Z CS 600
M Evgenios Kornaropoulos

Lecture #
N )

The  Howmi l1omiaa ‘Fd’r"l problew askg JMesher +he inpof divected 5"?'4 has « ?d-}li
£rom & to t that goes +\4Vou3h every wode e:udl\/ ow ce.

HAMPAT“ b {(6 , 5t | G is o divected %w‘v\a wih o« Haw '*Ow'm PdJL frow & +o-l>3

Quiz Zl: Whick of she -Fo"ovhj 'Poﬁ"ds 15 not o H(N«i ‘+owim Pod'll?
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Efueorew #46: HAMPATH s Np—cow‘)le’(e.

Provf: To show +hat HAMPATLL is MP—COMP\efe' we first hove +o dhow f’qo(-r
HANPATHE NP ovd Hliew find an NP - cowplete ?Volo‘e\m Z xud coustvuer
% Ko\vp reduction so that Z éyHAMPAT .

(D._HAMPATHE NP
A uoudeterwivistic P0 7mo&m’u] we TM cam ”30655" o 'Pol+‘4 frowm 5
o + owd theu check i ‘polyv\owia\ time it D +there are vo repetitions im the
pod\«, o(d\c! @e}le\\/ vevtet 15 vb{*e(\, i the fPuJ—\q H: both couditious l'\ou ('\l\e\q
the. NTM o\CcePfS,o+\AQVste i YcOec+s.

@ Show that BSKT Ly HAMPATH

Tue va‘) reduction should +ake s imput ANY 3CNF forwoly (‘? (that May
OF Muy Vot be som's\:io(\ole) xad coustruer o divected 3w?\4 G- (V, &)
so that Hov S,{',eVi
g# is sktistiav\e if ol ouly i€ tvere exsts of Howsltomian P«x’r‘f\ frowm < 101 inG.
$e35AT &> F(4) eHAMPATH ¥
ov de3AT &> (G,5t)e HAMPATH
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d k c\uv$¢5
4> é (C\E‘] VC,C&-J v C«ch-‘ ) A S il 1 (CkCG '} CkC’\j v Cl‘[:‘é_l ) 2 eﬁl"\ C\du&ﬁ hes 3 |h‘em\s
A vlvisbles X, ..., %g

+ The wain "kuob" in 4> is the truth o(ss"aw\ew« of « varisble ¥i.

* We hawe to sowmekow sigual whether “Y=TRUE or Xi-FARSE +‘l\vou$\\ & pu&'ﬂ
onw A divected %V«P\'l

\\

w —

7 The cl,irecﬁov\ o‘\: A so\o%m?\\ +m\IeV5u\ con act S K si%v\o\\
xbout uMether Yi=TRUE or Xi-FALSE

. R left-to-right ~> X:=TRUE . d/\ roht —to-left o X =FALSE
Xi \é ; tmvzvsc& Xi Yj 0’cnmzvsm\
of subgraph of subgraph

-Soppose we have the -[o"owim = M ) S
- Lets see how we cau construt (G,s,t) ovt put for KM\? reductiou bs/
c0m‘o"\4|‘w3 X Subavo\])‘q ver vaviable of ¢/

S
6’/&\5 Quiz 23: Which of +he ":o"owmj Hawi\’mmiam th-l‘as does wot
%{—5// %éve ol 5&{"5&,\&43 Avo o\$$x'<3\ﬂw\ew+ to

\ B'= (xvravXs) A (FMa v Ks) A (Bv %V Rs)
dé::
>

IS A)s ,E)>s C)S
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Even +\«w3"\ we cov travslate o s«x+is£,m3 Hrutl Assiqawment 4o o
wi |+ ouiowm Pt we im0t +rovslate cvery Hown | +ouc dm path to o
s«nshma troth assiqument. Thot is:

Fe3AT —=> (\9 5t )e HAMPATH e 35AT & (G 5,t)eHAMPATH
X

The wmuin v‘)vo\o\ew\ S Mat we oye uwo+ l(eepf*ﬂ3 track of whether every

clavse is  sxtistied by te chosen How i 4 oviotm Pocthn. ly foter we have

not encoded cluvses of all i the (,G,S,f,) we Wave Coustrvered so far.

Sov«el\ow we '/\oLVe 40 \(eep +mc\k o{'
® How ey clwses do we have

@Whic\\ Vom'a‘des ove o(QSocio\feA wi+\\ each clavse

@w\'\"a\o\ 4ruth 4551 qument of « variable wovld som'sf?« each clavse

}Miu OUr YUMing e)(ow«‘:\e = (KvxavXs) A (F¥ v %) A (Fv X V%z)
5

JA oc

 Sene

/N

7 0 cy

\&/ OC3
-t

iu U Yunaing eyowmple d'= (X vXavXs) A (KX v xy) A (% v %, V%)

Notice that C, is associoted with varisboles X, Xa, 4+ d X3 Thus,
we veed +to xdd eéaes Hrowm svbyquphsot X xq and X3 4o <.

5

d//i"\ o &

Yf ¥ Lef‘s wot Comwmit ou the
\ speci'k'cs of' these eéae,s

c§<<jb 0y Jus’r yef.
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B\@@,i“ ovy vam'uj e)(o(\m‘)\e d),:- (X.VX{VX3) A (iﬂl Xy\‘l X3) A ()?'Vi&vis)

H:V Yt w |e, we. wdvt o v«dl(e Sure +\4oH )(‘ 50‘9374\7\'\ Cdwn occess C,
vev+ex du viv [\ \eh—«‘o—h' Wt tvavevsal (bewuse C, has the literal X.).
Ou the other hawd, we want +o wake sove +ha+ %, subgraph cavw access €5
vertey Auv(wﬂ ] r|"3\'|+—‘|'o-\e{"t troveveal (bewuse ¢y has +he liteval X,).

ol

x.&%} x.@ i

CFO(“QAS Aﬁ'ew(ﬂ-—l : Rewove the ”\‘lorizomﬁx\" e,éae omd o(JA +wo Vertices +\noH
e B e e D (oA do to €, ou d returw bo\ck

O ch :
)(‘ o~° >0 The X,=TRUE becowes: di&?//f?
OL'

Y
(0]

Siwilarly, change the horizovtl edge so that the path ot veach cs

and reforn - back

o OC The ¥,= FALSE becowes: %@Q
0 K 040
&GO\O Cs % &
! The‘on‘a\w now 1S +‘l\0(‘(' we o(&l,e«\, two Vertices
fov +he (ef+—+o—h'3l«t a1d +wo vertrees for the \q+-’ro-\eﬂ_
Tuus, requrdless ot Which way we choose, the resoliing

‘)m‘\/\ it ot o H—umihowom *Po(f\'\ becoawse we do wot PxsS {—‘woual'\
of ledst two Vertices.

(Cowed) Atrempt-2:lustead ot four wew vevtices, add 4uo thet are 'Shaved",
= for xqTRUE for X FALSE

O C c
Q 2
\l 3) \OL. 0 ¢3 \\:fp 0 C3
(e 0 %3

The resulﬂ'uj Poshs qo +\l\vou<3\l\ 51 vertices of
Qu‘oawnph X(.



2 'rhus, we v\eeé ‘+wo extve ver+ices Qov edc‘f\ cloluse, ol C_d\c"\ sukav.‘?\q
¥ e will «lso 244 Sepavator vertices in-be fween.

T\I\e @wé, TES‘)\{' ‘For I'V\YU‘t <P/= (X|VX1VX3) A (%VX&V X3) A ()?v"s(—a\vib) EX

3 Ce £3
O\
/ \\
S
o el S e B onksen &) 0O <

A move 'fovm\ tredfwment:

G iven duy _arlitrary _3-SAT iwput with w Boolesn vaviables md W cluvses, the TM
Mat_compu tes the  Wurp reduction fovevon ovtputs o graph G=(V,E) and she wodes st
M) Descrive the  veduction




Show thdt 1t takes ‘PO'\,Mow'im\ hwe

() Show s $e35SAT = Flo)e HAMPATH

Suppose ¢ is satistisble, for each vavidole ¥, L Xy fraverse hovizontal"
vodes ‘r’VoW\ \eﬁ—*O—Wcj‘M i'F X, = TRVUE occordiug o +he Sotf-'s‘(ﬁw +Vu+\4
Assgument , aund H‘ua\nf-+0-|ef'< it ¥=FALSE xaoré.‘uj to +he suf-'s\[1.'u 4y tY
assiqument. For each clavse ¢, SR Ehey choose ome liteval +hat is trve (it s
possible +o hove wove +hau ove fye \iterds) oaud detour +o Pss £row C;.

@ Show that F(o)e HAMPATH = $e35AT

05e G has « Howiltomian path From 5 0 4. We yeed +o tumslute
‘\'\4(5 Hﬁv«i‘i'd«(u\w ‘Poﬂ'»\ i G 40 « Sdfc's‘e\/p'qj o(ss.'%\.‘meq{. ™ (b
Case Awd'ysis :

Cuse-A) Tue How«i‘-tow'dw ‘Fa’r\o prsses -W\roucah each 50‘93%(?‘\ Kuy ..oy X8R
" orclev,

o¥
Case-B) The Hawil+owiau Poah JUMpS  besweew subampt\s Xy, -, Ko

Fov +he Sod(e of cout mé«u&on, SVppo e +ho(+ -\—ke uuw'how'dw ?ou'ﬂ \iu""PS
betweea sub Vap\'\s and +hae the Frst (From +op—+o—|oo++ov« \i"wP
huppens ot “vertex ol;.

lz :: 3 . o O‘OSCYVe +\4d+ eJ+ker oy ovr
. . o s o d' N hr‘
N oliay o(a*a/ Mot



Vertex ofisr 15« Separator if &y aud o concern clouse <)

I olisg 15 & Sepaivator, +hew the
C) only edse,s euteriug  olit ore

LSO -4 [© ik ad e

ol Aing gt oy Aiva

Tld?— H«\M;‘*owiour\ Poﬁ"l Cahot euwter
ol ¢41 Frow o bec.a\VSQ o 15 o(\!reo(&~/ -Hro(VeYsed
The ‘ol toniom Path Camviot evter Kiw
fron irg becxwse €t does | the poth woold
be s+ucl< - oliy sh«c\ﬁ/ both of olis V\e-‘cjhbors xXye Visited

Cmmot +ermivdte i £ = Coutvadicion

Case B‘l Ver+e$ 0((,_,3_ 15 & sepurator i'(’ o aud o jt| Concern c‘o(vse ¢

|£ isg 1S X Sepavator, thew +he och/
. e %e e\qfehw‘ ity «re
C NOC

J
ik ad | Cu avd J

o n ol Yirg A
The Howni lfouiom Poth canmgt euter oliu Fram
dy Oy C J be cav Se +\\c_\, xve ok\re«dy ’mxvusecl,
Twe HdM;h'o“t'uv\ 'Po\f\\ Cavvot entelr oin Tvowm
Litg becvse i€ 1f does | the puth woold be
s+ucl< o oli4| s"nc\cla’/ both of olit V\e-"ﬂhbors Xye Visited

(ot +ermivdte in £ = Coutvadiction

Y]

A %Vd‘)l\ G- (V, E) has du iwde‘)ewden’f set o‘F size k, £ theve exists
« set S of size k vertices such +hat for OV L of vertices uNeQ, there
i5 Vo edge (u,v).

We defive +he lotv\%w(?)e tor e yrob\em Subser Suwm

A-|| o, ave Gtos-'h've iwfe«sers oamd there eﬁSfS%

suﬁﬁET°SUM= {(«.,0(&,-- . ,0‘“ ,‘H oA 50\3534- R ivﬁ'eﬂevs “’t\d{' sums 4o t




EJ_\QM‘ SUBSET-SUM ¢ N?—cov'\?\e're

’Pmo{"' To 51'\0\4 f\ao\’r SUBSET-9UM s "P-LOMP'Q‘FQ' we ‘FN&{' \qwe to <how fl\o(-f

SUBSET-SUM € NP omd +\4€‘4 ‘F«'WJ oAw M'P'Cow\p‘e-fe ")VolO‘C\M P o(wé CovsStvves
x Kavp reduction so that Z LpSUBSET-SUM.

(DSvBSET-SuMeNP

A uoudeterwivistic ?0'70!0‘:-1\'0&] twme TM cam "quess’ o subse+ of wuwbeys
from &y, oln and checks in ?ol wowial 4iwme if +this subset suwms +o 4. I i+ does
thenn the NTM o\cce?fS,o;(Aevm'se i+ reOec+s.

@ Show that  IND Lp SUBSET

Tue Zow‘) redoction should ke s on \'v\Pvf ANY jpu+ (G, k) for IND (-l'"lo\’v Moty

OF Moy Vot have s vd. Set ) W\A cousStruer o se+ of‘ ww\bers f_o(\, ...,o(,\}
oand & target t such thdt:

G xdwmifs om wd.set of size k if and ov‘\\/ it theve s o sobset in fo, .. ,o(v\] hat soms tot
(G k) €IND &> $F((6W)e SUBSET-5uM £
or (G K)eIND &> @, . du t) e SUBSET-5UM

We hWave o e,vnco(\,e +\1¢ %Vap"\ stvwwetuve o“: G w."r\'\ A Set o‘[’ V\u\r\\)elrs
Let)s ¢ee = coucrete e»(och\e,

A | e, | My What (€ we defive ¢ wuwber with lel+| ‘l"ﬂ its for
G s e«? I% each vertex. The ()-th digit of w; is | if 44 j1y

QJSQ \'NS 1LJ aAS ow eq(l‘)oivl'(', o-ﬂl\ev- wise i+ 15 0
Uy &S W3

Vevtex A, ~> ivﬁcser d,=1100|
Ven.e)( WUqg ~> iwfcser A=\ | 100
Verrer ALy ~> lateqer d,= 1011 0
Verter Alg ~~> iw'rcse,r d.=\100l |

Lets see wow f\ne sowm of Méepew&ew{- setb
5= LU, ,'u-sg) > o 4y = Q01
9= LU Ugy > dlg tolg = ANl
'FOT +\1\")

eyomp le



Le+‘s See o(wo+‘tlev- cara?"\ ewp‘e

W .
= - Vertex AL, ~~> teqer o =11 010 |
Ug 1 Verier ALy ~~> iateqer dy=11]1000
es Venef 41,3 ~> iw+c3er A.=10\0 (0]0)
4 C/ei Verier Ugy~r> wteqer o=l 00\ 1O
- 10001
Uy MU Vevier ALg ~~> iateqer o ,=100011

Let's see uow -\—\Ae Suwm fof M&epev\ deV\+ sets

S= L, Uad o o +ol3= 2lllol SA

Tuere i5 vo s.'ma\e, t VO\\UQ
S: iul' u‘t_s /o"‘> °(1+ o(q, = a‘“ ‘O

that works tor ) imdependens
sets of size +wo.

Al
Q/ ’Powct\ +l\e clescnpomal \37 iwwoéucim?' one new vww\oer ver efé%e.

U
IS8 o 10N Verter AL, ~~> tateqer o,=11010 |
Ug Uy Verter ALy ~~> tateqer dy=11]000
o Verrer AL, ~~> \ateqer dy=1010 00
4 2 Vertex Wy ~r> ivu-c,se,r q,'zl 00\ lo
U '14.3 Veviex WUg ~>> 'wﬁcse,r q5:| 000 |
4
Eé%e, e, ~> ivlfetaer b‘ =0l0000 .*'T’he i‘iu\ (18 :hﬂ f‘\‘\c
(L [ T) R yevieL ur
Edge @g ~~> mteger by =001000 -Hzp e & \‘:A:( Aiscieal
X el edqes (by addivg Qi to e
Eé%e €3~ Mfujer b3-000l 0o ‘(h%resjof wejed%es will
Edqe €4 ~~> mteger h=000010 be adied womaly.
Edje @5~ iwreger bg=000001 e o oot
D : COWcs?c?ndiwa ‘Post"'i‘ow.
Ler's revisit the iudependeut sets
o = > ol +la+ by = Q) Ad,=110v0 |
) 5= Ush T Ai+slat by = 2NN Bl
o7 K + by=000010
& VR i
o) S={Ug Us? o> RAgtsla+ bg = AN I
Us FX Uy
0) $= i_’u,-b, ut‘g > 0(3 + 0(q+'0| 4 bs-’- 3\“ “l
Us, P& Uy

Uq U



o) S: iua' US‘S ’0"') OLl“‘ &S"' b3= 1" '“

es, e
U, 2
e % |fe
Ug U3

More forwully:

). Describe +we reduction

Givea an wudiveered %vap‘fl G- (\[,E) vitn verter set V= {,41-\,411,..-,4&35 ; eéﬁe
set E-{e, .., Cu} and « tuvqet size k tor the dependewt set the reduction
““30”*"‘" coustruers N+m+l positive iwtegevs Mot defive an mstonte of the
subset suwm problew. ;

(A For each verter 4, define the wowber o= 10"+ Z o™ ’ where A

dewtes +he set of eé%es wtideqat 4o U GeA
@ For each e&ae e, define +the wmber ;= 10"
© Defive +he favget Sow £- k-10"+ {,' 10”9

'PoL,wow\io\‘ Time

To create each o the o, wowbers, we Wave iterate *hvoua\u the edaes of the
cowes?ow&wa vertex. Since each edde is cousidered twice Couce for edch eadpoint)

the total time for iy deverution is OCv\m).Genemﬂwcj the b; nowbers takes
O(w) time.

® GKEeIND = §(¢6,0) € SUBSET-5UM

f (G s & mewber of louguage IND, shew +here erists « set of vertices S of
size k4wt 1S aw imAePeudevn set. By’ coustruerion, for every vertey i 5 dhere
ewsts an associdted wowmber im §'s ovtput. Let N be +he set ok wombers ot
correspoud o the vertices im 5. The Fxet har theve & wo cAae between any Py
of vertices v § weans +hat the sum of A will vot have owy nuwber with  digit
|0lv%er Moy | (excepf the wm-+th d-’«:\\iﬂ. If there wagy o c‘,ftait 9 +thev the collection
of “vertices S wald coutsin both ewdpoiuts ot the suwe edge. Hince set 5 has
size k, the som A will hae digit k i the w-th position (frowm right ~to-lett).

¥ we add 4o 50\#\(‘(\ 0(“ the e&ae-v\uw\)evs bd that have wo ew&FoiuwS " S/
then we will et « sdbset of ivteqery Mot Suwms +o L. 'r'ws, He outpot of veduerin
§ s « Wmenber of the \waua%e, SURSET-S5UM.



@ F(6)e 50pSET-50m = (6,L) e IND

If £(60) is « mewber f |mauage, 50BSET-SUM, +hen theve exists o sdacer

of wowbers hat sums 4o L=k.10"+ _Z\O“"i. Simee every diait of &£ iy ove
Cexcopt e w-4) we kwov +hay even,""'e&%e is considerel eyactly owe tiwe;
eitver becavse the summation ivcludes 4he covves ‘1(‘»"40“ b, ov becavse 4he
sommpdion imcludes exserly owe of the edae's endpoiuts Ueﬁ) we wrgue Hiot

+We vevtices wssocinted with the nonbers oo Hat s to ‘c, cin ot shove an
eéae v between the co\rfesvwé-'\(% vernces of *"\C—afdv"‘- If they did dhare om

6&33 ) Say & they 4he ;-+Y4 d,.'%\'t & e summotion would hove beew &, contradicrion.
Twos, the oy mcluded w the suwmmation comprise Mdepeudewt set.

Fual ) We hWave e*o\ct\\, k fevas frowm fol, oy, .., olv& iv the summation

bewuse the wm-t Ligit of the somwmarion i5 k.T\aeves-ove/ the. Mitamce
(G,K) is & wewmber of thwe lsquage  IND.
/8



