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Lecture 6

- The Pvs. NP question cau be seen as « question about +the power of
voudetermivism ' m +the Turma mochive wode'|l Recall that we vesolved +he
Same o‘ue,sh‘ow oV s'vw)‘a\ev Covv\Pufogh'Owd| w\oclds suth o$ DFA vs. NFA omd

DPDA vs. NPDA.

- |uteves tiva| , the tx\oove Stadeweut cousiders the NP de’n'w'h'ov] us.'qj
V\O'ﬂdeferu/\iw'bﬂ'c Tun'wa w.o\c\\mes. l‘f’ we 3w1'+cb| $0 A«e N’P de{"w'-n'ow —1—110(-(-
vses o certiticate, they we can re,Fk\mse rhe question «s:

"ls recosv\\'ziv\a the corvect amswev Casier +haw comiug Up with o auswey 2"
T#NP but it “P=NP

N(P’L\Wd N?——hwd
NP-complete

<Edins
Lep’s entertaiu the ides of P=NP Jor o wiqute: |f ove cam show that om NP—cow\>|ete
preblem coy be solved ?oL/uow\i«\ time, then P=NP. The consedueutes vould be

treweu dous | Modhe meticions aud engineers woold be replaced b~/ a Progvow siace
+he +ol|ow\‘v13 |o(wauo(3e S MP—COMpleﬂa (30 it P=NP we o coustvucs prom‘s fov any

'prowxb‘e sfrtewent i ?0'7 'f!'\ﬂe\
THEOREMS= i{‘,’ |"‘7| \‘) LMS R ‘(:ovrwno\\ *\Woo{’ o+ ‘&43‘“'\ €n ™ wrowmatic 676('2"'4 Az

NP-covplete

VLS| desianers w‘-“ be able +o compute 0\7*;"1\1\'1 CYevi+S uith Winem Power

veﬂuiremgus. We will be dole to fiud the simplest {:Oleo(/-H«eow' that eﬁph\\ns oy
O\\ivev\ d,Nel=>'Dr03 d*Sco\IQV\/ qnd Fiam do\\ way lets woull be CJ/\W'I%C,A fovever

lv\‘reves’dw%\\,l theve woull be wo weed for vandowmess. f P- NP, then theve s wo
c{fw'c\‘eu\cy %a\\'vo From usiwﬁ vav dowized O\\SOV\'"‘"/\WIS

No Privacy suce every kaowy etficieat ev\m'pﬂoq schewme would be vulwevable 4o

& reconstruction. = No havduess «5su wp tion (Pl ko’ UTP*")
No OWQ-—W««/ &mcv‘ows (,S~|\wmehn'c \/.@/ (,v\'wo\



NP-Completeuess

la the 19705 Cook and Levim discovered +hat sowe 'pvo\o\ems m NP

had o structuve thot could be acsocioted with all the problems in NP

These 'Prob‘e\ﬂs ave called M\)'COW\P\Q’(G oaund +ke7 Wave the Property that 1F theve 5
o Tc‘yuow'm\ +iwme u\aor\'{'\nm for wmy of +hece V°b|€\*’!5)4\l\e‘/\ a“ Pmb!ews i NP
wovld be —|>o|~/uow'al\ solvable. The 'fivsy N?—cov“)lefe ?Vo\a\ew\ we vill see is
called +|ne sxtishalyili +~, 'Pro\o\evq

Boolean vaviahles com owL/ take +he walves | (ie, RVE) o O (ie, FMSE).
Poolean operations AND, OR, sud NOT are deuoted o5 NV, ad -,

A-Booleaw Forwls is am expression involving Boolean variavles mmd operatons.

{or e‘ﬁunp\e t|>‘—(5'(l\\)\l()(/\£3.
A Booleow Formuld is satistinhle it there existy aw #55{qUWient of 0s aud s 4o +he
Boolean variablesco +hat ¢ evaluates +o |.

The sow's"\‘o\bv'lih’ ?rob\ew i5 4o tes+ whed\ev ol %weq forwnla is Sath's{'\‘ab\e,.
SAT= £<4>> 4) is & satistiable %oo‘em —Forwula\g

[Ticoren 7.83: Louguige SATEP if ol only it P=NP

?o'yuowml Tiwe 'Reclucub“‘(tx/_

|v\ Lecture 4 we sow that it -\>ro|o\ev1 A veduces +o ?VO‘o\evl A So‘u-h'o\\
{o Con he ubed o 50'vc A |V\ +‘/\e 1[0"0\.:‘\4 , we Ae{\'v\e A Veysion o‘f
\rerc,ub"\H\/ that +takes iwfo dccovat +the eﬂ\'ciev\o/ of the veducaion .

—’Ee{emiﬁow 7‘-3\‘3=A 'ruv\ch'ow ‘\f : i*—) 2* 15 o '|>0|7~10w'«\ tiwme Cow‘nm\)\e 4uvna.'ow
i+ some Po‘ wowial 4wme ™ M exsts thot \nuj% withy :‘\Is\' 6’(."‘)
on 5 ftpe, w\nev\ star +ed ow Yy iw‘)ﬂ W.

—

—beﬁmifiow 7.3 L““ﬁ"“@"’ A is Pois,wowﬁu\ +ime (K(xv-la) redocible to |u\43w()e B,
dewotred "y Aé\’ B ) f o ">o|7wov1|'m\ tiwme Cov'\‘)s)‘!'o‘b\e ‘F\MUHOV\
§:S¥>5% evists, where for every We 2

wek ifond ow\y + fl)e®




?idori «\\\/ )

*
e

A / 'F(A}NL

i),

s

Al strings > Al strings

Tvarsform o 17o|\/—tt'w16 TM +hat decides B 4o « polysme TM shat decideg A

Algorithwm for A
w) . output "decept!
h‘)u* b qE-—) M‘aor:‘a“" R W o\m‘:luow‘sl '{'v
£(W\e
’—:De{ mition 734 SiEhe

A |m%ua eDi NP—cov«‘>|e+e i i+ su-l:’s{.'es two conditiows F Somphi?

. Bis v NP, ic, BeNP
Q. Even, A in NP s 'Polywomid time vedueible +0 B fs

B ShE=
FDe‘FJvﬁ‘HO 9q: ? N%?i E—\;‘W‘{ f
e

52 A \waud%e B s NP-havd if ALeD for every Ae NP

Notice +hot o 'o\vnauxse doesw't have +o bc wm NP 4o be MP-‘ner ©

Theorew 0(Transitivity) AéPB and 'ng(,, +hevw A&, C
@ If |awjvo\3€'5 is NP-hard and BeP, theq P=NP
@H ‘dW30¢3€B \S NV'C«OV‘\‘)‘Q“C w&'ﬁep' ‘“\ev\ ?9 MP
@IF liquage B is NP-complete then B P ifand ouly it P=NP

Remuvk&’

-Au NP-havd ?vo‘o\cv\ i> ot [east ds hoawd «6 the hardest pvo\olev«s iv NP, :
- A NP-hard ‘PVO‘O‘UM wuy evev be vvdecidsble (_e.%., e mdecddvle 'Y ALT' \otvnykac iR NP"I\WD.
'N?-cowup\e’fe is the clasy ot decision problews v NP that we the hurdest in NY.




Quiz 6] Which of +he Followwj statewments is fulee -
A) Luwauuae A cim be bot iv P and NP
B) Lo vige A ow he both NP—Cowp\e\c cad NP-hard
C) H’ 'olwcl\ldae A( S N? o(V\d o be é&d&e& ) ’PO!7—1EWQ,,'P=MP
D) There wve no"harder” Pnb\ev\s M NP thay he NPfcov\‘)\en, problems

Ehem 236 1€ B is N'P-cowp\e;te aud ’Bé‘,c avd CéNP, then C is NP’COH?‘efe

F’ke Cook-Leviq Theorew: SAT is NP—covp lete
Proof \dea: To Pprove NP’cowpk-eewess we '(’(Ysr hove 40 show +hat SAT is i NP.

A woudeserwinistc ?o‘jvnow«\ tiwme mechive ”guesa" A xss¢3wwe)4k to
o %"vem 'r'oww\d d; (xqé_ o(ccePf :'f' -Ghe o(%"%mweh& swh's(:{es .
For the Secomd Pavt, we Ueed +0 chow W+ every LeN? i Tolywov'\m\ tiwme reduchle 4o SAT.
Beczvse we are '(:vaS:“lj o an b et (S m N , We kow Fvom the NTM -based
defiuition Wt theve exists & NTM M’ tha+ decides L.

The esseuce of +he 'PYOO'F s fo coustrutr & Kowp reduction that fakes xS om
" K 5tnvq W that way or Moy uot be iv L ovd tamslate (¢ +o o Boolea(vp
ey pression ¢' such +ha\+=-)¢' is satistiable i+ M/ accepts
Y M'aceepts it ¢ is satistiable.
Thos, wel &= ¢’'eSAT
Ou « L\-'a\\-level the coustructed Booleam Fovmv la ¢’ "simulates! +he execution
of the %iveq NTM M’ that quarotees the wmewbeyship L &NP. 2

)K) Th@ ivuaev\ui'r\/ of the Coolc-Leviu theorew is +\no\+
DCotn process ANY \wuquage LENP vithoot cxriug Kot the
speci‘f'x'cs o"' the ?VOb\eWo, e9., 15 1 oL %W\?\'l +|4eor~/ pvab\é\ﬂ'z.
5 o wowmber 4\f\eov-/ QVO\o\ewz
@ I+ s the very Firss MP—LOMP‘C-('e Problem vhich weavs
it didait UQ Theovewm F3b to rajuce owmother NV—cowP)e\e,
‘PYolo'eW\ ¥ +o SAT

35AT

A liteval is « Booleau varishle ov « weqated Booleaw voridgle, eq. X or %.
A- avse 15 o Sequevce of litexals cowmected with OR:s eq, (% vRv X3V Ker).
A Boolesw formuly is v conjotive worwal @orwu, called CMF*\“OMV‘&I i it
cow\‘m'ses severs | Clavses cownecred vith ANDs,e.ta., i

(XuVYJ_V 73‘/)(4) A (X3V RSVXe) A(X5V Xb)




U4 all the clauses have o4 most k litevals, +heu the forv is axlled  KCNF.

Lo(wﬁvotﬁe 25AT s defived oo
35AT= §<47| & is o satistiable ICNF-formulal.

| Theovew: SATLp 35AT
'PVOO‘P We Vlee,A 4o elaow +(I\dd- 3SAT6 NP o(v\é 0\\60 *P\reSev\'c (1.3 ")0|7wowio(\ time
(StereM) 1(\/\4(,1(0\4 +hat wmaps ou CNF forwmul d)

40 X 3CNF forwmu | $ such that \{) is satistioble iF and cML/ i 4> i5 satistidble.

A uoudeterwinistic '\70‘1\400«6«\ twme mechive "3ue53" A o(ss"ﬁwww& to & cJ.'vev\ 3CNF
-Fob’wdhx o(v\é e(wz\)'r "f -Ghe o(ss{ﬁuweb\& swh's{'\'es -\"Ae -FO\N\\)|0(.

|wtoition for she mdppiug:

From 4CNF 4o 2CNF~~> Suyposz we LWave (l)—- 3\ ilv-i}vXq-, +l\ew we tom tvtyoduce
L iew variable z, and CONStyuck -Al\e 'C'OUO\déwa two clotuses
(% ()(,v Xgvz,) and 61:(7‘(-3\' X4 v i,)

|£ 4; is satishizble = theve eSS ou assignv\ew to Z, +hot SOQ‘ﬁS'hes both ¢, awd Ca.
|F [ dud Cy dve so(ﬁsf(«\o\eé there ev %6 o assia\n wment Suo\/\ 'c\'\a* Q IS Sa’r\'s{'{u\;\e

Gevevalize: §up\>ose we have o c\u:l_se o{' sze K
= (K V..V Wig ¥ XuaV Yx)

C‘L ()_(K—\V YKV 21)

¢ (¥ ¥ Xi-a ¥ Z)) =
et X
5—->A\>?\7 +l«\.‘5 po|7-—tine +Vuv|s{’oma+iov\ uvw“ rx\\ c\auses \Mve at wmost 3 \-‘ma's

IND
Aw ;qde?ev\clew set of size k is « ser of vertices S sochh +hat 1512k aud for

all edges (WVIEE at wost ove eadpoiut isin S.

| ) A H]

Le(w%vq%& IND-= i< (G,k\>\6\'s o ca\ra?l\ with aw inePe,vq&ew'« set of size kg

FrheOVew\ 35AT é‘,| ND.



J
Proof: |w+vi'h'Ve|‘7 we wowt +o receive & 3SAT valid vt (it way ov Wiy wot be
sa(-\'r's{"'&‘o\e) am d Creoate « 3“?“ G soch -\'t\df it +theve is & k-size iv\deFeqieoﬂ- set
we Cam tvaslate it €0 « s«+fs{—1f‘43 HSsigwent for &

We weed +o cmcode aun inpot of 3SAT +o « v.x?h_ =
eﬁMple (X.vxivxﬁ A (X,v Xa v R3) A (?,v;’(&vxs)

uv\comcﬁAHeth-\: |v\+voéuce A Vertey for evev~/ )i +ev«| d(‘ e,Vev7 c,' Luse \A)'leVe. we o(ssf%w
T T she valve itk widkes it 4rue For e)foww\)\e : for 1= (X vxqvXs)

A Evev~/ sam's'['-fiw3 otssicavmewt of ¢ wn be wms‘oﬂeJ 40 o Jwae\:e\n&v\t seg
35AT=> INDV
NO‘f every iv\hpew c{,evw sex com be ‘\'vxv\s\o&-ted ‘o A Saﬁs{\,iwa d\ss{gmwnewe
35T IND K

The highlighted ses is & independent set of
size 3 hut cavnof c%i ve US oA 341.'5-‘:),;‘43 0(35;3\,\“3“{

X, lcawust |be hoth ITRUE shd [FALSE

Umcow'd\
Attempt-2 - Use the e&aes of the coustrucied Araph +o forbid A5 signments
wheve the same vavisble appexrs 45 both TRUE «vd FALSE

Aéé L] e,dcae if +‘/\e 4ot ekssiavw\ebﬁs of +\«e Soawme Vo(r\'oc\o\c xYe
couticting.



@ With the oddition o} +hese eclges

we cavvot allow veriices |ike

VAN CYEIENY

4o be both in the "v\depe‘acle"\t

@ @ 5&&6&«»«% \dv ’*Va\)w\?."\{ *or
& % i

A This MProveA 3»'«‘)\\ constrockion is s+l wot what we want.
Much like be"‘bre) every satc‘s'[-fiv.3 a5 igueneu t of ¢ txn be yeamslated

t0 o iwae\)ey\&v\% seg
25AT = INDV

No+ every indepen deus sex com be translated +o o sah's{\/ MY dssigument
35T IND K

&) (&) The hiak\iﬂ‘we& se+ is o inde pevideat sef of

Si2ze 3 put Camnot  dive US A 50(165{,.143 sssigament.

@ @ The _(:;,,54( Cld\lse C, IS ot So(‘h'S{’v‘eé bj this
@ @ @ Aruty ASSiAMinest.

#Aﬁem‘)t-} : Add wore edges +o Jukrantee +hat eﬁuc'rL/ one |ireval
s is picked Frowm " exch clavse.

That 5, «dd eclc\)es between e\/ev\/ Per of |Hem‘5 in each clavee .



I we £ix ‘(=3/ thew wof
o‘.qL/ every 60(-h'${'7§w3 Assiqument
qives an w\ée\aev\&en& set

but ek\SO
ever1 Mée‘pev\éeﬂ& set %ives A
Soufis 7&4% o(ss~'3v\wewt.

35AT = INDV
35AT< IND V

A move fomﬂ tredfmen t:

G iven g_\g\’ O(V\oiim\r-' 3-SAT Mpyt, witW v 'Boolem varrableg Bl W CIWSeS, +|,‘e ™
“"’W* 00“"‘?”1’65 the K(VP redJvction -Pumcﬂovl outputs o ﬁvdvh G- (\I,E)
M. Descrive the veduction
The verter set of of G is defined as V=V, uVyu..uVy , where V\) s & |owwp o Vertices) tha
has up +o thyee vertices (ove vertey Ter literal) +he COV",,?MA o \-'feVaPs of the. k'l'*b\
c\owse. The eéae sek s Je{'éwe& 25 E- E.UE_-{ ; ul\cre = CoV\fO\MS ove e&je for each
'pou'r o‘f’ verices hat be\ow% to *‘r\e Sawme do\vse, oud Ea coutams one e‘!‘ﬂe {Ior

Po(ir of oowflicﬁwj vertices (eq, @ dn&@).ﬂe Kavp reduction dssigus k- wi.

Show thdt 1t takes 'POI\,Mowim\ time
Sivce we Wave wm c\o\uses ] Me veso|h‘m) cahﬂ\ wc'“ have At Wosbt —15W\ vevtices . SCvnce

there ave W clivses the edge set B coutaing ot mos+ Bwy edayes while the edqe set
E:’L confamb of wmoSt 3'(3v1—|)e,63es.

S I +he Ka ( \\
0, ovevall the Kovp ‘ "\\
[&2 N

redvcfion crestes & 3&?‘4 uh‘t
O(w) veriices snd ©OCn) edges vhih
+ales ?o|ywow'¢\ tiwme.

(3) Show et He35AT = Flo)e IND

Given o truth assiowment Hat satisties ¢, there must be « liteval st is trve for

—_————

esch clavse. We form the ser S From the V«Ph G Mt wad given &5 o 00fput
v the Karp reduction by choosiug the vertices a5 follows:




| tevate ‘\Mroué\ o(\\ c|duseS, for emch clo\USe 'Pick o |i'reva\ +‘\ﬁ s TRVE (,we M‘b\\‘\'
hoave wove +hav ove) dccowd“m) to the divey +vuth aS5rojumen + avd choovse +he
corvespouding vertex From G s x wen ber of e verrer set 5.

*Prove that vais o ivdepeudent set of size W: 5 is coustrucred by choosiug exactly
ove vertey per clavse, fhevefore |91 =w. ks o wert step, ve have to shov
Mot there ave wo eé%% be+ween +he vertices i S. Notiee +het:

(D Each vertey of 5 be\ow3s fo o dtterant cloavse -cluster, therefore hove
ove vo eAaes 4&'00'\ E, between ow, 'PO(‘V dFvevﬁces ‘Prow\ S
@ The qivena " tvuth dssiquuent is wot cowF!.‘u«'wq, +hevefore shere
ave vo edaes frov Eq Eefwee“\ Ay PR of vertices from 5.
Thvs, the cowswug‘red set 5 is am iﬂJe‘PewJeuf Set Of Size wm.

B£(4) e WD =>¢ e ZAT

Given an_independont set S ot szew (fom the quph et ovrput by the Karp rebos)

we it to find o 4ruth dssiqument yut satiskies” ¢.

Bewwse ofF the woy we coustrucied G, au indepeadent et of size w1 wust have
exactly oue Vertet fvom each chwse/duster (due +o +he E, edcées).

Additiouslly giuce S i o iy depevdent set theve xyre wo €5 cAers thott couved

/ 51 :

vertices i 5. Therefore, there are wo couflicting truth wssiquwments. Thos, +o
generate « fruth oosiqument +hee suwshies ¢, we pu’ck the lteval a550cnted with
esth wode m S oqd o(ss(jq ether TRVE or FALSE dppewéfmj ov it Wbel i1 6

n




