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Lec:ture 4

‘M +‘fle ‘P\re\lious |eC’Nve ve Saw o ‘movw-Construchve '\D\roof oty ‘\l\ere are
nou-recoav\iu\o‘e |o(v|aw‘ es. ln '\'M. ‘Fo"ou\'qs, we %NL A Cownstvulfive 'ono‘“ *"laf
there xre wmdecidoble |d~«30¢3es.

Eheorw 4.01: Twe ‘d"3w3e L'T"\= {( M w> l Misa TM avd M o20LePKS W?)

is wdecidalle.

Proot: Su\:pose for the soke of coutradicsion that Ly is decideble. Then :
there wmost be o Turing machiwe H that s the decider of Ltm ie, if xelan ,
+hev H(‘K\ oqu%s "o\coegﬂ"uv\é,if' \J¢L-m theu H(ﬂ) ouf‘)u’fs "ve J'ec-(z".

L |4 means +‘\o\t the strivg X which s +he |oc'vto\v7 ewcaic'wa 0{' 'Puu'r M W
’i.e_l ,(=<N\,w > 15 iv the (o(vjwae LTH.T\I\&V‘C{'OYC, i we ron M with
put W M outputs & oLCCe\Dt"-

Auslogouely, whew H(x) ootputs veject, thea xglrn. Tueretore, for x=<M w5

iF we vy M wity mput W then M does not decept ¥ M cither vejees
[ e or loop. No quarautes
Wich (x%e we nwve wt,

n (] N
aecept”  if M accepts W

IV\ Sumwmary H(<M,“' 7)’ {”mdew' y it M does uot ucce\:t W,

We wow use +his Ch7\>o+hch'ux\) H, to construct x wew TM D with iwpur <t
/D

< M> > Change
‘o

< N\,<M>>> 2 C ‘scept! =—> “veject”

reject’'——> ”o(cce\){;"

Move ‘(om«”y, D= 4 On iw\m <M>, where M isa TM:
. Ron H ow i put M, CM>>.
Q. Ou'r‘au’c e opposhe o{' what H ouva+S."



W o LN‘)?eV\S W\ﬂe‘/\ we yom D with iv\\wt itS owv Aescwvﬂov\ <D>"?

We d\‘reut\»/ kuow +hag
"O(CLCP‘(’/“ : '-F ,v\ (!065 nokt o(CCC?t !I“\?U‘\ LMY .
’D(< M>3= { ”rqut" : d M OutPuts "KCCQPU' on mput <M>.

Now cwap <M> for <LD> v the ogove expressiou.

/

“accept” , it D does ok X eepl iaput LD
’D(<'D >3’ rreject’ | it D ovtputs "accept’ on imgut LD

WG c,on&’(ruc,fe,é  { 'Pwméo%, +\\ere{'o¢e' neither TM D wor ™™ H com eﬁ{st,Comwé{cﬁov\_

|}
'Requ,( : The a(‘ooVe 'Proof o be seen uuc!ev e \ev\s o‘f' +l\e A"daom"'v'zoch‘ov\ we%o&.

. SuPPose Noﬁ we \oui‘& o +d\o‘e *\\M lis’rs o(” +\ne poss.‘\o‘e Tuw'w3 Hdclﬂ"l'\eS
o5 rows owd «ll he possible imput Strings s columng

As = wext step, we

Inputs Orewove ol the iuput Inputs
Tﬂs e X& Xs e 5*"'“35 "’M(f do V\Ofv’c“'c&& Tﬂs <M\> <M3~> <M3> CrGhas
M' wecept «ccept o Tuh'\qa wdachine M' wecept |Veject |accept
Ml aecept Ml vejeck [ accept |veject
@We «l50 reovder +we ;
ﬁf\3 acCept | weceph AL follow +he ﬁf\3 acCepk | wecept | vejeck
3 Yow ovdeviv 5

Poputate the cells usm
@ chc output of deo‘t\.e? H.

« Sivce the rows deqits ull possible TMs, oue of then wust be D.
laputs
THN <M> <Ma> <M - Next, lexs aunlyze how D behaves ou each colvwan .

M' xecept |Veject |secept On MPut <M,7, 0ufPu+s 1“1( oPPosife o{‘ M| (4 H\))
Mg [reject |accept |veject &

M [secept | wecepr| veject On iwput <M{7, outputs the opposite of V\L(< Mi>)

YV 77772 'V)u’r -Hlese, ave +\f\e ou«fP\h‘s o'(' -l—\l\e. cléo(aomx“.

Ll
L}

$ Inputs
TMN <M> ¢<Mg> KM> - - LD> - - -

M, [Kecept)| veject |wccept
Mg |eiect [accepy)| veject
My [secept |wccept veject

So

/

*

o)

D |reject] veject| Sceept




Rew“ thadt |o\s’¢ leuwe’s o(wauv'\ev\f abou+ V\ow-V‘ew%wizeb\e |o<v|3\)ot es

wds non-constructive. lu the "following, we will see o eoustruetive” proof
+or V\ow—recoavﬁzekbelit\/.

A natoval fivst guess 's to work wiv Loy (—onm Theovew 4.!!),V"\ich we
kuow is undecidxble. It is easy 4o see +het Lym 1§_‘|3r5w3-reoo3v\iub\e. 6MF|\/
credte o vew waewivie M’ that vteraxlly vuusZsiwe\ates she iqu wackive M
ou +the iput strivg W.If M acceprs, e M also atepts. \FTH rejects,

M’ (x‘so rc,\i ects5, we are 'Md.'H'Evewf 10 +the t=5e wheve V" |00P5 beuxube

M! is supposed o owL, recogvu‘ze 4he lw@u«ge (e oN)obecl to decid ).

'Deﬂw(ﬁovl - A cowF\eme\a’r of & lawquaae s the ‘aw«jud%e cons-‘sﬁuj of
| s*h"ﬂ%S Mot ave wot v the 'uwcjumae.

—

'De{:Mi‘ﬁow A |ow\30d e s co-Turw —recoav\iz.ub\e f it is the Cova|ev1ew+ of
i % Tormg recocanizu\ole Iawauot\ae.

-ﬁ-eovew! 4.92: A |um3vo( e is decidble if amd ow'y if itois —n)v.'ma-rew%w;za‘o\e
\’_ and  co- urfwa- V‘ewc:)“l-'zuk\e

Prosf: Sivce it is aw it pad ovﬂj if we have +o Pprove both divectous.
N ! :
AL is decidsbole = L is %vfn«a-rewﬁw{ub\e and c,o-“\Tmua- rewaw-zez\o\e

@ L s T)v{na-rewﬂw;z&‘o\e awd cv-‘\?.m‘ua rewaw-'znt\o\e = L 15 decidsole

For O: If L is decidable, theu sheve erists o decider M. Tuis machite M
decepts all strivgs thet ave i the luquage, Hieretore, it cm wet s
R Pecoguizer which proves +har L is Torivg-reco wizyble. If wve create
® ew wuchive M/ +hat siwulates M iucernxlly aud #lips its ovtput,

tea M7 weee Pt all the sh«'was Mt the decider M rejects ey
thay L i co-Toring - recoguzble.

For @: Sivece L is %v.‘na—rewcaw"zub\e, there exio+s o M. et Vec_o%v\iZes _l_-_

Simee L is co-TcJVn'wca-Vechw-z.ab\e z theve exiors ou Mia“w Veco%wizes |58
We Propose « new TM "M* that vses M, owd My aud decides L.

M*= "Om Mmput W:

|. Altevudte berween & transifion in M,(w) aud « rawstion in Malw).
9.\ M, oecepts -P"rH, ey M¥ accepts. ig Mg\ swecepth -Fu'vs,t/ +hen

M* rejects."



Fivalk , we have. to g'nou that M* decides L. Ev Strivg 15 eithev in L (5o M,
Accepts 1t) ov wm LCso M,\ o(cce‘)'rs ). Notice thot siace My oud M& are
Veco%m‘z.evs, owe ot thew ha\fs o(wi octcep+5 hWo mufter what -l'he Gv\Puf 1S,
Since M¥ halis whevever My or My Kccepts, M¥ always halts. F(v.o(\\//

it accepts all wel and rejects ol we&l Thus, MF is o dedider “so
L iy decduable.

4]
Eovo'|olr1 4.93: ETM\ s wot Tur(wa-rewaw{zab\e.

(P\roo“: : We s\noueé +\Ao(-\- |—TN| S TUY\'W —Vc(o%\m‘zab‘e. ”’ it5 cowm \ew\ev\t T—TM

were Tur\‘ua—rew%wiw‘o\e too thew Ltm would be decidvble (fvow Treorem
4.22). But Siuce we o(\rcoxé-/ Proved i Theorew 4.1l that btm is not
deciduhle - # wmost be #hat LT"I 15 ot Tur"q%/rccoaw'zo(\)\e,.

Reduculei L’t\/_

We showed +he eyisteace of o computationdlly umsolvs ble probew
(ie, decidinug Ltm) ou ouv wost ?owevfu\ Uo\n‘)\lfah'o\dﬂ' w«!a\, the Touviug
machive. I “the following  we see wethodology | called redveability,

that copitalizes ou 'prev\‘ously__?rovew unsdvsble problewms, +o ‘pmve7 that
new problems wre dlso vusdvable.

@ A reAUL-h‘ov\ 1S o \Alvb, of convertu

g ok'Pro|0\ey1 A +o ouothev pmb\e\q B
s0 that « solution +o B cav be us

ed +o solve A.
Aﬁwﬁow:%clw\odny cxn be Used ‘r-or Solviv.a o »Pvab\eu, bu{- 1t cow N\so
be used +o prove tht « voblew is ot solvable.

- Suppose that we kaow how fo solve BC

%0, co[oved, SV&V\) ‘o\H’
we don't kaow Wow to solve A (0, colored grab/). /
£ we find & veduetion
Lrom +o B

+\«ev\,we tan solve A «s well.

- Suppose we kuow +hdt A is wot solvdble (so, coloved reJ)/ bvt

we dowx kvow how to so lve (SO, C,O(OVCJ_ tavoy)
If we &

M o peduetion
-|:Yowl A +o

+\\ew, WE (oA USe o —Proof b7 cowﬂ«dicf 'ov +0 Show +k¢+
is wot solvable.

Twe obove intvition w.‘“ Mo\wi(:es-!' A;“eveu«\y Jepewda'u% ou wl\e’r\«ev
we ave s+u4~/i~13 ‘)YG\"EMS 9 cov«wﬂ\oi\x’fy f"\eor\/ ( so\vsole o> deci dxble) ov
cow\\)‘ey\iﬁ/ -H\eor\/ ((solvadle o> ot leawt oy hard).



Theorew 5.|: The Fo"owim% \wauo«ae is uudecidable
HALT = {<Mw> [Mis o« TM ad M el on input wi

Proof: We build o »Proof' |o~/ coutvadiction. SuPPose for the sale of coutwdiction
ot “ALTTM is decidable and we will use +his ssyw P'ﬁ'm to show +hat
Ltm is x)so decidable (which we kvow is Fu\se).

Suppose that R is the decider ot HALT . Then, we use B 40 boi Id +he
decider ot Ly ) vmv»\d\, 5.

-Sis given o5 o iuput N w> (betavse this is the Formit of L-m)l oM(\, 1§
Wust output "actept" it M xeeepts W and Treject i M loops or vejects
wity erw Ww.

-5 covvot s"wPL/ vua M ow pvt W becovse it is -Foss"o\e, fagt M \ooPS
therefore decidler S wowt hald.

- lnstead, 5 will rou the decider (of HALT,) R with input <M w>.
How’ smee R is « éza‘der, we kuow ot R will halt which wmeduns $hod

5 won't |oop.

More *ovmu“s{,

5="0un input <M, w> an cwco&iwa of TM M omd shring W
I.Rom TM R ou input <M, w>
2. 1 R vrejects, thew S rejects.
3. R deepts, then <M uw>e HALTy so i is safe
to siwvldte M ow iaput w.
4.1F M wecepts, thea 'S o(LCeP-(fs.H’ M rejects thea § yaJ‘e,c+s',f

-In the remsiug of the Pmo{’ ove ueeds to show Hhat the Proposed

5 is wdeed o decider for L. 2
M_g‘)p_ix_nﬁ Redueability
Notice thxt we have vsed reductious wH\nouf 'Fofvw" cle{'im’m} vhod the do.

We will now defive M“Wi“ﬂ reéuuxb\'\i{\/, « defiwition of reddmb.'\s'ty +hat
vses COWFU‘(-a\o\e "'W\cﬁomb.

'De{‘c'm"n'ow A ‘FVV!C‘H'OW (F* Z*-—> Z* 1S o COMPv+ot\ole fu nefion iF some Twiwri
muchine M, on every input w, halts with just T(w) on its tue

That 15, TMA M computes &’ M (W)= F(x/) for «ll we Z‘k




% |’( is ot havd +o imdyive o wachive that +akes oS o fput encodiugs of wombers
and OUtpUts ou ity +dpe the resolt of o wmathematical fumetion.

eq., ""PW : ,3 /-jof'>001‘]:ut= At3=5
then, M's mput: 1010, 01 ’T—b O\Hp\) t:0l
M's +ape

‘]F |V\ +\1e otboVe case, +‘Ae q!ow\d\'w dw\c‘ -('ke Yawge O‘F'RJWC,fI'O\/\ ‘J’ 'S +l\e. set of
natuvsl wuwmbers . What he ppevs if the énwtol'wv\/vomge represewts Tuh’ﬂg
mdchine eucod: ngs?

f
e.q., lupvt: <My> ~o— Output: ¢Mg>

fhen, M's input: <M> o Output: <Mg>
v\, “\PV ' M’sﬂ\)e FV A

Defivition: Louquage A is wapping reducible +o lguge B, dewoted v AL,
i§ tweve 5 a Cow\?ufa&\)pe, fuvction §:535 2_",where Lor every W,
weh & fWeD.
The Punction Fis willed +the reducrion from A +o D,

Eﬂ\aorem 5.99: |f A<D and B is decidabole, thew A is decidwble.

w’ We lex M be "'»‘P, éeciéev o{' \7) et (? be the reduction {:ro'ﬂ A +©®.

Then ) theve evists o wae hive MJ‘- Vot computes fouesion ¥
We will coustruct « decidev M for A usiug both M and Ms.

M’="0n ijnput w:
\. Rum M‘f(w\ and cal| +he output X.
i.?uq M ov iw]w-t X o d ouiPa-f w‘/\el-teve\r M ou-t‘)ufs.”

\f WeA/ +‘aew {’VOH 1"1\6/ de&v\('ﬁow o{' Mo piw3 méucn\oi\t"t\/ (f(“') 61?) ko(ds.
Mso due 4o the if-oud-ouly-if cov\Jc‘-h'ov\, JL ) e‘B/ thew wveA. Twedecder
of \awguane B ,i.e., machine M, outputs "xecept” ouly whew its i put i in .
'st, whenever M ( M‘;(‘d\\ oVAPULS "o‘u,cPt" , we have wekl. Tkevfe('ore' M’ /s « decider
for |o\w3Vo(3e A. a

--Eovo“dh/ 593: If ALWB awmd A s undes A,ac\)\e./ +hew BDis Uw&eo‘&a\o\e




| T\qior'ew\ 5. we proved +hus ‘mau&%e HAKT, i5 ua Jeo‘dz‘o\e.\
1 the followivg, we prove i+ odogm bout+ this time usivg wmappiva reduci s |it
and Covollary Yol J e 7

Proof Tawm G| 1) We have proved that Lyy is vwdecidable.

—

If we wanage 1o show that Lim € HALT,y | +hen fom C—DV‘a”o(Y\’ 5.93
We Can avque that HALT,, is undecdsble «5 well.

To COW\P\efe the pvoo{', we weed 40 covsStruet o CowPu+ah]e Fuww‘ow iy
+hat +okes mput of the forwm <M w> ad veturws ovtput of the form LM w >

such that: < wye I—TM #oand ow'y if <Mw >e HAL—TTM 3
The -Fo',owiv\g wahive Ms couputes o reduetion §.

M{‘”Ov\ mput <M wd:
|.Construct the l"o“om'w\a wachive M’
Ml= 7 OW Wl‘)\)t X:
|.Ruw oV X.
Q.1f accepﬂ,-!kew M'o(aqa'fs.
3.0¢ rejects, thea M’ ewtevs & \oop. "

a.Ou+Pu£ <M w>,

Nou we Wave +o uvaue +hak the ?VOPOSecl M\{. gu«v«vﬁees +‘/\d+=
£ yW>e LTM #ond ow'y if <M’,w >e& HALTTM ;

Whenever <1 W€ Ly we kaow ths xccep+s W.lu this ease, gives the defimition of M,
we lWhave &\10\-& M uc,ce?-\'s W, i.e., <M/,w> eHAL’TTM'

Whenever <M/ w >e HALTTM , we. kuow thot M'haliy ou iaput w. Given the definition
ot M’/ the ouk, way +that M’ hales 16 if M (W) aecepts. la which case <Hwselqy,

]
rrheorew\ 5.99: \% Aéwfb and B s Tur"ua-—vecoawizame, thew Ais

Tur:wj— vecoawiza\olc.

Eovo“ar\/ 5.99: | ALwB and A is ot T)vma—\recocawiu\o\e | them Bis

no+ ’R;r:u3—recoawizablc A



