\\€7 o\‘ww'S wake a de0ision +o x(eept oy Ve\"ed/
ave lled deciders.

Deci Aius V5. ?ewﬁwizi vy

_Turm% wachve M decdes | ifand ov\L’ + oM OVtpUXS "ucc(pt“ for every wel
M outputs reject for every W ¢L

-Tun‘mj wache M vecoguizes L it oud ovn\7 if M outputs Maccept" foroll qud ov\|7
+he iw‘wt 9'““35 wel.

-W M cleo'ées L,+‘\CV\ M reco%nizcs L (’f\ﬂco%'aev divection (5 wot *W&).

oEfaw\P\e 33 A TM +hat decides +he \om%ua\je COMBISEiug of a\l SHriugs of 0s
w\'\tbe lewa’(\i 15 a Power oTt +two, i.e., L= % O"‘"\vo, 03

Lers thivk alout it: Theve dre sowe esy Lorver Cdses Mok we car haudle Last.
- Tov efam\-,\e,, if fhe mpot i the eugfj Stvivg or the input {5 & sywibol
from Mg = ejeck.

3 |§ we have au ‘odd mwber of Os , theu the ;\ATV\' counot be wm L —> ?e\"et{
-We vweed +o check it the +he wober of Os s « poverof & eq W=0000- o
Sup\aose Jou wawt to Qevevate Q" 2evos, hey wost fpvdoo\\o \\/ Sy ou wovld:



o o do‘o\ o
Shimy: 0 00 %%, 0000 "%, 90000000 =%, .. 4™ 0. 00

#of 05: 9 9 o} 9° q/

-W‘\d’r \'F mstend of doubl.\g o 3ewevme a wew 3’(“""3, we Mf,feui hu\ve
the wowmber of Os.

\nput: OOOV0000
00000000 halve WWQOOO el g Telole) holve ;z(a(g{;i(uc»;!o
g 3 a 9’

A
\\61/ H: we coumt "\ow MGV\’ -‘1v1@5 we huheA’ we Ca W C&'W'Mc '('Ll(’, T O’\
|
= \/
Move i““P°"*°““*“h it \’J\[ »\0\|\h\43 we resch o POt vhere we have wore Qs but
we cavvot halve oy wore, thew the WPt 15 Mot o wewber of L.

-—l\'oﬁ(e that whew we ‘r\c(\\leé e crossed ovt o secluewce s’ro(r+i~13 ‘("row\ f\\e \eﬁ'ms{
rerdMW% 0.To do *\N, we weed 4o kuow the +orxl wuwber of rewmivn'w% 0s.
To 'Pev‘f‘orvq this 1 & TM we vweed 4o do ove_pass o comt e # ot 05 aud
omother Puss  to Cross out the Wkt womber of thew.

i ‘\'heve 5> Swoveer \Alak\’ -ﬂ\a{ yses 01'7 oYe 'Pg_s_s = Cross ovt eveh, o—\"\er 0.
halve Blow 0dow0 plelelolefodcle) halve Boo ddaao

~Oue last +‘Mv\3= Siuce we vieed +o do o lot of baek aud forrh om e +upe, we weed
+o wmark -\Jv\e bea&wniwa of +he fdPe = (ross our the Lirer 0 ushl\a (Y

-We defive the followimg TM with 3-{0} | T {u 0,53

0->0, L

ﬂ?x» [ =
7 Jremsition ﬁmcﬁo\m
-
!

2*;2'

! h/ wl- O I X ib
M> et -> i 9 9a,0,R | qrej, 13,R |9rej, %R

u->u,R )O»X,R qi 93X, R | Qa %R [Gace,uR

X=>%,R vu-—m,‘k Oéo,k (
) 0‘3 q‘hOJR Ol:s, *;R qS)“/L
9 X=>%, R qlf qs,’(,K Y4, X, KX |9Qrej.uk
\ / C‘s qslo)l‘ "15,)(; L "\Q.U.R

ol o AQaccept | L A BN e
Areject | L o= 2




0-0,L

Secatm +he +dpe ol +he ey to the \e‘(lf
XX, L

(without eyotein out) UWT'| you -( qé the

N\ak the. ,,,7* TEITHN beswmwul
begwaing / \ Seom the wye +o +l1e
O-N-l R . o-’*: X-’x-K r‘%\_‘, q\‘\d Cross ov+

every other 0.
“Tw :

u-»u.'k TINTE +‘:;:v\:sre 00k 0->%, R

x=>%,R \V4 evossed

Y s 9 X->%,R
)

u->uR Reyect if we have o odd

wwwber of Os.

Example Rom  w=0000
Q‘:Zf:

&

0*LlR Oko/-»xk E‘Qx»xﬂk

usu,R \Lu-)uk 0->0R 0>%, R
x=>%,R {

a X%, R
N

u->uR
Codiquistion: 40000  Tupe: (0000

0-0,L
XK, b

WL

6

7*1

el

0-u,R O 0-%,R Ox»x‘K

Qe—

usu,R u—>u1{ O—’Ok( 0>%, R
x=>x,R \
@ @oxrn
K‘Hu—,,k/

Coiquistion: uXq300  Tupe: B X00

0-0,L

Q XX, b
,’( ‘ﬁ‘v' ‘w L
& O/—'H& N\ ‘_ x->x R

u-u,R \Lu-m'k O"‘”‘(l )O-’%,R
x=>%,R 4
(s @ rx

u->uR

Coﬂf-gmﬁowmquz, Tape: UXOX

0-0,L
XK, b

->L‘ L
0-u, R ko/-»xk e ‘,9 X=X R,

usu,R u-su R OéOR( 0>%, R
x=>%,R \V \
Boown

u->uR
Coliquiation: 13000  Tupe: 000

0-0,L

@
*’*1 u->0, L

0-uR 041 ﬁ‘,gx»xk

<«

usu,R lu—)uk O—’Ok( 0>%, R
x>%,R \
o
V

Cofiquintion: uX 0440 Tupe:X00!
Q‘:Zf 3

*”*1 . u-u, L

& ./-—xk \_"L X=X

u-u,R \Lu-m'k O->0R( 0->%, R
x-»xk
B
u->UR

Covrfi3ww’ow= X Oo\sx Tape: BXOX]



3::’:&
"“(;'i;‘.o/\;?‘ b, L
Ow'R)@ gewk | D 9 x=>XR

u-u,R
x>%,R \l/u_)u'k 0->0% )o»x,\l

;

u->uR

Cowﬁ'awm'ow' LUXqq Ox Tape: LXOX

@<«

e
0*""R> o9 el L S R 9 X=X R

u-u,R

m Juecep Q X=>%,R

u->uR

Cowf-‘awaﬁow: e x0X Tap e: UxXox

:

0-50,L

‘Q XK, b
% %

3 ’

u->uUR

M‘ﬁWmﬁbW uxq,0x Tape: UXOX
Q a0 /g

A o S

&, h o u-=U,

0*”'1‘7@412 \%9 X=X R

u-u,R

@ a X=>%,R

u->uR

Cmf-gwaﬁow:uxxx% Tape: UXRX[]

o0->0,L

X-5K, L
0-u,R 0-%,R > x=>xXR.
@ gy

u,
]l e e

:

u->uR

Cowf-'awm'ow" L XgdgXK  Tape: LIRXX

u->uR

Coliquiation:uqex0X  Tupe: UXOX

u->uR

Cmﬁgw««ow Uqex0x Tape: UXROX

u->uR

Cofiquiption: W xxdsx  Tupe: XXX

Cofiquation:uxxdex  Tupe: XXX

o-0,L

X->K, b
0*“""‘)@ 0-%,R _>9x->x,‘K
- R N (e

@ wxn

u->uR

Lo«ﬁ‘gwm'ow UdgxXr  Tape: L/Rxx




) ain
0*”'R>® 0-xR %Qx»x}K

u->u,R \Lu-m,k 00k (’ ) 0->%, R

X=>%,R
(i) DETEN

u->uR

Cmﬁ'awm’ow dgBXXX  Tupe: UXXX

0->0,L

Q X->X,
>
,’_;l*: ; -'v_ U—’U,L

xR Vu—m,g 0->0R )O-N R
a X%, R
u->uR
Coiquiption:UXgaX % Tape: LIXRX
o-0,L

X=X,

()-H-I,R> qg, 0-x,R i 9 x=>xXR.

::l;,}z J/”"”'k 0->0% L ) 0%, R
(i DETEIN
u->uR

Coﬂﬁ'g)um-'ow LUXXXqe Tepe: XXX

@)l
0"“'?‘> 0-%R _>9x—»x,‘K

;Zl;}z \L”_’"'k 050k (’ ) 0%, R
(i) DETEIN
u->uR
Cowﬁ‘ﬂmﬁow CEASYS Tape: XXX
0-20,L

= ‘E’ XK, b

s> w L
O-»u.'K> %%—%R DS 9 X=>%R

u-u,R
x=>%,R l"'"""w‘ 00 L ) 0>%, R

:

u->uR

Coﬂf-‘eawm'oWuX)(q&x Tope: BWRXXK

o-0,L

= DR
0*“-1‘)%%%12 \%Qx»x,l

*/7‘#,?'

:::',% \Lu—»u,k 0->0% L ) 0->%, R
= &
[T u"R

Cowﬁgw«ﬁowuv(%)(m\«av Tepe: Laxxxuil

B) wux0440

Quiz 3.|: SUWOSe we compote ov the above TM.Which of the '('0”0\—'(\43
confiquratious covor be seen i this TM?
A) ¢,00000000

C) UXRAX XU daccept
D) LXRAX XK Uduccept




= ’rhe C[’\UVCL\—TU v"wa T'deS\'.S

2. Effective calculabiljty. Abbreviation of treatment.
A function is said to be 'effectively calculable'! if its values

can be found by some purely mechanical process. Although it is fairly & N (0] CO"‘ PO'\ ﬂ"’('Oﬂ ﬂ‘ ’PYO(eA uvYe w " Be,
easy to get sn intuitive grasp of this idea it is nevertheless de- oM : Ae ve & a5 a‘ %OYH’“W‘ A ‘e S 14

sirable to have sowe more definite, mathematically expressible defini-

tion. Such e definition was first given by Gdel at Princeton in u“ be '.eresm fed‘ as d Tuv" “3 Mdch"“ e

1934 {Gadel [2], 28) following in part an unpublished suggestion of

Herbrand, and has since been developed by Kleene (Kleene [2]). We
shall not be concerned much here with this particular definition.

Another definition of effective calculability has been given by

Churca {Church [3], 356-856) who identifies it with ) —definability. 2 ‘“‘H"' ﬂve \40 ﬁOV\ TU V‘l‘q M*CL\"V'Q
The author has recently suggested a definition corresponding more o{_ a\ 30'\‘-4’“" S d\% or‘,ﬁm S

closely to the intuitive idea (Turing {1], see also Post [1]}. It

was said above "a function is effectively calculable if its values T o
can be found by some p&sly mechanical process.” We may take this -F =
b . ’ )
statement literally, mdershndiug;l& purely mechanical process Wh«f ‘5 “'he v‘ﬁkf 'evd 0 defﬂ\\ ka &esm b\wa
one which could be carried out by a machine. It is possible to ‘ [
TM algovithms?

give a mathematical description, in a certain normal form, of the
structures of these machines. The development of these ideas @ Fo'wa \ ‘Desc"‘l ?+" ow ’,_va "Ae__ * Aef“{ leA
- leads to the author's definition of a computable function, and an 5 A {_ 0= { "
d ] ] M
identification of ::c.)lx:luta‘bili\‘,y5 with effective calculability. xv‘ ?‘“Q“\ 0 TM S s+d+eb ) fvﬂw S't’ ov‘ W y ] &fc'
We shall the ion ! table function' t g 2 A
e e e S e @) wplementation Pescription:Use tert o
refer to the intuitive idea without particular identification with
>4 def . 1 taken 0 . g
e o i, o e e M T e, deseribe fue way that 1+ woves i+s head axad

have computable propositionel functions.

Tt is not difficult thfough somewhat laborious, to prove these -Ir»\e WAy + Stoved Ad”d oM "{ 5 .hx?e :

PhD. Thesis of Alan Toring titled ©) “*3"\- |evel Deseriprion: Use text +o

”57 stews of LaTz Bused on Ordivals' 1938 _&escw\oe, '“_4?, al o'v.'+\4m igMoru
i MF‘@W\CVH'M\OW de,-*o\-‘ﬁ(hv“\ wmovewevt c.-tc.)

TM; «re powerful Tuey can hevdle /solve problews beyoud veqular lamgquages.
They Cou Pﬁawc\Je Iawcy:{(‘aes that coucery «fll kivds o+7w\+\/\e,mm'm| o(o?’:;as.

FoV‘ efﬁmv«?\&
Gmp‘/\ G Ev.coéém)

WS ok

§) B> 46y = 123,49 (0,0, (43, (3,0, 0)

Properly forwmed Mput Strivg &
VOFC.V YTMe [t ot wodes :aod& cLoOUta wo Ve?efc'-h'owﬁ
_ Liot ot wodes:decimal womyers b Lis of e&%es-' paivs of decwal ombers
- Eveh’ vode ov c,&ae list should P pexv ou vode \iot

'fhus, we (v kcwe o TN\ +\40\1 &ea’ées \uwaudae,
L= £<6> \6 is o convected yudivected 6‘""?\"3



'Decicl,doi\ﬁ,\/__

- Lets Vet are the pover of TM /o(lg)orw\rms +o solve preblems.
We wll see “hat seme problems can be solved o(\caoh"r\mica“y hot cereaiy
Pm\)\ews Cavviot. J

Exp)ore Yhe |imi+s of q'aow"rhw'c solva bi‘\"h/

Decidabe LoM%uaaes
P e W N, Po VRV Fap
We ine an «‘«60”4-\10« @of fe&dx’us w\l\e&-‘l\ev A F;u\ue dufownm it0Y o(cce\-ns & s'm‘ws

Eheovem 4.|: ,Lm"ﬁ“ﬂ& L= §_<15,W7\B is « DFA that wCcepts iMput shving \&
is & decidable |m30a%e

‘PVOU{.:
T T [M<0u {a pot 46,\#)/ where B is o 5'+U\>|e desch'\oiw3 « DFA
omd W is & Shviug:
I. Simolate B on u'v\?ut w
. the simolarion euds m B's accept stite thea M aecepts.
1€ it eads in & won-accepring state, thea M yejec+s !

‘-Fivsk' M c\'\edgg + the in‘w-l' WN% S o onFev‘\, -torv\e& <‘B/w> uat‘,oliw%
(i.:.' by 5"\'\1\3‘2 de_‘,CWbM% & DFA followed b\/ w )/ i wot reject.

M carries the simdation divectly =5 Keeps track of B's curveut state
omd iS5 Posifiov i the. fw‘wt "R
WFitiug ov M's tape.
Notice that B is & DEA +hevetore it paforms « s:'-aa\e Pr5S ov ivput
W, wich wmeavs Mt if wil' tevwinage m  |w\ Steps. a

Uadeo Ax\o%'\‘t

NN, N [ NS

Ove of the most Phi'oso‘:hiu||7 i portant Fq‘qé;q3s=
"There awve PVo\o\ews Mot ave u\gon‘-thw'm\‘/ uwsdwb\e"

Goaal: Lesrw +eo'r\v\ic‘ues +o prove hat « f‘)vaB‘eM 5 convuwv‘onodly
wmselvable.



Erheore«n 4.0: Twe ‘o(qsuo(ae Lty=§< M,w>l Mioa TM and M scceps wl

is wdecidible.
Some observations Fivst:
-This H\eovrev\ shows +‘4o<+ recognizeys are wore "so\lex{'d\ thav Aeu‘éo.rs.
'Re‘i""""‘& « TM 1o halt o4 ol iv\‘)u*'s restric4s e \d«avo«des fhat it L process.

For em\n‘)‘e, +\Ae Hlom‘wj Siw\\)\e TM reoocawizes LTN\

U ="0On EwFUt (M,vl>,ul\\eve Misa T and wis o s+rivg -
I. Simvlate M ow iuput w.
2. 1€ M ever ewtevs it occept state, thea U APty
if M ever enters its Ve jelt Stdte, thea (J rejects . 1

¥* 1 is Possib\e that M ‘oo‘:s o M‘)Ut w, which is w\!\Y U mooav\"z_es Lt
bot does wot decide L.

The above s aw e,MwP‘e of o oniversal Towus wachivie +hat is
Co(Pu‘o\e ot S'tww\ckh‘w% oy o+\\e'v ™ M %\'vev\ its descripfion.

’Pre&eceSSor o‘\' werrv\ cov\?u{'ev

Twe 'Frod" of Thw 4.1l s bosed ou +he Disgounlizaton wethod discovered
by Cavtor m 1873. The wotivatiag question Wob:

/2 I we have two iw{:"w\'fe sets how can we fe\l i{' ove s |ow3ev +\nav\ +\\e
other or whetler +he7 are of the sawe size?

\“ 5 Ke,y Obsevvation: For the case of Fiuide sexs  two sets have the sawe
9, o : :
u size if the eleweuts of owe set (o be paired with e
elewments of te othev set = Extend this +o ifivite serd

SOMe cle‘f"wi-h'ows be-Fore 'MWOAUCiV\a +‘\(’, dixaoui\izuﬁo\'\ \Mef‘iod.
Let A,B be +wo sefs aud <F be « -Fuv\ql'ow -Fvov\ A to ’b

» Fuvetion £ is imjective (ove-+0-ove) if i+ never waps +wo different
elements +0 Hhe same place  ie., Yo, be A) st b = £ £ £(b)



 Fonction £is surjecrive (omto) i it hits every eleweut ot B
i.e., ¥be®  TaeA suh tot F):=b

3 \{ -chﬁov\ 't' +\Ael+ 1S bo-l'\/\ ove-+to-ove uv\A ovto is ox“c& ok corres?ov\éev\ce,
¥ We Sy thet A wnd B have the same size if +theve is « correspondeuce befueo thew,

Exanple: Lex N=§1,23,..3 bethe set of watuval nuwbers oud
£= {2.4,6,-3 be the sex of even wstuval wumbers.
We coq prove that +hese intinite sets have dhe same size b~/
'Provié-'v\a oA coW‘es‘)o")de\dLe from N +o f,

v\'suu"y M | ﬁg)_ ¥ (owmterivtuitive
£(w)=n A etample sMee € is &

proper subset of N , ECN.

POV o -
-.@G\J}F‘

- A set S is covmtable if @ either it is fuite, or @it s the sme szeas N,

Avother Emw\‘)\e'- The set of positive vationdl wowbers Q= {%\M,V\&Nl
has the same size a5 IN.

¥ Evev wore covnterintvitive!

To Prove thas +‘\e~f have e same Sze, we gve o cavnsPowAev\ce.
Create o mFite watriy to liot al| wmewbers of O

nerease =l |
“Deviomindtor W Tlaa —Pvapose,d —Fuvc(,hov\ wubt Mot ho(\l e the sawme
fatizae o ovtput for fwo diffevent W PUtS Notice +hat
Nomerstor| > % 2 & & some wuwbers ove re\>e_d\+e¢ v this mfiuice
By 5 . Jala (3" & |5 g
\I/ l:—:‘i:: > WMatrif il e el o aud d= F = =
o ey T P e
$£%% 2 Y Moo we wust outpot every_wmewber of set ®.
DR
Twos, +hs £ N=(V23 @ .) viaOlok;
: 5 G e DAY Y E
'S Yof & 5 M N VAT B T
Correspondeute  because i+ I =L T K
will vever reach the secod vow L4 L e
15555
@ List the wewbers ou the disgonals -
| | | I |
] : g . DLV eV P 4
But it we 5""\’“/ list +hew |o|(e,-ﬂm\i/ i o i 1 _ig
S R W <Y W
we creste repetitioud: ALK S b
R \ T X
(‘;';%')T\I'Tl%)"'b"" ‘f—%-‘gi‘t—%
of & SfSY Sy
¥ = € ¥ &
% ot o CoerSPOV\AeMLC 3




Skip repeated eutries +o eusure  one-to-ove Troverty
¥

Cowes?ov\den ce between N omd @

- For sowme iutinite sets Mere evists wo correspordence with IN. Such o set
is talled wicoumtalble.

E&@d&: Tue set of ved nombers R is vmcountable.
Proof: We proceed with & proot by coutradiction. Suppose for +ve sake of

contvadictign Mat exsts & covvespoudente £ betweey N wad R.
We will Provide o womber velR +Wat does wot oAppedr o5 an output of £

Ao ilustiatiou: v | £
I 34199...
L [5559.. &Fiwe Y S\IG‘\ +hat : the i-th decimal o‘e '8
3 0. |9\34 is Jdiffevent from tYe i-th dedw\d\ o{' Q).
q_’ 0.5000) r=0.2415.

If we construct om v such +hat the 144 deciwdl is different From the i-th decimal
of {—G)l +hew we kvwow that v 1y wot equn' to F(4) for oy valve of w. B

Before we see the proot for Therem 4l \et's Livst prove that theve
dve |m3w3€5 thot ove wot Tuviua—recocawfz.ab\e.

Eovc\:!\d':s,l 4\6 Sov«e \a-«awses ove uot TUYN%— Ye(,oaw'zab\e.
LCV'\W\O(-A'- For oM\/ o(\pho(\oef 2_/ the set Of’ s-&rn‘wcjs Z,* 15 couvmble.

'Proa" por Lewmol—A'- M(x\te, e(*'(b{' "’Llo(‘f covers o(" 4‘/\6 MB‘HbeVS 0"‘— +l\e !'WF"V\H'C
e see 2*

Lib{'LSZ;O\ iibulie j ak |, ab , xc, bx ,bb be, cx ,ch, ¢, ...



|t & easy 4o see thet +he idex of its entry of Los o be
vsed ws & N velue tounrds building o correspoudence with LS4
'fhus, the Se+ of &t rivgs Z*¥%is couutable. ¢

Co"ouel -A= We, kwow—tM eve\r\/ Torw Moto\ﬁvpe MCM be ewwéed S A
i e . g e
Fivite striva <M>. |F we oM+ (:roM v* +he s’rv\‘q?’s +ho(+
do wot eucode a4 TM i then what 15 [eft is & subser of =¥
which we kaow is covmsdble ,‘\'\ws, +he se+ of Ml ™™ s couvitsle .

An itinite biwry sequese is wa  Lneadivg sequerce of Os ond s,

Lewax-B The se of wifinite bimary sequences B is uncouvtable.

?roof "}of Le"Ma"E’ B\/ c!,v'ek ol \"Zo('h'ow. SUF?OSG '(or +\'\e_ s«ke o‘f cowwmé(ch‘ow
Mt B Tis covwtable. Tuew , heve efists o corves poudemce

with 1N . We com Credte o infivite bv’v’an/ sequeice i that does wot
appesr o5 o ovtput of $=>Fisvoi ‘onto=>£ is uot o correspoudence.

l+erate -Wwouah the list implied by £ : for the i-W eutry of +the list,

cMeck e Yi-t bit of FG) wmd L5519 the o?pos{fe 4o +he i-th bit o v

L0 )=0ono.... oL .
F(L)=1001.... ° r<OT 2.
£(3)=ollot.... r<010— ...

8
Lemwa-C: Twe set of «ll \«wau«&%es &L is omecouu +ible.

'ono‘F For Leymd—C’ To Pprove +his, we have to bui \d a covwespov\cluce, betw een

w/\ql - i.e., +|ne +wo Sets hove the sowme Size.

Reoll 4\\M a \dwgu« (ZRFIN- N co"ect(ow o‘[’ S’m'v\ab fron cet Z*. \'Jo, o vepresent
e strivgs Ut dve wewbers of ‘o\w3ud e Ac L ot an ivfinite binom/ Sequevite
Xa (also colled chavacteristic sequence of A) wheve its i-+h bi+ 4akes valve |
it the -4 .‘mr"wa ot LSs¢ 15 im ‘o\w%umﬁt A oad vave 0 F i sw:wa of LS5+
15 Mot 1 \o\w%umae A.

LSZ.":d ; b, c o(o(,o(b,occ,bx,bb,bc,co&,cb,w/..-
A- b ab, bb, be, !

)

Xa= O | 0 0 I Dl ol NI W O 0O |O



Givew ‘:\‘;é_e& LSse  exch laugquage i L hay o« vwique characteristic
sequevce o A.

The fowerion F:L>B where £(A) is he characteristic sequevce of A
IS oue-t0-ove and owto, sud hewce is « correspoudevce.

Thus, sivce B is vncouwtible, R is Meoumtable o5 well,

Proof for 4.19 : Each Tw\'wa wachive cm \rccoav\ize = S"*ta\e \ow\auo e.
i3 From Lewmwa-C 4he set ot «l)l " languages is vnacovutable,
W"\i\e ‘(’TOW\ Corollary- A ,+'46 set of ol 'rt)f"wj wmacWues 1S countoble.
Smee theve ave uvucouvuu‘o\y “dwry lo&\«ﬁuaaes oud  covntbly wany TMs,
we cov\c,k)é,e +‘4\e(’( sowme luwauk%es XVrEe wot reoo%wize& b~, oy ™. B



