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EM quaoo\ﬁe Ewy {<M>|Mis a TM omd L(M\=ﬂg > wmdecdable
Proof (Sfcp’—é\,:&tep)\;
~As °‘|“°“l$, we onwé’*l with ) 'prf by comtradictiou. Sv??ose for the soke.

z‘? contradiction +hat is decidaly \e,,*‘/\etn theve efists o decidey
or

- As o next ot ,we will choose & lomawge et ve kaow is u\qdedéo&\o'e/ XY Lm/
amd coustruer o wew TM S that %2 iwferm\L/
@ s « decider for (the mdecdsbole) lomguge L.

Lef's %«s& cousider the ;Gw‘)'eS‘t *Possih\c wse. Siqce S V\eeAS

40 Process puts ‘Por L'm ; i+ c}Pecﬂ 'm‘)m‘s o'(' +ke l:om (M,w>.
Notice +V 003\4 Ut ,be‘na o detidey for ; erpects \puUFS of the form <M>.
Thew, the about +o be coustvicted O e veceive <M w>  hew elimuste the
second  arguwent W, gud pass oy <MY o /

S
‘accept =—>
> { 2
Mreject’—=—>

Case Awalysis: 1 L veturns "wecept”, thew we kaow +hat the givea iaput <M>
=i e ACLept ouy sfn'vvj e, <M> e Site wo M POt Can
make M eLcceP'\,we, Vuow for a &Mf rhis M does wot o(cce,P’(, (it Ly re\)'ect or 'oo?)

+he or-‘aiwdusl ?cxsseé iq\wf w. T‘Ae\re{'ove, Mm &t cxse S com Sofel ”«cch-t",
But. we hove vot cow?‘e%d, Me 'PVodf' Wt the proposed S'is o decider.
We Wwve ow'x/ covered e -olLept case.
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<M
> Change —2
‘o

| refurus ”Vc\ject“, theq e kaow tha the givew upop <M> akecepts

af least opwe MPw s+v~‘w3, e, <M>¢ . Bot we have wo idea Whith ogriva (5)
1S utccp{'(’d b\’ M.l ‘ftxct we. dov't evey kuow i ¢ M) even Walrs! So at <l
Poiv\-t we ave stuck. Twe ‘PYOPOSQ& S congtvuetion s wot ‘6“""‘3 oy vsefol v'ws"3\lt

ow whether M(w) accepts or uot.



We Wgve 4o come up with A VION-00VioUS CoMStrutiion for S. Twe aod
is still for S +0: O vse iwfevvu\L/
® be « decider for (the wéed&a\de) |m3wae LTM-
Bui we Wgve *o +oke & less diver route.

-|V\steoul, we uv'“ Cowme up wi'c"\ [ 4 l)mel nwew M‘ ot com \;e, -Fc& 1o +\ne decder
omd con help Us uuderstand if the mput wmachive M dccepts +the Mput striag X
I we hove sueh am M, | hen S cm be a T that +akey o6 on taput M, x>
cov StvutsS M, ovy-+l1€-'ﬂy, -‘:ec&:, M. 40 ) od OU+]>U+$ A deo’sn’ov‘.

M
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1260(“ +‘1tﬁ M A‘H’C‘”‘Yt“ the ’\Wob\ew\ WS '\‘Mﬁ 'r(:
outpUts "re\ieu“ ‘the\'\ we dow't kuow if M &CCCPfS oV
W or & diﬂevewi iw")vf SMMS. Let’s +v~/ to Fiv +uis !

-We waut 4o defime M, v such & way that whew we feed it 0 decder |
i.e., (< M.))/ we wll vow +hat if we  see ”Yedeeb" en M ALLEPHS On W,

- Tuis medus ’(\ndf M‘ s\noul& wot d\cce\:'( Uy 54y 4[«&& 5 ot W, lv\ 8 e ,—tko\:l
the iq?u’f s'criw3 15 ™M 'f'«c’( W, % should ov+put whatever M would output ou W .

S‘ ”OV\ l'“\pl’( 4M,V’>, on e*'\wa"“% of a TM M gad aw Y put S'm'vv3 A
|.Construex the &'Iowiwg wmachiye M, :
M,= "Ow input X:
I If X#wW, thew M rejects
9. If X=W hem row Moy w and aceepd i M(w) o(a:eFfs."

2. Ruw o iwput LM, 7.
3.\t wcLepts, they S rejects.
416 2 rejects twem S otceepts.

ﬁ\r fhe % £ 1 o‘[’ *‘4& roa‘f’ 0 }, ve fo show 4\4“ the Yo obecl Tﬁ’l
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CoMplexit Theor\/z

P
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Even if we Show that o Problem i decdable (in ﬂaeow,\ it doesn’t wecessars |\/ weav gt
it is eficient 4o Cd\(\l\o\{e 1S $o|uﬁov\ ™ pmc'n'ce.

Thvs, we Sfu&\, coquvfol'ﬁoml\ cowv\e:ﬁ\'#/ +\Aeo\r\’ \J"\\'c"\ 0Md\~’2es +\\e dawmoum t o+ resovyces
requivec\, ‘rov So'V!‘Ma ‘Prob‘e\ﬂls_

- Quick Refresher

- v worst-tase 0\\/\0(\\/5\'5 we cousider the |oq3es+ Founing time ot «ll iputs of
< fived \ev\s\\l.

= lv\ AVevraqg @ —(X5e o(\w‘ su‘s, we. cowSidev +ke o(slehxse o"—tx“ +\«e Vuv\w\'v\a twmes o{' Mpufs
of & Pavt icVlor leqaf‘f\.

®ef(wifim 7|= Let M be A (l,efve'w"aﬂ'c ™ +‘4M hu\+s oM uL“ inuts.The www'n’
time or twe cowglenty of M is e,{:wch'oq 'F=N—7N, wheve
-(-(,V\\ 1S &‘f\e Mw}Muw\ wmbek o‘[’ 5{'9,‘)5 +hu+ M vses omv ow/ M\wt o‘F |e*43{"/\ n.

-1t FG) is the rowaiug fime of M, we oy o M yous in tiwe £61) .

- To avoid covqp\ef ei\wessGows i -t\f\e mmiq:) -h'wne, we Pve{’ev +0 estimotte 14

Usiv\% x5y w\‘)'roﬂc o(v\q'\’s{s, Focus ou +he b\i%\\est—or&ex term of +he roivg
fime eypression.

-'_De'ﬁwiﬁoq 2.9 Lex £ and q be fmetioms 4’,3=N-—R+. We soy that £6)=-0(g90)

if «PosH\'ve iv\fecaers c o(ml o ©YiS¢ 5uc\n Maf For e\Ier~/ Mz o
L\ £ c-%(w).

Wheu 1‘6«)=OC3@~\) ,We S0y QL) is w upper —booud Yor £00) e, glv\) is
ta asyvptotic Vpper bouud For f().
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“Tie Cow P'ew’t\/_

Take +he lowquaae A- Ok\k ‘ k0% . We kuow thas A is decidoble but how
3149

wmuch +time does & Siw3\e—fuPe ‘Bvivua wachivie weed +o decide A2
Lets see o low-level Aescv\“)ﬁo“\ ot . TM M, thet decdes A

M|="OV\ iw\)ue Str g ¢
|. Scaw  xevoss the tape and "vejecy " o 0 is fomd 4o the rii\ht of « |.
a.RePeoLt F botw Ds oud 16 vewoia o4 +he tope
A% Scan otevoss the ’(«\;3 A cvossiv\3 ott o\sv'ma\e 0 od s‘v\a\e \.
4. ¢ D¢ sxill rewolv after oIl the \s have beem crossed o{‘f, or if \s sxill
rewmory affer oll the 05 have beem crossed off , +hen "reject
Oiherwise, "aeee pt!

|V\ +o+e(\/ M. 15> K OG\:‘) Twiwj w\dc\m'v\e,
TIME (M) , +o be +he collectioy of wll |m3uou]e,5 +hot ove decidable
b\/ L) O(dw)) time Tum'wa wachive.

Tuus, +he oMaVS\'S for M, shows Mar AeTIME (V\l) becavse TME(W?) comtaing
A\ lo(wauo\%es that v e decided i1 O(4®) fime.

[De{’.’m’ﬁow 7F: Let +:N-oR! be « fometion . Defive she +ime c,ovv.Ple}ifs/ class

M;f "Ow ;‘4?0{- S'h'c'vln W
l. SCam  Kevoss the tape and "veject" F a0 is foumd 40 the vi%hﬁ of « L.
&.'Repeott F both Ds awd 15 vewom ou +he tope

3. Stom  okevoss +\«e -m\?e,checldw vhether +he -ro+a| vwwv\oev of
Os sad |5 remuviug is even or odd K it is odd 7reject"
§. Scan o\3w'w across the fxpe, cvoSsq'wj off every other 0 Sfowﬁ'ws

with the fivst 0, avd then crossing off every other | starwny
with the fivss |,
5\{ wo Qs dad wo lg remov ov &lae tepe, ”o«,(,cp’c". O'r‘\er\h'Se, "ch'ect"

Quiz 5.|: Based oy the time Cov\?‘exﬂ\/ of Mg, we e 549 that (?;LL the
wost accuvate Lpper bovud):
A) Ae TIMELW)
B) Ae TIME (nlogw)
Q) Ae TWME (1)
D) A e TIME Clogw)




SUWOSe we have dccess +o o TM with two +ot?es.\klo, e desian
N *\wo--&ape u‘)pmrxc\/\ with T™ M3

Ma= "0n mput Striva W:
2 . Scav\:v olLVOSSD‘\'b(‘)erMA rejecs is fowmd 4o the right of o« |

Q. Scxa across the Os ow tape Aol she First | A the some tiwe,
copy e Qs  outo fo(‘)e B.

3. Sean devoss +\ae ls 0w tape A (Miv" she evul 0F+\r\e, |'w‘>u4. Fof each
| rexd ov tape A, cross oft & 0 04 tape B. If ol 0s are crossed off
before all the (5 arve veud, ”reject

L|'- “: o&“ +‘\e, OS have wow bee\t\ CVoSSCJ o'hc, "MLCP(:". H o(V\\/ Os V‘ev«o\(w,

i rejeCt".

Quiz 5.3 Based ow the tine Cov\?‘exi‘h/ of the two-tape TM ‘M3
,we (am Sa9 that [?‘JA the wost accuvste upper bovud):
A) Ae TIMELW)
B) AeTIME U\Ioa\'\)
Q) Ae T\Me ()
D) A TIME Clogu)

¥ The cow\)'e~/~i+7 of |aw%uo(3e A Je?ewc\s o1 the wode| of

cow?\m\-ifow 5¢e [eue d.

Iy com‘)vw.\oc'\i*y +\v1eor~/ — +he Chvrch -Tvn‘wﬂ Hhesrs imF\.‘es that «\| reasouable
wodels of computation ave ecluiva\cv\’c, e, +|r\e~/
all decide +he sawme |o\w30d%es-

| CO'”\P\C‘M\/ *"lero“/ =D +ob§“e ' O‘C\h;\:;g eoj the wodel offects +the +ime cow?‘efu'W_
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Tweorem Z8: Let t4) be o ‘(:wm'ow/where +(Y2 1 . They every ) tiwe
wlh‘ﬂ(pe ‘E;v-‘wj machine hay xa eqm'w\ewt O(£2()) +me
Sc‘w%\e—f(\‘)e Tur.'u3 wahive.

Proot ideat: Shnuldﬁmj each step of the W‘ﬁﬁ‘)e wachive uses a4 wost Ot
sieps o +he Se'q%\e—fx\)e wachive. Heace, the ton| +ime is O(t¥).

%A‘r WMoSt ‘PO‘\/‘N“'ﬁtx‘ time cli#ereme bszecv\ fime coq‘;\em\l weatoved v siwa‘e—m‘m aad
Wld\‘h' ‘hﬂ‘)e TM

'Defim'ﬁom 79: Let M be & uoudererwivistic 'Fm‘ﬂ wachive gt is o decider.
The ruuming time of M is the fomerion §: IN=>WN, where 5G) is
+he Warimuwm howmber of steps that M uses o olw~/ br«wc‘\

o& 11 COWPU"O\HOV\ on Oy iw‘)v(' o"' ‘M%“"\ .

=i
Determivistic Novtc\,eferwiv\is-h'c
—dlesy i ; L_/.\§, T
| /N )
\ \
5’(,'\\ d .J\f : ol Y, olCLCP‘t &“)
v }accew/re\')eu ‘!’rert L

Theorewm Z1: Let ) be & Fomction wheve ¢by»n. Theu every ) time
. . . + A . + ’ O(t(“‘“
woudeterministic svma\e—‘tupe Tohv\j wachime has ow equ-vx\ex\t aQ
time determivistic siwa\e—t«x‘)? Turx‘wj wachie .

%A* wWosSk efepoV\QV\'Ho(‘ +we Ai#erewce Befwecv\ time coq?\ex{w weatuved n cluem"m'srh'c
dud uowde-fe\rm‘wsm ™.

The Class P

A ressouble determinisic Cowpu-mh‘oml models wve ?OL/now‘odly equiv«'ewt.

(REU(\\ -\-l’Mf 1 o(%’WP'hoh’C nwotation we e\ism owéei
comstant Factors . We now qoing o d'smi“'& wuch
%Veﬁ'er po‘\/v\owo\\ &hqexe\/\tes, i.e., betweea n and w3
The vexsou is Mot we are iutevesred i +he
‘PO'YV\OM-'O\\H\/ ov MO‘A?O‘\,MO\M!‘K\;"’\/ f fpro‘o(em.
Differeds Perspective



FD&MH(‘OW 7‘& ? 1S +ke C'O(SS o“: \o\v«)uxaes +‘IM ave declé,okb\e ) -‘;o'\,v\o M,’q\ 4ime

om o deterwivigtic s«‘wa\e—w\;e Tuh'q:) wachive. More -forua«“\/

P= (k)> |‘\'|N\E(n“)

- |wterest v'w3 D‘oServe\h‘ms

@'P 1S Mvdrigvt ‘FOV x\l models o"' COMpVtation *'l]af ove Po\ywow(«\\y
ec\uiw\ewt jo the deterwinishic s\‘«ub\e.—foq)e ™

@P contsins the class of Problews that vea |t'sh'u(“\, solvable i practice.

- We siill use +he e(ma\e,—bmd(e{' Wofdhon <-» +o mdicate o ressovdb\e ewCoJ€\13 f0 o
sving for &« TM. Rexsondhle v « seuse thof we Com emcode/decode ia ?o‘ynow'm' time.

~A |dvn3w e Le?, € —ﬂneve exists & ™M ML and o ">o\~/V\oW\io\\ 'P' such that
() ML(3 rwas in time PIIM), omd () xelb if omd oaly if M ()=

2 C\JSS ? 15 c'oseé uwéer Com?osi—h'oxq ”’ a\ﬁomth A Mqles 'Po'\,uow' o(“7 Wy
wlls o N‘%or{t\f\wg B od B rws in 'po\yvlow\c‘u\ -Huqel then & vuvy 4 VO“/"O""'“‘ 4iwme.

E_.a.) covsider +he |dwau¢3e,

PATH = {46,5,'1;)\6 is a divected rj\rakpl\ +hat Was o divected po'-}‘i\ from 5 1o Jo%
Eheovew\ 714 PATH P
The Class NP

\V\ cevidin cases, (x-H—euq?-\'s to o(voc'é brute -‘orce ho\veh‘t beew socc,es{’u\ ) e, we
dow't kuow oy ‘POL/WO"“""*\ «‘30?-’*"\\»"\ +o sole +|4e,\m.

L->7 Maybhe becuse we haven't Fooud +he right u\%om“l\w\\'c +ools
"M o may0e because Mese problews coammok be solved in polyuomial tiwe.

AT\/\E OOWP\e‘N't'lCS o¥ \de7 0'} +\dese ?Vob\ews xve |M|(eé,|. A— po‘«,qow'd\ tw e

«x\%or(fhm for ove of these problewms can be vsed to solve av eutire
class ot Pproblems.

Lets stavt with oa emwp‘&

A Howiltouisn pathh in o divected quuph G i o divected poth hat yoes +hrasgh

edth wode exo(cdy once. We com defive the \w«j uxd &

N'M/‘PA(TH = i <G, S;(:) ‘G 1S o éﬂ’eetei cavqu \m’f\'\ L} Hdﬁi‘&o\nfm Vo\*"l -Fvow 4 4o {‘S



G’ O =0 :
. We can build « lorvw‘e—‘f'orce
5 O/l ?‘/l\s u\aowﬂwm for +estivg it am iUt i «
\)0/7 O\>>O/, wmewber of WAMPATH => b‘f%‘l\‘t‘y
A Powi ltoncan qu{-\q For " PATH.

Motlx'L/ the brufe—fovce otpprouh

2 lwfeVesfiw%\\/\ some 'pVoIO\CW\S jeq, HAMPATM | have am iuterestin Festuve colled
?o‘yuowia\ veh'fiubiht\,. Even +hough we dowit kuow of & fost way to construer their
colution, we cam efficiently couviuce someoue of its efistence by preseuting it.

’De‘ﬁwmv\ 719 A veh'{;ev 'For 'Y \OM Vol |_ 1S oM x'smh"rhm \/, w\le,ve
L= {Xl ') decepts <xwy for Sowe fr\n'vns w3~

—

’A *PO'\/MOW\\'N\ ) Veh'f{ev Y95 (¢ 'Polxl\qow\io\\ 4ime m the \emy*t\ ot K.
A \elv\juu<39 Lois 'po'7wow'a||\/ Vev-.'(lio(\)lei X has o fpo‘vaw'u\ +Hme vam'(:{er.

- Twe "ettya" S‘H’-’Wﬂ w 1S ux"e,l o ceﬂikoﬁe, or witvess, oV *Fmo{; of mmbersh.‘pm L.

~Fov ein‘el for LG5> Hhe certificute is simply the. avw/\—co\orecl
f\)ud\«\ om & to .

EDeF\'m‘ﬂow Z19: NP is Me class of lawaux%es that have «Polx/v«ow'q\ tiwme verifiers

Al-tarw«ﬁve;éeﬁwiﬁp_\d_ + |g NP if’ theve evists « ™ ML and o TO'ywow’«l P’
such that (1Y M (X, W) rovs i Hime p'(h(\), avd  (8) xel ifomd ow'r if theve
exist, & weS¥ such Mar M (%, W)=l

Overal, L is in P if wonbership in P cn be decided efficiently
L is m NPif wewmbership i NP cau e veritied eH’Ju'ew’dy.

[-Tkeovem : PENPL kc,j>,| TIME( &'\c)

—,PLQP.'.F.’ Tue wachive that solves/decides « |o(w3:o\~3e LeP v be used to qeserate
rhe $o‘uh’ow whid« v Serve a5 ot cevfi ticate w f’or [} vev:ﬁ'ev- \Jh\'c\q |'v1|)'|'es

Le NP. Therefove, P< NP.

S\}WOS LeNP, +\40M +‘\e\re ewsts « ‘\)O)y"lowlio(‘ Veh'lt"er V,_. Suce L o
" pOI\)\‘loin\\ Yime it (M vesd ot wost +he fivst fP’(le bits o W
'ﬂws, W has |ev\3+\q &t wost ")’(lx\).

To show tyat Le TIME(RQ") we construct the Pouou\'vns decider



M= " On mput X,
. Rom ML(X,w) for ol s¥vivg § wciO/\g
a. If oy of +hese vewlys m M (W) outpu 1S “accept! +hes
M ovtputs "wccept". Of\newise,”ve\)‘ece“. 3

The romaing time of Mowx is OCQT,M? 'P'(-h‘\)), +\ws/ LEeTI ME(?\“C) for

& cowstaut ¢. Theyetore ; NP g‘% Tlr'\E(&"c) 7

<p/w)

The -Fo"ow’vua 15 & vovdeterwin otic T(m'w3 wachive (NTM) +hat decides
HAMPATH i voudeterwiuis+ic ?o|7~40w'ot\ time.

M\: "On iwpus AR Y where G is & diveeed %Ves\:\\ with wodes, st
|.Write « list of knuwbers, pi,...,p , wheve k is the wumber
of wodes v G. Exch womber m +we list is v\owc\efe\rw‘vu‘sﬁm\L/
seleded 4o be between | aud k.
.Check for \fe?e-h'h'ous " the \ist . H’ theve is auy, ”Yedut"
3. Chedk if s=p and 4:p, . If either focl “reject”.
4. Fov exch ceCi, k-11 ’ check f C’Pe,‘p;+,3 iS oM edae o‘f'G.
If awy dre wot, reject”. Othevrwise | "acce pt"

Theorem F20: A lw»\?)wae iwin NP if and oo\ly i i decided b~/ sowme nondetermmistic
POL/\«ow'u‘ tiwme T.avimj wachiv e

r:De{:v'vni‘fio“l Zal:
NTIMEGM) = {L ‘L i5 o \duawﬁe decided bx} oa O(t) time NTM‘?)

| —

-—Co\ro"o(h, 72 NP’ U NT\ME(V\C)
B (&4

Overall: The power of polynomial verifiability seews 4o be wuch avester
WawP+Mu* of po’yzaowtiel\ decjc\»\bi\it\/.\/ 9
*We ave yuable +o-prove the existence of « séma‘e |d\43\m3e, v NP
thot is wot in P.
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vev&f\,'wtc) A 'm%ewious solvtion should be easiev than conswuuiwa it ow your owvl!,
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Overview
This article is about the math prizes. For the technology prize, see Millennium Technology Prize.

v Solved problem
This article needs additional citations for verification. Please help improve this article

Poincaré conjecture by adding citations to reliable sources. Unsourced material may be challenged and
Y Unsolved problems @ removed.
Birch and Swinnerton-Dyer Find sources: "Millennium Prize Problems" — news - newspapers - books - scholar - JSTOR (January

2013) (Learn how and when to remove this template message)

conjecture

Hodge conjecture The Millennium Prize Problems are seven well-known complex mathematical

Navier—Stokes existence problems selected by the Clay Mathematics Institute in 2000. The Clay Institute has

and smoothness pledged a US$1 million prize for the first correct solution to each problem.

P versus NP P versus NP [edit]

Riemann hypothesis Main article: P versus NP problem i

Yang-Mills existence and The question is whether or not, for all problems for which an algorithm can \ NP-Hard | NP-Hard |

mass gap verify a given solution quickly (that is, in polynomial time), an algorithm can | “‘
See also also find that solution quickly. Since the former describes the class of problems “ /

termed NP, while the latter describes P, the question is equivalent to asking P=NP

References whether all problems in NP are also in P. This is generally considered one of = ticomplete

Further reading the most important open questions in mathematics and theoretical computer

science as it has far-reaching consequences to other problems in
mathematics, and to biology,"® philosophy!™) and cryptography (see P versus

NP problem proof consequences). A common example of an NP problem not Euler diagram for P, NP, NP-complete, and NP-hard &
set of problems (excluding the empty language and its

complement, which belong to P but are not NP-

External links P# NP P=NP

known to be in P is the Boolean satisfiability problem.

Most mathematicians and computer scientists expect that P # NP; however, it complete)

remains unproven.['°!

The official statement of the problem was given by Stephen Cook.!'®!

The bes+ defevw’wis'n'c W\&’r'ﬂwocl, cuvvevv«L/ kwoww f—ov clecicl?wg lquuaﬂes
im NP uses expoventinl fime ie.,

NP c EXPTINE



