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ABSTRACT

Approximate Convex Decomposition and Its Applications. (Decenber 2006)
Jyh-Ming Lien, B.S., National ChengChiUniversity

Chair of Advisory Committee: Dr. Nancy M. Amato

Geometriccomputationsare essetial in many real-world problems. Oneimpor-
tant issuein geometriccomputationsis that the geometricmodelsin theseproblems
can be so large that computations on them have infeasible storage or computation
time requiremerts. Decompsition is atechniqgue commonlyusedto partition complex
modelsinto simpler componerts. Whereasdecomgosition into corvex componerts re-
sultsin piecesthat are easyto processsud decompsitionscanbe costly to construct
and can result in represemations with an unmanageablenumber of componerts. In
this work, we have deweloped an approximate technique, called Approximate Convex
Decomposition (ACD), which decommsesa given polygon or polyhedron into \ap-
proximately corvex" piecesthat may provide similar bene ts as corvex componerts,
while the resulting decomposition is both signi cantly smaller (typically by ordersof
magnitude) and can be computed more e cien tly. Indeed,for many applications, an
ACD can represem the important structural featuresof the model more accurately
by providing a medanism for ignoring lesssigni cant features,sud aswrinkles and
surfacetexture. Our study of a wide range of applications shows that in addition to
providing computational e ciency, ACD alsoprovides natural multi-resolution or hi-
erarchical represetations. In this dissertation, we provide someexamplesof ACD's
many potertial applications, sud as particle simulation, mesh generation, motion

planning, and skeleton extraction.
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CHAPTER |

INTRODUCTION

Shape is the essencef many geometricproblems. One commonstrategy for dealing
with large, complex shapes is to decommse them into componerts that are eas-
ier to process. Many di erent decompsition methods have been proposed{ see,
e.g., Chazelle and Palios [26] for a brief review of some common strategies. Of
these, decompsition into corvex componerts has been of great interest because
marny algorithms, sud as collision detection, mesh generation, pattern recognition
[48], Minkowski sum computation [1], motion planning [57], skeletonization[89], and
origami folding [44], perform more e cien tly on corvex objects.

Convex decompsition of polygonsis a well studied problem and has optimal
solutions under di erent criteria; see[70] for a good survey. In corrast, corvex
decompsition in three-dimensionsis far lessunderstood and, despite the practical
motivation, little researt on corvex decompsition of polyhedrahasgonebeyond the
theoretical stage[33.

A major reasonthat corvex decompsitionsare not usedmore extensiwely is that
they are not practical for complex models { an exact convex decomposition (ECD)
can be costly to construct and canresult in a represetation with an unmanageable
number of componerts. For example,while a minimum set of corvex componerts can
be computed e cien tly for simple polygonswithout holes[31, 32 71], the problem
is NP-hard for polygons with holes[90]. This remains true in 3D for both solid
decompsitions, which consistof a collection of corvex volumeswhoseunion equals
the original polyhedron, and surfaee decompositions, which partition the surfaceof

This dissertation follows the style of IEEE Transactionson Automation Scien@
and Engineering.



the polyhedroninto a collection of corvex surfacepatches. For example, a surface
ECD of the David model has 85,132componerts (seeFigure 1) and a solid ECD of
the Armadillo model has more than 726,000componerts (seethe gure on p. 63).
Similar statistics for additional modelsare shavn in the table on p. 87 in Chapter V.

In this researt, we propose and explore an alternative partitioning strategy
that decompsesa given model into \approximately cornvex" piecesthat may pro-
vide similar bene ts asconvex componerts, while the resulting decomposition is both
signi cantly smaller (typically by orders of magnitude) and can be computed more
e ciently. Indeed, for many applications, sud as skeletonization, an appraximate
convex decomposition (ACD) can more accuratelyrepresem the important structural
featuresof the model by providing a medanism for ignoring lesssigni cant features,
sud as surfacetexture. ACD also simultaneously allows multi-resolution or hierar-
chical represemations. The bestway to illustrate ACD and its applicationsis through

the graphicsand animations that can be found at: http://p arasol.tamu.elu/ neilien

A. Approximate Convex Decomppsition (ACD)

Convex decompsition can be useful becausemany problemscan be solved more ef-
ciently for convex objects. Howewer, generatingconvex decompsitions can be time

consuming(sometimesintractable) and can result in unmanageablylarge decom-

sitions. To addresstheseissues,we proposea partitioning strategy that decompses
a given 2D or 3D model into approximately corvex componerts, resulting in an ap-

proximate convex decomposition (ACD) [85, 84, 88, 87]. We compute an ACD of a

model recursiwvely until all componerts in the decompsition have concavity lessthan

somespeci ed (tunable) parameter. Examplesof ACD are shavn in Figure 1.

For many applications, the approximately corvex componerts of our ACD pro-
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Figure 1. (a) An exactcornvex decomposition (left) andan ACD (right) with convex-
ity lessthan 0.04of the David model have 85,132and 66 componerts, resp.
(b) The corvex hulls of the ACD componerts represen David's shape.

vide similar bene ts ascorvex componerts, while the resulting decomposition is both
signi cantly smaller and can be computed more e cien tly. We have shovn both
theoretically and experimertally that the ACD of polygonswith zeroor more holes
and polyhedra with arbitrary gerus can e cien tly produce high quality decomyosi-
tions. Applications that can bene t from this approad include collision detection
[88], penetration depth estimation, meshgeneration[106, and motion planning [8§].

Another important aspect of an approximate corvex decompsition is that it can
more accurately represem important structural features of the model by providing a
medanismfor ignoring lesssigni cant features,sud surfacetexture; seeFigure 1(b).
We have showvn that ACD can help applications sud as skeletonization [89], percep-
tually meaningful decompsition [89], and shape deformation [106 to focus on the

global shape of the model.



Our work in ACD has attracted a wide range of interest from the academic
community and industry. In particular, we have received many requeststo use ACD
in robot grasping and navigation, Minkowski sum computation, rapid prototyping,

and tele-immersion.

B. Applications of ACD

Decomposition is usually used to provide e ciency for the applications. Cornvex
decompsition provides even more e ciency becausemany algorithms work better
with corvex objects. In many applications of corvex decompsition, the corvex hulls
of ACD componerts (and sometimesthe componerts themselhes) can be used by
methods that usually operate on convex polygonsor polyhedra, making them more
e cient.

For example, point location, which is commonly used in particle simulation,
cheds if a given point is inside or outside of a model. This operation can be done
more e cien tly if the input model is corvex. ACD can help improve the e cien tly
of point location for non-corvex models by replacing eady ACD componert with its
convex hull and then performing the point location using the corvex hulls of the
ACD componerts. Sinceeat ACD componert is contained in its convex hull, the
point location may incorrectly identify somepoints asinternal which they arein fact
external to the model. Figure 2 illustrates a result of this ACD-basedpatrticle system.
In this example,and indeedin many scenariosthe di erencesin the simulation using
the full model and the approximated represemation using ACD are barely noticeable.

Another important bene t of ACD is that ACD can capture key structural fea-
tures. For example,the ACDs of the Armadillo and the David modelsin the gure

on p. 63idertify anatomicalfeaturesmuch better than the ECDs. Other applications



Figure 2. Snapshotsof a particle systemwith 10000particles using the full model
and convex hulls of ACD componerts. Which simulation is generatedwith
ACD? Here, using the ACD instead of the full model is two times faster
and doesnot introducenoticeableerrors. See Point location' in Chapter V
for details. (The lower row usesACD.)

that exploit this property of ACD include shape represemation (Figure 3), motion
planning (Figure 4), meshgeneration(Figure 5).

In shape represemation, we ensurethat ead componert of ACD is within some
volumetric ratio of its convex hull, e.g., the volumetric ratio betweenall the ACD
componerts in Figure 3 and their corvex hulls is larger than 70%.

In motion planning, wetry to nd atrajectory for a movable object to move from
a start to a goal con guration in an environment without colliding with obstacles.
ACD can help to identify narrow regions of the ernvironment which are generally
di cult scenariosfor the sampling-basedmotion planners[13]. In Figure 4, we shawv
that, with the samee ort, the motion planning problem can be solved with ACD but
cannot be solved using uniform sampling. See Motion planning' in Chapter VI for
details.

ACD canalsobe usedto generatetetrahedral mesheswhich are commonly used

in simulating physically basedsystems,e.g., deformation, by further decompmsing



Figure 3. Examples of shape decompsition using ACD. The convex hulls of the
componerts of the decompsition are also shown.

the convex hull of eacn ACD componert into tetrahedra. Figure 5 shows a resulting
tetrahedral meshusing ACD and a deformation generatedusingthe tetrahedral mesh.
Detailed descriptionsof theseapplicationscanbe found in Chapter VI and Chap-

ter VII.

C. Outline of the Dissertation

In this dissertation, we introducea new approximate shape represetation technique,
Approximate Cornvex Decomppsition (ACD). De nitions and notation usedthrough-
out the dissertationand related work on convex decomposition are discussedn Chap-
ter 1. A generalframework of ACD with a high level discussionof the technique is
preserned in Chapter I1l. In Chapters IV and V, we describe techniquesfor com-
puting ACDs of two-dimensionalsimple polygonswith or without holesand three-
dimensionalpolyhedral solidsand surfacesof arbitrary gerus, respectively. In both of

thesetwo chapters, we provide results illustrating that our approad resultsin high
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(a) (b) (€) (d)

Figure 4. A dicult motion planning problem (a) in which the robot is required to
passthrough a narrow passageto move from the start to the goal. In
(b), a uniform samplingof 200 collision-freecon gurations fails to connect
the start to the goal. In cortrast, in (d), placing 200 samplesaround the
openingsof the ACD of the environment (c) successfullyconnectsthe start
to the goal. The solution path is shovn in (a).

quality decompsitionswith very few componerts and applicationsshowing that com-
parableor better results can be obtained using ACD decompsitionsin placeof exact
convex decompositions (ECD) that are sewral orders of magnitude larger. Some

represemativ e applications of ACD are preserted in ChaptersVI and VI|I.



(ACD) (tetrahedral mesh) (deformation)

Figure 5. A tetrahedral meshis generatedfrom the (simpli ed) corvex hulls of ACD
componerts. The rightmost gure shaws a deformation using this mesh.



CHAPTER 11

PRELIMINARIES AND RELATED WORK
In this chapter, we rst de ne notation that will be usedthroughout this dissertation

and then we discussrelated work on corvex decompsition of polygonsand polyhedra.

A. Preliminaries

1. Polygons

A polygon P is represetted by a set of boundaries
@ =@ @11, @9

where @, is the external boundary and @;. o are boundariesof holesof P. Eadc
boundary @; consistsof an ordered set of vertices V; which de nes a set of edges
E;. Figure 6 shons an example of a simple polygon with nestedholes. A polygon
is simple if no nonadjacen edgesintersect. Thus, a simple polygon P with nested
holesis the region enclosedin @, minus the region enclosedin [ i~ (@;. We note
that nested polygons can be treated independertly. For instance, in Figure 6, the
regionboundedby @, and @, ; 4 and the regionboundedby @s canbe processed
separately

The convexhull of a polygon P, CHp, is the smallestcornvex set cortaining P.
P is saidto be convexif P = CHp. Verticesof P are notches(non-corvex features)
if they have internal anglesgreaterthan 180. A polygon C is a componert of P if
C P. A setof componerts f Cig is a decompsition of P if their unionis P and all

C; areinterior disjoint, i.e., f C;g must satisfy:

D(P)=fCij[iCi=P and8s;C;\ C; =9 ; (2.1)
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Figure 6. A simple polygonwith nestedholes.

where C; is the open setof C;. A corvex decompsition of P is a decompsition of

P that cortains only corvex componerts, i.e.,
CD(P)=fC;jCi 2 D(P) and C; = CH¢,g: (2.2)

A decompsition of P is said to resolwe a notch v if v was a notch in P but is

not a notch in the decompsition of P.

2. Polyhedra

Similarly, a polyhedron P is also represetted by a set of boundariesf @;g. The
convexhull of a model P, CHp, is the smallestconvex set enclosingP. P is said to
be convexif P = CHp. Edgesof P are notches(non-corvex features)if they have
internal anglesgreaterthan 180 . We say C; isacomponert of P if C; P. A setof
componerts f Cig is a decompsition of P if their union is P and all C; are interior

disjoint, i.e., f C;g must satisfy:
D(P)=fCij[iCi=P and8s;C; \ C; = :9; (2.3)

whereC, is the open setof C;. A corvex decompsition of P is a decompsition of
P that contains only corvex componerts; seeEqn. 2.2. Also, decompsition of P is

saidto resol\e a notch e if e wasa notch in P but is not a notch in the decomposition
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Figure 7. A surfacepatch is corvexif it liesentirely on the surfaceof its corvex hull.
This gure shawvs a decompsition of a model into corvex and non-corvex
surfacepatches.

of P.

3. Polyhedral Surface

For someapplications, sud asrendering[12], collision detection [12, 111], and pen-
etration decomposition [74], the model's surface,rather than its solid componernts,
is of most interest. For sud applications, it is usefulto decompmseboundariesof a
model into surfacepatches We say C is a surfacepatch of P if C @ . A set of
surfacepatchesf Cig is a surfacedecomposition of P if their union is @ and all C;
are interior disjoint. A surfacepatch C is convexif C lies entirely on the surfaceof
its convex hull CH¢, i.e., C  @Hc [33. An illustration of this de nition is shovn
in Figure 7. A convex surface decompsition of P is a decompsition of @ that

cortains only convex surfacecomponerts.

4. Approximately ( ) Convex

The succesof our approad dependscritically on the accuracyof the methods we
useto prioritize the importance of the non-corvex features. Intuitiv ely, important

features provide key structural information for the application. For instance, visu-
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Figure 8. Vertex r is a notch and its concaity is measuredas the distanceto the
convex hull CHp.

ally saliert featuresare important for a visualization application, featuresthat have
signi cant impact on simulation results are important for scierti ¢ applications, and
features represeting anatomical structures are important for character animation
tools. Although curvature has beenone of the most popular tools usedto extract
visually saliert features,it is highly unstable becauseit iderti es featuresfrom local
variations on the model's boundary. In cortrast, the concavity measuresve consider
here identify featuresusing global properties of the boundary. Figure 8 shows one
possibleway to measurethe concavity of a polygon asthe maximal distancefrom a
vertex of P (r in this example)to the boundary of the convex hull of P. The intuition

is that whenthe concavity (of a polygon or a polyhedronP) obtained using a certain
concavity measureis \small enough”to be ignored, then P can be consideredto be
corvex or P can be represeted by its corvex hull. We formalize this intuition with

the following de nition of -corvex, where the parameter is usedto cortrol how

cornvex the componerts in the ACD will be.

De nition  A.1. concavity and -convex. We say a polygonor a polyheron P
has concavity(P) , or equivalentlythat P is -convex,if all verticesv of P have

concavity(v) , Whete concavity( ) denotesthe concavity measurement of
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B. Related Work on Convex Decomppsition

Convex decompsition of polygonsis a well studied problem and hasoptimal solutions
under di erent criteria. In cortrast, corvex decomposition in three-dimensionss far
lessunderstood. In this section,we will reviewrelated work on convex decomposition
of polygonsand polyhedra.

Another set of related work is meshgenerationwhich decompsesa polygon or
a polyhedroninto triangle, tetrahedral, quadrilateral or hexahedralmesheswith an
arbitrary number of additional (Steiner) points. Many strategiesare proposedto

generatemeshes.A good survey of thesestrategiescan be found in [101]].

1. Convex Decomposition of Polygons

Many approades have beenproposedfor decompmsing polygons; seethe survey by
Keil [70. The problem of corvex decompsition of a polygon is normally subject
to someoptimization criteria to produce a minimum number of corvex componerts
or to minimize the sum of the length of the boundariesof these componerts (called
minimum ink [70]). Convex decomposition methods can be classi ed accordingto the

following criteria:
Input polygon: simple, holesallowed or disalloved.
Decomposition method: additional (Steiner) points allowed or disallowed.

Output decomposition properties: minimum number of componerts, shortest

internal length, etc.

For polygonswith holes,the problemis NP-hard for both the minimum compo-

nerts criterion [90] and the shortestinternal length criterion [69, 91].



14

When applying the minimum componert criterion for polygonswithout holes,the
situation variesdependingon whether Steinerpoints (points in addition to the original
vertices) are allowed. When Steiner points are not allowed, Chazelle[28] presens an
O(nlogn) time algorithm that producesfewer than 41 times the optimal number of
componerts, wheren is the number of vertices. Later, Green[52] provided an O(r 2n?)
algorithm to generatethe minimum number of corvex componerts, wherer is the
number of notches. Keil [69 improved the running time to O(r2nlogn), and more
recerly Keil and Snceyink [71] improved the time bound to O(n + r2min (r?;n)).
When Steiner points are allowed, Chazelle and Dobkin [32] proposean O(n + r3)
time algorithm that usesa so-calledX «-pattern to remove k notchesat oncewithout
creatingany newnotches. An X -pattern is composedof k segmets with onecommon
end point and k notcheson the other end points.

When applying the shortestinternal length criterion for polygonswithout holes,
Greene[52] and Keil [68] proposedO(r?n?) and O(r?n?logn) time algorithms, re-
spectively, that do not use Steiner points. When Steiner points are allowed, there
are no known optimal solutions. An appraximation algorithm by Levcopoulos and
Lingas [79] producesa solution of length O(plogr) with Steiner points, wherep is
the length of perimeter of the polygon, in time O(nlogn).

Not all convex decomposition methods fall into the above classi cation. For ex-
ample, instead of decommsingP into corvex componerts whoseunion is P, Tor and
Middleditch [129 \decompose" a simple polygon P into a set of convex componerts
fCig sudh that P can be represeted as CHp [ {C;, where\ " is the set dier-
enceoperator, and instead of decompsing a polygon, Fevenset al. [49] partition a
constrained2D point set S into corvex polygonswhoseverticesare points in S.

Recertly, seweral methods have beenproposedto partition a polygon at saliert

features. Siddigi and Kimia [117] use curvature and region information to identify
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limbs and necks of a polygon and usethem to perform decomposition. Simmonsand
Sequin [119 proposeda decompsition using an axial shag graph, a weighed me-
dial axis. Tanaseand Veltkamp [12§ decompsea polygon basedon the everts that
occur during the construction of a straight-line skeleton. Theseewerts indicate the
annihilation or creation of certain features. Dey et al. [45 partition a polygon into
stablemanifolds which are collectionsof Delaunay triangles of sampledpoints on the
polygon boundary. Sincethese methods focus on visually important features, their
applications are more limited than our appraximately convex decompsition. More-
over, most of these methods require pre-processing(e.g., model simpli cation [66])
or post-processing(e.g., merging over-partitioned componerts [45)) due to boundary

noise.

2. Convex Decomposition of Polyhedra

Cornvex decompsition of three-dimensionalpolyhedrais not aswell understood asthe

two-dimensionalcase.Although this topic hasbeenstudied for seeral decadesmost

of the work focuseson re ning the complexity requiremerts of Chazelle'spopular

notch cutting approad. Indeed, Chazelle'snotch-resolving approad has inspired

many other researbersto nd morerobust and e cien t implemertations. To resole

a notch of a polyhedronP, a cutting plane CHp, passingthrough the notch separates
the incident facetsand resultsin a decompsition wherethe dihedral anglesare both

lessthan 180 .

Chazelle[27, 29 shavsthat at most |'2+Tr+2 convex componerts will be generated
if only onecutting planeis usedfor eat notch, r;, and its sub-notdes,fr; g. Herer;;
is the j-th sub-nott generatedby intersectingr; and the cutting planesforr;, 8i 6 j.
His method works by cutting all notcheswith cutting planesin an arbitrary order.

Therefore,the main issueof corvex decompsition becomeshow the polyhedron can
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be cut by a given plane. First, the intersectionof the plane and the polyhedron, W,
is a set of simple polygonswith holeswhich may encloseother polygons. Sincethese
polygonsdo not overlap, a tree structure of thesepolygonscan be built in O(k logk)
time with k verticesin W. For a polygonalchain p, a polygonal chain g is p's ancestor
if q cortains p directly or indirectly, and a polygonal chain r is a child (descendat)
of p if r is contained in p directly (indirectly). This is called the polygon nesting
problem. This structure helpslocate the polygon, s, in W that corntains the notch to
be cut and all polygonsinside s. The cutting processis then done by splitting the
edgesand facesthat intersectthe cutting plane and that cortain the polygon s and
descendats of s. His method generatesthe worst caseoptimal O(r?) corvex parts
and usesO(nr3) time with O(nr?) space.

The notch cutting approad proposedby Bajaj and Dey [11] considerednon-
manifold modelswhich may cortain notcheswith isolated verticesand edges,or non-
manifold vertices and edgesand re ective edgeswith dihedral anglesgreater than
180 . Sincetheir plane cutting approad will generatenon-manifold polyhedra even
if the initial model is manifold, ead cutting procedurestarts decompsingthe model
by removing non-manifold featuresand then resolesa re ectiv e edgeusingits plane
cutting. By usingBajaj and Dey's approad [10] to solwe the polygonnestingproblem
and more careful analysis,they achieved a corvex decomsition in O(nr? + r%) time
with O(nr + r) space. They also provide a similar but robust algorithm which
operates under nite precision arithmetic computations in O(nr2 + nr logn + r#)
time.

Hershbergerand Snceyink [56] obtainedO(nr +r g) worst-casdime complexity by
studying the complexity of the horizon of a segmeh in an incremertally constructed
erasedarrangemen of n lines.

As mertioned in [33], despite the practical motivation, little researt on the
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convex decomposition of polyhedrahasgonebeyond the theoretical stage. Currently,
decompsingthe surfaceof polyhedra[33, 34]is a more active researt areadueto its
simplicity in theory and implemertation. A surfaceis called corvex if it lies ertirely
on the boundary of its corvex hull. Therefore,surfacedecompsition is a problem of
generatinga set of corvex surfaceswhoseunion is the surfacethe given model and
intersectionis an empty set. The applicationsof corvex surfacedecompsition include
rendering [12], collision detection [12, 111], and penetration depth [74]. Although
generatinga minimum number of corvex surfacesis still NP-complete, Chazelleet
al. [33] proposedse\eral heuristics: spacepartition, spacesweep,and o oding. They

concludedthat o od-and-retract will be the simplestand most e cien t.
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CHAPTER 111

APPROXIMATE CONVEX DECOMPOSITION (ACD)

Researb in Psydology has shavn that humans recognizeshapes by decompsing
them into componerts [14, 95,117, 120. Therefore,one approad that may produce
a natural visual decomposition is to partition at the most visually noticeablefeatures
such as the most derted or bert area, or an area with branches. Our approad
for approximate corvex decompsition follows this strategy. Namely, we recursively
remove (resolwe) concarefeaturesin order of decreasingsigni cance until all remaining
componerts have concavity lessthan somedesiredbound. One of the key challenges
of this strategy is to determine appraximate measuresof concavity. We considerthis
guestionin later chapters. In this chapter, we assumethat sud a measureexists.

More formally, our goal is to generate -corvex decompsitions, where is a
user tunable parameter denoting the concavity tolerance of the application. (See
De nition A.1 onp. 12). P is saidto be -approximate corvex if concavity(P) <
A -cornvex decomposition of P, CD (P), is de ned asa decomposition that cortains

only -corvex componerts; i.e.,

CD (P) = fCij Ci 2 D(P) and concaiity(C;)  g: (3.1)

Note that a 0-corvex decompsition is simply an exact corvex decomposition, i.e.,
CD - (P) = CD(P).

Algorithm 1 descrikesa divide-and-@nquer strategy to decompseP into a set
of -corvex pieces.The algorithm rst computesthe concaity, and a point x 2 @
witnessing it, of the polygon or polyhedron P, i.e., X is one of the most concave
featuresin P. If the concavity of P is within the speci ed tolerance , P is returned.

Otherwise, if the concavity of P is above the maximum tolerable value, then the
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Algorithm 1 Approx_CD(P, )

Input. A polygon or a polyhedron, P, and tolerance, .

Output. A decomposition of P, f Cjg, such that maxf concavity(C;i)g
1: ¢ = concaity(P)

2. if cvalue< then

3: return P

4: else

5: f Cig= Resolv e(P, c.witness).

6: for Each componert C 2 fCjg do

7. Approx_CD(C, ).

Resolv e(P;x) sub-routine will produce two componerts by resolving the concave
feature at x, i.e., produce a decompsition of P in which x is a convex feature. In
the next two chapters, we will discussin detail about how concavity canbe measured
and how concave featurescan be resoled for polygonsand polyhedra.

An overview of the decompsition processis shown in Figure 9(a). Due to the
recursive application, the resulting decomposition hasa natural hierarchy represemned
as a binary tree. An exampleis shown in Figure 9(b), where the original model P
is the root of the tree, and its two children are the componerts P; and P, resulting
from the rst decomposition. If the processis halted before convex componerts are
obtained, then the leaves of the tree are appraximate convex componerts. Thus,
the hierarchical represemation computedby our approad provides multiple Levelsof
Detail (LOD). A single decomposition is constructed basedon the highest accuracy
needed,but coarser,\less corvex" componerts can be retrieved from higher levelsin
the decompsition hierarchy when the computation doesnot require that accuracy

For someapplications, the ability to consideronly important featuresmay not
only be more e cien t, but may alsoleadto improved results. In pattern recognition,
for example,featuresare extracted from imagesand polygonsto represem the shape
of the objects. This process,e.g., skeleton extraction, is usually sensitive to small

detail on the boundary, sud as surfacetexture, which reducesthe quality of the
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(a) (b)
Figure 9. (a) Decomposition process.The tolerable concavity is userinput. (b) A

hierarchical represemation of polygonP. Vertexr is a notch and concavity
is measuredasthe distanceto the corvex hull CHp.

CHp'-

extracted features. By extracting a skeletonfrom the corvex hulls of the componerts
in an appraximate decompsition, the sensitivity to small surface features can be

removed, or at least decreased83].

A. Selectionof Concavity Tolerance( )

The main task that still needsto be speci ed in Algorithm 1 is how to measurethe
concaity of a polygon or a polyhedron. We useconcaity measuremenat a point as
a primitiv e operation to decidewhethera model P shouldbe decommsedand to iden-
tify concave featuresof P. In principle, our approad should be compatible with any
reasonablemeasuremen (the requiremens for concarity measuremen are discussed
in the next section), and indeedthe selectionof the measurefor the concavity toler-
ance should depend on the application. For example,for someapplications, sut
as shape recognition, it may be desirablefor the decompsition to be scaleinvariant,
i.e., the decompositions of two di erent sizedmodelswith the sameshape should be
idertical. Measuringthe distancefrom @ to @Hp is an exampleof measurethat
is not scaleinvariant becausdt would result in more componerts when decompsing
a larger model. An exampleof a measurethat could be scaleinvariant would be a

unitless measureof the similarity of the model to its corvex hull, or, onecould simply
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normalize distances,e.g., by dividing by a scaleparameters, d(@; @Hp)=s.

B. Concavity

In cortrast to measureslike radius, surface area, and volume, concavity does not
have a well acceptedde nition. For our work, howewer, we needa quartitativ e way
to measurethe concavity of a polygon or polyhedronthat can be computedin eadh
iteration of Algorithm 1. A few methods have beenproposed[121, 19, 39, 20, 9] that
attempt to measurethe concavity of an image (pixel) basedpolygon asthe distance
from the boundary of P to the boundary of the pixel-based\convex hull* of P, called
CHJ, using Distance Transform methods. SinceP and CHS are both represeted
by pixels, CH2 can only be nearly corvex. Convexity measuremets [123 136 of
polygons estimate the similarity of a polygon to its corvex hull. For instance, the
cornvexity of P canbe measuredasthe ratio of the areaof P to the areaof the convex
hull of P [13§ or asthe probability that a xed length line segmeh whoseendpoints
are randomly positionedin the corvex hull of P will lie ertirely in P [13§. To our
knowledge,no concavity measurehas beenproposedfor polyhedra.

Another complication with trying to usea global measureinstead of a measure
relatedto afeatureof the polygonP, sud asconvexity, it that it isdi cult to usesut
global measuremets to e cien tly idertify where and howto decompsea polygon so
as to increasethe convexity measuremets of the componerts. For example, Rosin
[109 presens a shape partitioning approad that maximizesthe cornvexity of the
resulting componerts for a given number of cuts. His method takes O(n?") time
to perform p cuts. This exponertial complexity forbids any practical use of this
algorithm in our case.

Although ACD is not restricted to a particular measure,most of the measures
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Figure 10. Although polygon P; is visually closerto being corvex than polygon
P,, this is not iderti ed by their corvexity measuremets, as de ned in
Eqn 7.2, which are equal, i.e., corvexity(P;) = corvexity(P5).

we considerin this work de ne the concavity of a model P asthe maximum concavity

of its boundary points, i.e.,
concavity(P) = rrz%xf concavity(x)g ; (3.2)
X

where x are the verticesof P. We de ne the concavity of a point x, concavity(x),
as the distance from x to the boundary of the corvex hull CHp. An important
consequencef this decisionis that now we can usepoints with maximum concavity
to identify important featureswhere decompsition can occur. This would not be
the caseif we chooseto sum concavities or if we usedthe convexity measuremetin

[123 134, wherethe corvexity of a model P is de ned as

volume(P)

COWeXity(P) = W(CHp) .

(3.3)

For example,the polygons,P; and P,, shawvn in Figure 10 have the samecorvexity,
but P, is visually closerto being convex than polygon P,.
1. Retraction Function

In this work, we will de ne concavity usinga retraction function that tracesa path to

the boundary of the corvex hull. More formally, let retracty(t) : @ ! CHp denote
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the function de ning the trajectory of x whenx is retracted from its original position
to @Hp. Whent = 0, retracty(t) is x itself. Whent = 1, retracty(t) is a point on
@Hp. Assumingthat this retraction existsfor x, we de ne
Z (etract « (1)
concavity(x) = idij; (3.4)
retract x (0)

whered’ isadi erential displacemen vectoralongthe curveretract,(t), i.e., concavity(x)
is the arc length of the function retracty(t) with t from zeroto one.

Intuitiv ely, onecanusethe following analogyfor the retraction function. Imagine
that P is a balloon placedin a mold with the shape of CHp. As we pump air into
the balloon P, it will gradually expandto assumethe shape of CHp. The trajectory
for a point x on P is the path traveledby x during the in ation from its position on
the initial shape to its position on the the nal shape of the balloon.

Unfortunately, although the intuition is simple, it is not easyto de ne or compute
suc aretraction path. For example,we cande ne this balloon expansionasa process
of enlarging the inscribing balls of the points on the medial axis MA(P) of P. The
medial axis of P, MA(P), is the set of points in p 2 P sud that a maximal ball
certered at p and cortained in P is tangert to the boundary of P in at least two
points. Let x be a point on @ but not on @Hp and let y be a point on MA(P)
whosemaximum enclosingball cortacts @ at x. SeeFigure 11(a). At time t, x will

be retracted away from y in the direction of y'x , L.e.,
Xt+gt = retracty(t + dt) = x; + y; §<t dt ; (3.5)

where dt is a unit time step. Another possibleway of measuring concaity is to
model P using springsand then simulate in ation [72]. Howewer, thesemethods are
computationally expensie.

We next de ne a classof retraction functions that have proven suitable for usein
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Figure 11.(a) De ning concavity retraction using the medial axis. (b) Straight line
distanceconcaity (left) and shortestpath distanceconcavity (right).

T

ACD. In particular, asshown later in this dissertation, the properties of the retrac-
tion functions in this classcan be exploited to establishthe correctnessof our ACD

approad.

De niton B.1. Let P = P° be a polygon or polyhedron and let P'*' denotethe
decomposition of P' that resultswhenone or more notchesof P' is resolvel.

We say that a retraction function (x), or simply , is simpleif:
concavity (P')  concaity (P!); 8i < j; (3.6)
wheee concavity (PX) = max,,y«fconcawe (x)g, and wesay is stable if:

(x) in P’ (x) in P 8i < | (3.7)

Lemma B.2. If the retraction function is simple and stable,then the point x that
maximizes (x) must be a notch and resolvingthe concave feature at x in P' will

resultin P! that has monotonically decreasing concavity.

Proof. If the retraction function (x) is stable, then resolving notchesin V' cannot
increasethe concavity of the verticesin V'*1 . Therefore,if the vertex x with maximum
concavity in P' is resolved, then the concavity of P'*! cannotincrease.Thus, x must

bein Vi nVi*! and x must be a notch. ]
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1 pocket ™ bridge

Figure 12. Vertices marked with dark circles are notches. Edge (5,7) is a bridge
with an assaiated pocket f (5; 6); (6; 7)g. Edge (8,1) is a bridge with an
assaiated pocket f (8;9); (9; 0); (0; 1)g.

The correctnessargumerts we make regarding ACD in Chapter IV only assume
that the retraction function is simple and stable. That is, our framework is not
dependen onthe particular retraction methods studiedin this work, andin particular,
the samecorrectnessguararteeswill be provided by any retraction function that is

simple and stable.

2. Bridgesand Pockets

Our concarity measuresusethe conceptsof notches bridges and pockets; seeFig-

ure 12. Recall that vertices of a polygon and edgesof a polyhedron, respectively,

are notchesif they have internal anglesgreater than 180. For a given polygon P,

bridges are cornvex hull edgesthat connecttwo non-adjacen vertices of @, i.e.,

BRIDGES(P) = @Hp n @ . Pockets are maximal chains of non-corvex-hull edges
of P, i.e., POCKETS(P) = @ n@Hp. Note that the samede nitions of bridge and

pocket can also be applied to polyhedra.

Obsenation B.3 states the relationship between bridges, pockets, and notches

for polygons

Observ ation B.3. Given a simple polygonP. Notchescan only be found in pockets.
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Eachbridgehasan ass&iated pocket, the chain of @, betwesn the two bridgevertices.
Hole boundariesare also pockets, but they haveno asseiated bridge.
Becauseconcave features,i.e., notches,canonly be found in pockets we measure

the concavity of a notch x by

asseiating eat bridge with a unique pocket, and
computing the distancefrom x to its assaiated bridge , i.e., concavity(x) =

dist(x; @Hp) = dist(x; ).

For polygons,there is a natural one-to-onebridge/p ocket matching that can be
obtained easily In Chapter IV, we proposetwo practical simple and stableretraction
methods to compute concavity [85]: the straight-line distanceto the bridge and the
length of the shortest path to the bridge that does not intersect the polygon; see
Figure 11(b).

Unfortunately, the techniquesusedfor polygonsdo not extend easily to three-
dimensions.In particular, there is no trivial one-to-onebridge/p ocket matching and
so we must de ne one and dewelop methods for computing it. In Chapter V, we
discusshow the bridge/p ocket relationship can be computed. In addition, while SL-
concavity can still be computed e cien tly, the best known methods for computing
shortest paths on polyhedra require exponertial time [113 and even methods [36]

that appraximate the shortest paths are too ine cien t to be usedin our approad.
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CHAPTER IV

APPROXIMATE CONVEX DECOMPOSITION OF POLYGONS
In this chapter, we descrike our strategy for decomppsinga polygon, cortaining zero
or more holes,into \approximately convex" pieces.As we will seelater in this chapter,
for many applications, the approximately corvex componerts of this decomposition
provide similar bene ts as corvex componerts, while the resulting decomposition is
both signi cantly smaller and can be computed more e ciently. Features of this

approad arethat it
appliesto any simple polygon, with or without holes,
provides a medanismto focus on key features,and

producesa hierarchical represetation of convex decompsitionsof variouslevels

of approximation.

Figure 13 shows an appraximate cornvex decomposition with 128 componerts and a
minimum corvex decomposition with 340 componerts [7]1] of a Nazcaline monkey.Y

Our algorithm computesan ACD of a simple polygon with n vertices and r
notchesin O(nr) time. In contrast, asdescrited in Chapter 11, exact corvex decom-
position is NP-hard [90, 69, 91] or, if the polygon has no holes, takes O(nr?) time
[32 71].

Wefollow the divide-and-@nquerstrategy, asdescrikedin Algorithm 1, to decom-
posea polygonP into a setof -cornvex pieces.Recallthat the two main sub-routines
required for this algorithm include sub-routinesthat measureand resole concare

YNazcalines [25 are mysterious drawings found in southwest Peru. They have

lengthsranging from se\eral metersto kilometersand canonly berecognizedoy aerial
viewing. Two drawings, monkey and heron, are usedas examplesin this chapter.
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(a) (b) (c)

Figure 13. (a) The initial Nazcamonkey has 1,204 vertices and 577 notches. The
radius of the minimum bounding circle of this model is 81.7 units. Set-
ting the concavity toleranceat 0.5 units, and not allowing Steiner points,
(b) an approximate corvex decomposition has 126 appraximately corvex

componerts, and (c) a minimum cornvex decompsition has 340 cornvex
componerts.

features. General issuesand details regarding of our concavity measuremets are
preseried in SectionA. Next, in SectionB, we discusshow a concave feature with
unacceptableconcavity can be resohed. In SectionC, we analyzethe complexity of

the method and provide implemertation details and experimertal resultsin D.

A. MeasuringConcavity

Recall that the concaity of a boundary point x of a polygon P is the distance
from x to the boundary of P's convex hull. In this section, we will discusshow the
distance can be approximated for points that are on the external boundary and on

hole boundaries.
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vanishechole,P;Y

(a) (b)

Figure 14. (a) The initial shape of a non-corvex balloon (shaded). The bold line is
the corvex hull of the balloon. When we in ate the balloon, points not
on the convex hull will be pushedtoward the corvex hull. Path a denotes
the trajectory with air pumping and path bis an approximation of a. (b)
The hole vanishesto its medial axis and vertices on the hole boundary
will newer touch the corvex hull.

1. MeasuringConcavity for External Boundary (@) Points

An intuitiv e way to de ne concavity for a point x 2 @, concavity(x), is to consider
the trajectory of x when x is retracted from its original position to @Hp. Recall
that we let retract(t) : @ ! CHp denote the function de ning the trajectory
of a point x 2 @ when x is retracted from its original position to @Hp. More
details regarding the function retract,(t) can be found in Chapter I11, wherewe also
descrike the properties that we require for the retraction function. An intuition of
this retraction function is illustrated in Figure 14(a). Recallthat we canthink of P as
a balloon that is placedin a mold with the shape of CHp. Although the initial shape
of this balloon is not corvex, the balloon will becomesoif we keeppumping air into
it. Then the trajectory of a point on P to CHp can be de ned asthe path traveled
by a point from its position on the initial shape to the nal shape of the balloon.
Although the intuition is simple, a retraction path sud as path a in Figure 14(a) is
not easyto de ne or compute.

Below, we descrile three methods for measuringan appraximation of this re-
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traction distancethat can be usedin Algorithm 1. Recallthat eat pocket on the
external boundary @, is assaiated with exactly one bridge . In SectionA.l.a,
this retraction distanceis measuredby computing the straight-line distancefrom x
to the bridge. Although this distanceis fairly easyto compute, aswe will seein Sec-
tion A.l.a, using it we cannot guarartee that the concavity of a point will decrease
monotonically. A method that doesnot have this drawbadk is shaovn in SectionA.1.b,
wherewe extract a shortestpath from x to the bridge from a visibility tree cortained
in the pocket. Unfortunately, this distance is more expensivwe to compute. Hybrid

approatesthat seekthe advantagesof both methods are proposedin SectionA.1.c.

a. Straight Line Concavity (SL-Concavity)

In this section, we approximate the concavity of a point x on @, by computing the
straight-line distancefrom x to its assaiated bridge , if any. Note that this straight
line may intersect P. Table 1 shows the decompsition of a Nazca monkey using
SL-concaity.

Although computing the straight line distanceis simple and e cien t, this ap-
proad hasthe drawbadk of potentially leaving certain types of concave featuresin
the nal decompsition. As shavn in Figure 15, the concavity of s doesnot decrease
monotonically during the decompsition. This results in the possibility of leaving
important features,sud ass, hiddenin the resulting componerts. This de ciency is
alsoshawn in the rst imageof Table1 ( = 40) whenthe spiral tail of the monkey
is not well decompsed. Theseartifacts result becausehe straight line distancedoes

not re ect our intuitiv e de nition of concavity.
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H2-Concavity with
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Nazca monkey (Figure 13(a)) decomposition using SL-, SP-, H1-, and
as40, 20, 10, and 1 units. Recallthat the radius of

the minimum enclosingcircle of the monkey is 81.7 units.

=40

=20

=10

SL-Conca vit'y

&°
&°
&°

(6 components)

(13 components)

(24 components)

SP-Conca vit y

&°
&°
&°

(12 components)

(16 components)

(26 components)

H1-Conca vity

&°
&°
&°

(12 components)

(16 components)

(26 components)

H2-Conca vit y

&°
&°
&°

(12 components)

(15 components)

(25 components)

(90 components)
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Figure 15. Letr bethe notch with maximum concavity measuredusing SL-concaity.
After resolvingr, the concavity of s increases.If concavity(r) < , then
s will never be resohed even if concavity(s) would be larger than if the
model wereto be resohed at r.

b. ShortestPath Concavity (SP-Concavity)

In our secondmethod, we nd a shortest path from ead vertex x in a pocket to
the bridge line segmeh = ( ; *) sud that the path lies ertirely in the area
enclosedoy and , which we referto asthe pocket polygonand denoteby P . Note
that P must be a simple polygon. SeeFigure 16(a). In the following, we use (X;y)
to denote the shortest path in P from an object x to an object y, wherex and y
can be edgesor vertices. Two objects x and y are said to be weakly visible [8] to
ead other if one can draw at least one straight line from a point in x to a point in
y without intersecting the boundary of P . A point x is said to be perpendicularly
visible from aline segmen if x is weakly visible from and one of the visible lines
betweenx and is perpendicularto . For instance,points a and c in Figure 16(b)
are perpendicularly visible from the bridge and band d are not. We denoteby V™
the orderedset of verticesthat are perpendicularly visible from , whereverticesin
V™' have the sameorder asthosein @,.

We compute the shortestdistanceto for ead vertex x in  accordingto the
processsketched in Algorithm 2. First, we split P into three regions,P , P
and P . asshawn in Figure 16(b). The boundariesbetweenP ~andP andP
andP .,i.e,a andc *, areperpendicularto . As shown in LemmaA.2, the

shortest paths for verticesx in P or P + to arethe shortestpathsto or *,
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(@) (b)

(c)
Figure 16. (a) P isasimplepolygonenclosedoy abridge andapocket . (b) Split
PintoP ,P ,andP .. (c)V =fvsvgvggandV™ = fvs;Vg; Viog.

respectively. Thesepaths can be found by constructing a visibility tree [53 rooted
at ( *) to all verticesin P (P ).

The shortestpath for avertexx 2 P to is composedof two parts: the shortest
path (x;y), from x to somepoint y perpendicularly visibleto ,i.e.,y2 V™, and
the straight line segmen connectingy to , (y; ). LetV =fv2 @ gnV".
Figure 16(c) illustrates an exampleof V* andV . For eath v 2 V™, there existsa
subsetof verticesin V that are closerto v than to any other verticesin V*. These
vertices must have shortest paths passingthrough v. For instance,in Figure 16(c),
vg and v; must passthrough vs. Moreover, theseverticescan be found by traversing
the verticesof @ in order. For example, vertices betweenvg and v;o must have
shortest paths passingthrough either vg or vyq.

We compute V¥ by rst nding verticesin P that are weakly visible from



34

Algorithm 2 SP_Concavity( , )

1. Split P into polygonsP ,P ,and P -+ asshawn in Figure 16(b).
2: Construct two visibility trees, T and T*, rooted in and *, respectively, to all
verticesin
Compute (v; ); 8v2 P (resp.,P +) from T (resp., T).
Compute an orderedset,V*,in P fromT andT".
for ead consecutiwe pair (vi;v;) 2 V' do
for i<k<j do
(Vic ) =min  (vigvi)+ (vi; ); (visvp)+ (v5 ) .
Return fx; cg, wherex 2 is the farthest vertex from with distancec.

© Nog kW

and then Itering out verticesthat are not perpendicularly visible from . If a vertex
v2 P isweaklyvisible from ,both (v; )and (v; ) mustbe outward corvex
Following Guibas et al. [53], we say that (v; ) is outward corvex if the corvex
anglesformed by successig segmets of this path keepincreasing. LemmaA.1 [53
statesthe property of two weakly visible edges.Our problem is a degeneratecaseof
LemmaA.1l asone of the edgescollapsesinto a vertex, v. Therefore, nding weakly

visible verticesof canbe doneby constructing two visibilit y treesrooted at and

+

Lemma A.1. [53 If edgeabis weakly visible from edgecd, the two paths (a;c) and
(b;d) are outward cornvex.
The following lemma shows that Algorithm 2 nds the shortest paths from all

verticesin the pocket to its assaiated bridge line segmeh

Lemma A.2. Algorithm 2 nds the shortestpath from everyvertexv in pocket to

the bridge

Proof. First we shaw that, for verticesv in regionP , (v; ) must passthrough
to reach . If the shortestpath (v; ) from somev 2 A doesnot passthrough
then it must intersect a at somepoint which we denotea. Vertex vz in Figure 16(c)

is an exampleof such a vertex. Howewer, the shortest path from 4 to is the line
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segmen from Ato . This cortradicts the assumptionthat (v; ) doesnot pass
through . Therefore,all points in P must have shortest paths passingthrough
. Also, it hasbeenproved that the visibility tree cortains the shortest paths [77]
from onevertex to all othersin a simple polygon. Therefore, Line 3 in Algorithm 2
must nd shortestpathsto for all verticesin P . Similarly, it can be shavn that
(v; ) for all verticesin regionP - must passthrough ~.
For verticesv in regionP , we show that (v; ) must passthrough V* to reat
. If v 2 V¥, then the condition is trivially satis ed. Hencewe needonly consider
v2V . Verticesvg 2 V" andvg 2 V in Figure 16(c) are examplesof suc vertices.
If the shortestpath (v; ) for somev 2 V doesnot passthrough V* then it must
intersectthe segmen perpendicularto  passingby somevertexin V*. Let v02 V*
be such a vertex and denotethe point where (v; ) intersects?v° asb. Sincethe
shortestpath fromBto isastraight lineto andit passeshrough v°2 V*, we have
a cortradiction to the assumptionthat (v; ) doesnot passthrough somev 2 V™.

Therefore, Algorithm 2 must nd the shortestpath to for all verticesin P . [

The concaity of a vertex v is the length of the shortest path from v to its
assaiated bridge . To computethe SP-concaity of @, we nd all bridge/p ocket
pairs and apply Algorithm 2 to ead pair. Examplesof retraction trajectories using
SP-concaity are shawvn in Figure 17.

Next, we show that concavity(P) decreasesnonotonically in Algorithm 1 if we
usethe shortestpath distanceto measureconcaity. The guarartee of monotonically
decreasingconcaity eliminates the problem of leaving important concave features

untreated as may happen using SL-concaity (seeTable 1).

Lemma A.3. The concvity of @, decreasesmonotoniclly during the decomposition

in Algorithm 1 if we use SP-mnavity.
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Figure 17. Shortestpaths to the boundary of the corvex hull.

Proof. We show that the concavity of a point x in a pocket of @, either decreases
or remainsthe sameafter another point x°2 isresohed. Let be 's bridge with
and * asend points. After x°is resoled, breaksinto two polygonal chains,
from to x°and from x°to *. New pockets and bridgeswill be constructed for
both polygonal chains. Sincethe shortestpath from x to the previousbridge must
intersectthe bridge for x's new pocket, the new concavity of x will decreaser remain

the same. O

Finally, we show that Algorithm 2 takesO(n) time to compute SP-concaity for

all verticeson @,.

Lemma A.4. Measuring the concavity of the vertices on the external boundary @,

using shortestpaths takesO(n) time, whele n is the size of @,.

Proof. For ead bridge/pocket, we shav that the SP-concaity of all pocket vertices
can be computedin linear time, which implies that we can measurethe SP-concaity
of P in linear time. First, it takesO(n) time to split P intoP ,P ,andP -
by computing the intersectionbetweenthe pocket and two rays perpendicularto
initiating from and *. Then, usinga linear time triangulation algorithm [30, 2],
we can build a visibility tree in O(n) time. Finding V* ( ) takesO(n) time asshown

F)
in [53]. The loopin Lines5to 8 of Algorithm 2takes jj ij n= O(n) time since
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the (i; j) intervals do not overlap. Thus, Algorithm 2 takesO(n) time and therefore

we can measurethe SP-concaity of P in O(n) time. O

c. Hybrid Concavity (H-Concavity)

We have consideredtwo methods for measuringconcavity: SL-concaity, which can
be computed e cien tly, and SP-concaity, which can guarartee that concavity de-
creasesnonotonically during the decomposition process.In this section,we descrike a
hybrid approad, calledH-concavity, that hasthe advantagesof both methods| SL-
concavity is usedasthe default, but SP-concaity is usedwhen SL-concaity would
result in non-monotonically decreasingconcavity of P.

SL-concaity canfail to report a signi cant feature x whenthe straight-line path
from x to its bridge intersects@,. In this case,x's concaity is under measured.
Whether a pocket cancortain sud points canbe detectedby comparingthe directions
of the outward surfacenormalsfor the edgesg; in the pocket and the outward normal
direction n of the bridge . The decisionto use SL-concaity or SP-concaity is

basedon the following obsenation. Figure 18 illustrates this obsenation.

Observation A.5. Let and be a bridge and pocket of @, respctively. If

concaity(@) doesnot decreasemonotonially using the SL-concavity measure, there

must be an edgee 2 suchthat the normal vector of e, Re, and the normal vector of
, i, point in opposite directions, i.e., R, A < 0.

This obsenation leadsto Algorithm 3. We rst use Obsenation A.5 to chedk
if SL-concaity can be used. If so, the concavity of P and its witnessis computed
using SL-concaity. Otherwise, SP-concaity is used. This approad improves the
computation time and guararteesthat the decompsition processhas monotonically

decreasingconcavity.
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(a) (b)

Figure 18. SL-concaity can handle the pocket in (a) correctly becausenone of the
normal directions of the verticesin the pocket are opposite to the nor-
mal direction of the bridge. Howewer, the pocket in (b) may result in
non-monotonically decreasingconcavity.

Another option is to useSL-concaity more aggressiely to compute the decom-
position even more e cien tly. This approad is described in Algorithm 4. First, we
useSL-concaity to measurethe concavity of a given bridge-pocket pair. If the max-
imum concaity is larger than the tolerancevalue , we split P. Otherwise, using
Obsenation A.5, we ched if there is a possibility that somefeature with untolerable
concavity is hidden inside the pocket. If we nd a potential violation, then SP-
concavity is used. This approad is more e cien t becauset only usesSP-concaity
if SL-concaity does not identify any untolerable concave features. We refer to the
concaities computed using Algorithm 3 and Algorithm 4 as H1-concaity and H2-
concavity, respectively.

Unlike H1-concaity, decompmsition using H2-concaity may not have mono-
tonically decreasingconcavity. Thus, the order in which the concave features are
found for H1- and H2-concaity can be di erent. Table 1 shows the decomposition
processusing H1-concaity and H2-concaity, respectively. The decompsition us-
ing H1l-concaity is identical to that using SP-concaity. The decompsition using
H2-concaity is more similar to the decompsitionsthat would result from using SP-

concavity with alarger or from using SL-concaity with smaller . We alsoobsene
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Algorithm 3 H1-Concaity( , )
1. if No potential hazard detected,i.e., @ 2 sud that a;, R < 0then

2. Return SL-concavity and its witness. (Section A.1.a)
3: else
4. Return SP-concaity and its witness. (Section A.1.b)

Algorithm 4 H2-Concavity( , )

1: SL-concavity and its witnessfx; cg. (Section A.1.a)

2:if ¢c> then

3: Return fx; cg.

4: if No potential hazard detected,i.e., @ 2 sud that n, A < 0then
5: Return fx; cg.

6: Return SP-concaity and its witness. (Section A.1.b)

that the relative computation costs of the di erent measuresare, from slowest to
fastest: SP-concaity, H1-concaity, H2-concaity, and nally SL-concaity. Exper-
iments comparing decompsitions using these concavity measuresare presened in

SectionD.

2. Measuringthe Concavity for Hole Boundary (@; o) Points

Note that in the balloon expansionanalogy points on hole boundarieswill never
touch the boundary @Hp of the corvex hull CHp. The concavity of points in holes
is thereforede ned to be in nit y and sowe needsomeother measurefor them. We
will estimate the concavity of a hole P; locally, i.e., without consideringthe external
boundary @, or the corvex hull @Hp. Using the balloon expansionanalogyagain,

we obsene the following.

Observation A.6. P; will \vanish" into a setof connected curved segmentsforming
the madial axis of the holeasit contracts when@®, transformsto CHp. Thesecurved
segmentswill be the union of the trajectories of all points on @; to CHp one @; is

merged with @y. Figure 14(b) showsan exampleof a vanishel hole.
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a. Concavity for Holes

Recallthat, from Obsenation B.3 in Chapter I1I, @; canalsobe viewed asa pocket
without a bridge. The bridge will becomeknown when a point x 2 @; is resoled,
i.e., when a diagonal between x and @, is added which will make @; becomea
pocket of @,. If x is resohed, the concavity of a point y in @; is concavity(x) +
dist(x;y). We de ne the concavity witness of x, cw(x), to be a point on @; sud
that dist(x; cw(x)) > dist(x;y); 8y 6 cw(x) 2 @;. That is, if we resole x, then
cw(x) will be the point with maximum concavity in the pocket @;. For assaiate
distancemeasuregsuc asall thoseconsideredhere),x and cw(x) are assaiative, i.e.,
cw(cw(x)) = X, sothat if we resohe cw(x), then x will be the point with maximum
concaity in the pocket @;. SeeFigure 19. Intuitiv ely, the maximum dist(p;cw(p)),
wherep 2 @; represens the \diameter" of P;. The antip odal pair p and cw(p) of
the hole P; represen important featuresbecausep (or cw(p)) will have the maximum
concaity on @; whencw(p) (or p) is resohed. Our taskisto nd p and cw(p).

A nave approad to nd the antip odal pair p and cw(p) of P; is to exhaustiwely
resole all verticesin @;. Unfortunately, this approad requiresO(n?) time, where
n is the number of verticesof P. Evenif we attempt to measurethe concavity of P;
locally without considering@, and CHp, computing distancesbetweenall pairs of

points in @; hastime complexity O(n?), wheren; is the number of verticesof P;.

b. Approximate Antip odal Pair, p and cw(p)

Fortunately, there are somepossibilitiesto appraximate p and cw(p) more e cien tly.
As previously mentioned, in our balloon expansionanalogy a holewill cortract to the
medial axis which is a good candidateto nd p and cw(p) becauseat connectsall pairs

of points in the hole P;. Once@; is mergedto @, concarity canbe computedeasily
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Figure 19. An exampleof a hole P; and its antip odal pair. The maximum distance
betweenp and cw(p) represens the diameter of P;. After resolvingp, P;
becomesa pocket and cw(p) is the most concave point in the pocket.

from the trajectories on the medial axis. SinceP; is a simple polygon, the medial
axis of P; forms a tree and can be computedin linear time [35. We can approximate
p and cw(p) asthe two points at maximum distancein the tree, which can be found
in linear time.
Another way to approximate p and cw(p) is to usethe Principal Axis (PA) of
P;. The PA for a given set of points S is a line ~ suc that total distancefrom the
points in S to ~ is minimized over all possiblelines 6 7, i.e.,
X X
dist(x; ) < dist(x; ); 8 6 : (4.2)
x2S x2S
In our case,S is the verticesof P;. The PA canbe computedasthe Eigernvector with
the largest Eigenvalue from the covariancematrix of the points in S. Oncethe PA is
computed,we can nd two verticesof P; in two extremedirectionson PA, and select
oneasp and the other ascw(p). This approximation alsotakesO(n) time.
Concavity measuredusing the PA resenbles SL-concaity becausean both cases
concaity is measuredas straight line distanceand can be usedwhen SL-concaity is
desired. Howeer, using the PA to measureSP-concaity canresult in an arbitrarily
large error; seeFigure 20. Thus, when SP-concaity is desired,concaity should be

measuredusing the medial axis.
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\: “

L 7 ®

Figure 20. While the distancebetweenthe antip odal pair (p, cw(p)) computedusing
the principal axisis d, the diameter of the holewith k turns is larger than
k d. Note that k can be arbitrarily large.

c. MeasuringHole Concavity

For a polygon with k holes,we compute the antip odal pair, p; and cw(p;), for eat
holeP;, 1 i k. We usethe antip odal pair of a hole to compute the concavity
of the hole. The reasonof using the antip odal pair is to reveal the largest possible
concaity of the hole, thus revealingimportant features. A hole P; is resohed whena
diagonalis addedbetweenp; and @,. Let x be a vertex of P closestto p; (or cw(p;))
but not in P;. Without lossof generality, assumep; is closerto x than cw(p;). We

de ne the concavity of a hole P; to be:
concavity(P;) = concavity(x) + dist(x; p;) + dist(pi;cw(pi)) + 4.2)

Sinceall verticesin a holehavein nite concavity, the term is de ned asconcawe(Py)
in Egn. 4.2 to ensurethat hole concavity is larger than the concavity of Py, and
concavity(x) + dist(x; pi)) measureshow \deep" the hole is from @,. If X 2 @,
concavity(x) is already known. Otherwise, x is a vertex of a hole boundary P;¢; and
concavity(x) = concavity(P;).

Figure 21 shows an exampleof an ACD of a polygon with three holes.
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(original) ( =5 ( =12 ( =01 ( =0
Figure 21. The original polygon has 816 vertices and 371 notches and three holes.

The radius of the boundingcircleis 8.14. When = 5,1,0.1,and 0 units
there are 4, 22, 88, and 320 componerts.

B. ResolvingConcave Features

Givena polygon P, if the concavity of P is above the maximum tolerable value, then
the Resolv e(P; x) sub-routinein Algorithm 1 will resole the concave feature at the
vertex X with the maximum concavity. A requiremen of the Resolv e subroutine is
that if x is on a hole boundary (@;, i > 0), then Resolve will mergethe hole to
the external boundary and if x is on the external boundary (@) then Resolv e will
split P into exactly two componerts. SeeAlgorithm 5 and Figure 22(a) and (b).

As descriked in Section A, the way we measureconcaity and implemert Re-
solve ensuresthat this is the case.For example,the concaity de nition of the hole
boundary in Egn. 4.2 implies the order of resolution of the holes. An exampleis
shown in Figure 23(b). Becausex is the closestvertex to p;, the line segmen pix will
not intersect anything.

Our simpleimplemertation of Resolv e runsin O(n) time. The processs applied
recursiwely to all newcomponerts. The union of all componerts f C;g will be our nal
decomposition. The recursionterminates whenthe concavity of all componerts of P
is lessthan . Note that the concavity of the featureschangesdynamically as the

polygon is decompsed(seeFigure 22(c)).
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(a) (b) (©)
Figure 22.(a) If x 2 @ o, \Resolve" merges@; into Py. (b) If x 2 @y, \Resolve"

splits P into P, and P,. (c) The concavity of x changesafter the polygon
is decompsed.

Algorithm 5 Resohe(P, r)

Input. A polygon, P, and a notch r of P.

Output. P with a diagonal addedto r sothat r is no longer a notch.

1: if r 2 @ then

2: Add a diagonal rX accordingto Eqn. 4.3, where x is a vertex in @,.
3: else

4. Add a diagonal rX, where x is the closestvertex to r in @g.

C. Correctnessand Complexity Analysis

In this section,we will shav that ACD will indeed produce "'more and more corvex'
componerts during the iterative decomposition processand will evertually produce
an exact convex decompsition when the value of is setas zero. We will alsoshov
that ACD hasO(nr) time complexity, wheren and r are the numbersof verticesand
notches, respectively.

In Algorithm 1, we rst nd the most concave feature, i.e., the point x 2 @
with maximum concavity, and remove that featurex from P. In this section,we show
that x must be a notch (Lemma C.2) and that if the tolerable concavity is zerothen
the result will be an exact corvex decompsition, i.e., all notchesmust be removed
(Lemma C.3). First, obsene that if x is a notch, then the concavity of x must be

larger than zero.
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7

Figure 23. An example of hole resolution. Holes and the external boundary form
a dependencygraph which determinesthe order of resolution. In this
caseholesP; and P53 will be resoled beforeP, and P,. Dots on the hole
boundariesare the antip odal pairs of the holes.

Lemma C.1. If apoint r 2 @ is a notch, then concavity(r) is not ze.

Proof. Each point r on @ is a (i) a point on the corvex hull of P (e.g., ry in
Figure 24), (i) a corvex point, not on the corvex hull of P (e.g.,r, in Figure 24), or
(i) a notch (e.g., rz in Figure 24). In case(i), then by de nition concavity(r) = 0
and r is not a notch. In all other cases,and in particular whenr is a notch, then
concavity(r) 6 O ( sincer is not on CHp, its distanceto a bridge must be > 0).

0

Lemma C.2. The conavity measures we have proposal (SL, SP, H1 or H2) are
simple and stable. Hene, a point x 2 @ with maximum concavity, i.e., @ 2

@ sud that dist(y; CHp) > dist(x; CHp), must ke a notch.

Proof. We rst note that internal co-linearverticesdo not cortribute to the shape of
P. Therefore,without lossof generality, all our algorithms and analysisassumesud
vertices do not exist (they can easily be removed in pre-processing),and hencewe
are guararteed that no two consecutie verticeson @ will have the sameconcavity.

We now shaw that SL-concaity and SP-concaity and our method for measuring
the holeconcavity areboth simpleand stable. We rst considerSL-concaity. Assume

Is aligned along the x-axis. SL-concaity is stable becausevertices are always
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1

Figure 24. Point ry is on the boundary of the corvex hull and points r, and r; are
not. Point r3 is a notch and points r; and r, are not.
retracted in the direction of the y-axis. Let x be the lowest vertex on the y-axis.
Sinceall verticesare above X, x cannot have an internal anglelessthan 180, i.e., X
must be a notch. Therefore,SL-concaity must alsobe simple. We next considerSP-
concavity. Sinceall endpoints of the visibilit y tree are notches,resolvingnotchesmust
reducethe concavity and will not a ect the concavity of the remainingvertices. Thus,
SP-concaity is simpleand stable. For hole concavity, if we assume is perpendicular
to the PA, then it is not dicult to seethat hole concavity is similar to SL-concaity
with the PA servingasthe y-axis (i.e., the maximum concaity of a holeis the distance
betweenthe antip odal pair along the PA). Hence,hole concavity is also simple and

stable. O

Although Algorithm 1 doesnot look for notchesexplicitly, LemmacC.2 establishes
that Algorithm 1 indeedresohesnotchesand only notches.

In LemmacC.3, we show that Algorithm 1 resohesall notcheswhenthe tolerable
concavity is zero. In this case,the approximate cornvex decomposition is an exact

convex decompsition, i.e., CD (P) is equalto CD(P).
Lemma C.3. PolygonP is 0-convexif and only if P is convex.

Proof. If P is cornvex, then P has no notches. In this case,the concaity of P is

maxx2p f concavity(x)g = max.g@f;,g = 0. AssumeP is not corvex but that it has
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zeroconcaity. SinceP is not corvex, P hasat least one notch. From LemmaC.1,
we know that concavity(r) 6 0 and thus also concavity(P) 6 0. This cortradiction

establisheshe lemma. O

Basedon LemmaC.2 and Lemma C.3, we concludeour analysisof Algorithm 1

in TheoremsC.4 and C.5.

Theorem C.4. When = 0, Algorithm 1 resolvesall and only notchesof polygon

P using the concavity measurementsin Section A.

Proof. By LemmaC.2, we know that ACD resolhesonly notches,and by LemmacC.3

that ACD resolesall notcheswhen = 0. O

with n vertices,r notchesand k holes. P can be decomposel into f C;g in O(nr) time.

Proof. We rst considerthe casein which P hasno holes,i.e., k = 0. We will show
that ead iteration in Algorithm 1 takesO(n) time. For ead iteration, we compute
the convex hull of P and the concavity of P. The corvex hull of P canbe constructed
in linear time in the number verticesof P [97]. To compute the concavity of P, we
needto nd bridgesand pockets and compute the distancefrom the pockets to the
bridges. Assciating the bridgesand pockets requiresO(n) time using a traversal of
the verticesof P. When the shortest path distanceis used, measuringconcavity(P)
takeslinear time as showvn in Lemma A.4. When the straight line distanceis used,
eadh measuremen of concavity(x) takes constart time, where x is a vertex of P.
Therefore, the total time for measuringconcavity(P) takes O(n) aswell. Similarly,

we can show that the hybrid approad takesO(n) time. Moreover, Resolv e splits P
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into C; and C, in O(n) time. Thus, ead iteration takes O(n) time for P when P
doesnot have holes.

If the resulting decomposition hasm componerts, the total number of iterations
of Algorithm 1ism 1. Sinceead time we split P into C; and C,, at most three
new verticesare created, the total time requiredfor them 1cutsisO(n+ (n+ 3)+
i+ (n+3 (m 2)=0(m+ 3 %) = O(nm + m?).

When k > 0, we estimate the concavity of a hole locally using its principal axis
(O(n) time) and add a diagonal between the vertex with the maximum estimated
concavity and its closestvertex of @ (O(n) time). For ead hole that connects
to @, at most three new vertices are created. Therefore, resolving k holestakes
O(nk + k?) time.

Therefore, the total time required to decommseP into fC;g is O(nm + m?) +
O(nk + k?) = O(n(m + k) + m? + k?) time. Sincem r+ landk < r, O(n(m +
kK) + m? + k?) = O(nr + r?). Also, becauser < n, O(nr + r?) = O(nr). Thus,

decomposition takesO(nr) time. O

The number of componerts in the nal decompsition, m, dependson the toler-
ance and the shape of the input polygonP. A small and an irregular boundary
will increasem. Howewver, m must be lessthan r + 1, the number of notchesin P,
which, in turn, is lessthan b”Tlc. Detailed models, sud as the Nazcaline monkey
and heronin Figures 13 and 27, respectively, generallyhave r closeto ( n). In this
case,Chazelleand Dobkin's approad [32] hasO(n+r3) = O(n®) time complexity and
Keil and Snceyink's approad [71] hasO(n+ r2minfr?;ng) = O(n?) time complexity.

Whenr = ( n), Algorithm 1 hasO(n?) time complexity.
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D. Experimertal Results

In this section, we comparethe nal decompsition size and the executiontime of
the approximate corvex decomposition (ACD) computed using di erent concavity
measuresand with the minimum componert exact corvex decommsition (MCD)
[71]. We obsene that ACD is signi cantly faster and producesfewer componerts
when > 0 and ACD remainssigni cantly fasterwhen = 0. We alsoobsene that,
for modelswith the sameshape but with di erent complexity, ACDs of thesemodels
remain very similar, i.e., ACD is not very sensitive to the complexity of the models
with the sameshape. We also comparethe results and e ciency of ACDs computed
with di erent typesof concavity measures.We seethat ACD with SL-concaity is the
most e cien t. We obsene the samebene ts (small sizeand high e ciency) for ACD
of polygonswith holes. Finally, we show that ACD can generatevisually meaningful

componerts.

1. Implemenation Details

We implemerted the proposedalgorithm in C++, and usedFIST [54] asthe trian-
gulation subroutine for nding the shortest paths in pockets. Instead of resolving
a notch r using a diagonal that bisectsthe dihedral angle of r, we use a heuristic
approad intendedto appealto human perception. When selectingthe diagonalfor a
particular notch r, we considerall possiblediagonalsrx from r to a boundary point

X 2 @. All diagonalsare scoredusing the scoringfunction

8
¢ 2 0 X doesnot resoher
r:x) =
( ) 2 (1+sc concavity(x))

otherwise where s, and sy are userde ned scalars
(4.3)

(sq dist(r;x))

and the highestscoringoneis selectedas the diagonalfor resolvingr.
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According to experimertal studies [120, people prefer short diagonalsto long
diagonals. Thus, in addition to the concaity, we considerthe distance as another
criterion when selectingthe diagonalto resohe r. Increasings, favors concavity and
increasingsy placesmore emphasison the distancecriterion. In our experimerts, we
found that by favoring shorter diagonal we can generatevisually more meaningful
componerts, therefores, = 0:1 and sq = 1 are used. This scoringprocessadds O(n)

time to ead iteration and thereforedoesnot changethe overall asymptotic bound.

2. Models

The polygonsusedin the experimerts are shavn in Figures 25{33. Summary infor-
mation for these modelsis shovn in Table 2. The model in Figure 29 has 18 holes
and all the other models have no holes. The modelsin Figure 26 and 27 are referred
to asmonkey; and heron,, respectively. Two additional polygons,with the samesize

and shape as monkey; and heron,, are called monkey, and herons,.

3. Results

All experimerts weredoneon a Pertium 4 2:8 GHz CPU with 512MB RAM. For a
fair comparison,we re-caded the MCD implemertation available at [122 from Java
to C++. To provide an additional metric for comparison,we estimate the quality of

the nal decompmsition f Cjg by measuringits cornvexity [134:

P
;area(C;)

fcogy= B ,
convex(f C;g) areaCHc,) '’

(4.4)

wherearegx) is the areaof an object x and CH, is its convex hull. Eqn. 4.4 provides
a normalized measureof the similarity of the f C;g to their corvex hulls. Thus, unlike
our concavity measuremets, this corvexity measuremenis independen of the size,

i.e., area, of polygons. For example, a set of convex objects will have corvexity 1
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Summary information for models studied. In this table, jvj, jrj and jhj
are the number of vertices, notchesand holes,respectively, and R is the
radius of the minimum enclosingball
Name Figure jvj irj | jhj | R (units)
L
maze 800| 400| O 15.3
monkey; 1204| 577| O 81.7
monkey, Sameas monkey; 9632 | 4787| O 81.7
heron; Wﬁ 1037| 484 O 137.1
heron, 8296 | 4122| O 137.1
neuron f X 1815| 991 18 19.6
texas ; 139 62| O 17.4
deepcave @ 348 | 153| O 12.9
bird % 275| 133| O 154
Mammoth g ; ;i 403| 185| O 16.5
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regardlessof their size.

a. ACD Is Signi cantly Fasterand ProducesFewer Componerts When > 0

A generalobsenation from our experimerts is that whena little non-corvexity canbe
tolerated, the ACD may have signi cantly fewer componerts and it may be computed
signi cantly faster; seeTable 3. For example, in Figure 25, by sacricing 0.005
convexity, i.e., with = 0:1, the ACD generatesonly 25% as many componerts as
the MCD and it is almost 8 times faster. In Figure 26, by sacri cing 0:003 corvexity,
i.e., with = 0:1, the ACD has 8=10 the componerts of the MCD and it is 6:3
times faster. By sacri cing 0:06 corvexity, i.e., with = 1, the ACD has 14 the
componerts of the MCD and it is 10 times faster. In Figure 27, by sacri cing 0:02
convexity, i.e., with = 0:1, the ACD has about 1=2 the componerts of the MCD
and it is 7:6 times faster.

Similar obsenations can be found in the resultsfor the larger monkey and heron
models (Figures 26 and 27). For example,for the monkey, the radius of its bounding
circle is about 82, and so0:1 concarity meansa onepixel dert in an 820 820image,
which is almost unnoticeableto the naked eye. Moreover, the corvexity of 0:1-cornvex
componerts of monkey; (monkey,) is 0.997(0.995) and the convexity of 0:1-corvex
componerts of heron, (heron,) is 0.98(0.976). No MCD data is collectedfor monkey,

and heron, dueto the di cult y of solving theselarge problemswith the MCD code.

b. ACD Is Always FasterWhen = 0

We alsoobsenethat, whenexactcorvexdecompsitionis needed = 0), our method
doesproducesomewhatmore componerts than the MCD (on average,1.2to 1.5times
more than ECD), but it is also always faster than ECD, especially when the size of

the model is large. SeeTable 3.
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Comparing the decompsition sizeand time of the ACD and the MCD.
Convexity and concavity in this table indicate the toleranceof the ACD.
Note that monkey,, heron, and neuronare not listed herebecauseMCD
doesnot work on thesemodels.

Name concavity | corvexity size time
(units) | (unitless) | (ACD:MCD) | (ACD:MCD)

maze 0.1 99.5% 1.0:4.0 1.0:8.0
0.0 100.0% 1.3:1.0 1.0:6.0
monkey; 0.1 99.7% 8.0:10 1.0:6.3
0.0 100.0% 1.3:1.0 1.0:5.1
heron; 0.1 98.0% 1.0:2.0 1.0:7.6
0.0 100.0% 1.4:1.0 1.0:5.9
texas 0.1 98.0% 1.0:5.0 1.0:2.0
0.0 100.0% 1.5:1.0 1.0:2.0
deepcave 0.1 98.0% 1.0:8.0 1.0:2.7
0.0 100.0% 1.2:1.0 1.0:1.3
bird 0.1 98.0% 1.0:7.5 1.0:6.7
0.0 100.0% 1.4:1.0 1.0:1.6
mammoth 0.1 98.0% 1.0:8.0 1.0:7.8
0.0 100.0% 1.4:1.0 1.0:2.7

c. ACD of Modelswith the SameShape but Di erent Complexity

This experimert, showvn in Figure 28, reveals another interesting property of the

ACD: regardlessof the complexity of the input, the ACD generatesalmost idertical

decompositions for modelswith the sameshape when

examplewhen

monkey; and monkey, and for heron; and herons,.

d. Dierences amongthe Concavity Measures

is above a certain value. For

> 0:01, ACD generatesthe samenumber of componerts for both

The maze-like model (Figure 25) illustrates di erencesamongthe concavity measures.
When 10, the convexity measuremets in Figure 25(d) shav that SL-concaity

missessomeimportant featuresthat are found by SP-concaity (and thusalsoby H1-
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concavity and H2-concaity). When is lessthan 5, the SL-concaity measuremen
hassimilar output asSP-concaity and hybrid measuremets. In Figure 25(c), we also
seethat SP-concaity is moreexpensive to computeand that H2-concaity is \shape"
sensitive, i.e., H2-concaity requiresmore (less) time if the input shape is complex

(simple). Computing H2-concaity is alsofaster than computing H1-concaity.

e. ACD of Holes

We also obsene that the ACD of polygonswith holescan be generatede cien tly
as ACD of polygonswithout holes. A polygonal model of planar neuron contours
is showvn in Figure 29. It has 18 holesand roughly 45% of the vertices are on hole
boundaries. Figure 29(b) shavs the decomposition using the proposedhole concavity
and SP-concaity measures.The dashedline (at Y = 0:06) in Figure 29(c) is the total
time for resolvingthe 18 holes. Onceall holesareresolhed, the ACD producessimilar

resultsasbefore. No MCD wascomputedbecausehe algorithm cannot handle holes.

f. ACD GeneratesVisually Meaningful Componerts

The ACD alsogeneratesvisually meaningful componerts, sud aslegsand ngers of
the monkey in Figure 13 and wings and tails of the heronin Figure 27. More results
that demonstrate this property are showvn in Figures 30 to 33. The main reason
for generatingvisually meaningful componerts is that ACD decompsesthe models
at high concavity areas,which is usually the most dented or bert area, or an area
with brandhes. Experimertal evidenceindicatesthat theseareasare the placesthat

humansdecompseshapesinto componerts [14, 95,117, 12Q for shape recognition.
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Figure 25. (a) Initial (top) and approximately (bottom) decommsedMaze models.
The initial Maze model has 800 verticesand 400 notches. (b) Number of
componerts in nal decompsition. (c) Decompsition time. (d) Convex-
ity measuremets.
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Figure 27.(a) Top: The initial NazcaHeron model bounding circle is 137.1 units.
Middle: Decomposition using approximate corvex decompsition. 49
componerts with concavity lessthan 0.5 units are generated. Bottom:
Decomposition using optimal corvex decompsition. 263 componerts are
generated. (b) Number of componerts in nal decompmsition. (c) De-
composition time. (d) Convexity measuremets.
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Figure 28. Left: monkey,. Right: heron,. (b) Number of componerts in nal de-

composition. (c) Decompsition time. (d) Convexity measuremets.
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Figure 29. (a) The initial model of neuronshas1,815verticesand 991 notchesand 18
holes. The radius of the enclosingcircle is 19.6 units. (b) Decomysition
using appraximate corvex decomposition. Final decompsition has 236
componerts with concaity lessthan 0.1 units. (c) Number of compo-
nerts in nal decompsition. (d) Decommsition Time. The dashedline

indicatesthe time for resolvingall holes. (e) Convexity measuremets.
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B 4

(SL, size=7) (SP, size=7) (H2, size=7) (MCD, size=38)

Figure 30. Texas.Approximate componerts are 1-corvex.

(SL, size=49) (SP, size=48) (H2, size=49) (MCD, size=126)

Figure 31. Deepcave. Approximate componerts are 0:1-corvex.

Yy

(SL, size=37) (SP, size=37) (H2, size=37) (MCD, size=75)

Figure 32. Bird. Approximate componerts are 0:1-cornvex.
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(SL, size=35) (SP, size=34) (H2, size=34) (MCD, size=105)

Figure 33. Mammoth. Approximate componerts are 0:2-corvex.
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CHAPTER V

APPROXIMATE CONVEX DECOMPOSITION OF POLYHEDRA

In this chapter, we describe practical methods for computing a solid ACD of a poly-
hedron of arbitrary gerus, which consistsof a collection of nearly convex volumes
whoseunion equalsthe original polyhedron, and a surface ACD of a polyhedral sur-
face,which partitions the surfaceof the polyhedroninto a collection of nearly corvex
surfacepatches. Solid and surface ACD of polyhedra have many potential applica-
tions including shape represemation (Figure 3), motion planning (Figure 4), mesh
generation(Figure 5), and point location (Figure 2).

Similar to 2D ACD, our generalstrategyis to iterativ ely identify the mostconcave
feature(s)in the current decomposition, and then to partition the polyhedronsothat
the concavity of the identied featuresis reduceduntil they are corvex enough.'
While this follows the general approad used successfullyfor polygons, there are
se\eral operationsthat wererelatively straightforward for polygonsbut which become
nontrivial for polyhedra. The main challengesinclude computing the concavity of
featurese cien tly andresolvingconcave featuresto generatea small and high quality
decompsition. To deal with thesetechnical challengesin 3D, we introduce a new
technique approximate feature grouping which enablessetsof featuresto be processed
together, which is both more e cien t and producesbetter results.

As mertioned in Chapter |1, convex decompsition of polyhedrais not aswell un-
derstood aspolygonsand little researt onthe convexdecompsition of polyhedrahas
gonebeyond the theoretical stage. Using the simple notch-cutting strategy, Chazelle
[29 shawsthat this strategy can generatethe worst caseoptimal O(r?) corvex parts
and usesO(nr3) time with O(nr?) space,wheren andr are the number of edgesand

notches,respectively. In contrast, evenfor very complexmodels, ACDs have very few
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ECD

ECD

Figure 34. The approximate corvex decommsitions (ACD) of the Armadillo and
the David modelsconsistof a small number of nearly corvex componerts
that characterize the important features of the models better than the
exact convex decompsitions (ECD) that have ordersof magnitude more
componerts. The Armadillo (500K edges,12.1MB) hasa solid ACD with
98 componerts (14.2MB) that was computed in 232 secondswhile the
solid\ECD" hasmorethan 726,240componerts (20+ GB) and could not
be completed becausedisk spacewas exhaustedafter nearly 4 hours of
computation. The David (750K edges,18MB) has a surface ACD with
66 componerts (18.1MB) while the surfaceECD has 85,132componerts
(20.1MB).

componerts, typically seeral orders of magnitude fewer than the ECDs. The size
(memory) and computational time are alsosigni cantly less,particularly for the solid
ACDs. In this chapter, we demonstratethe feasibility of our approad by applying it
to a number of complexmodels; seeFigure 34 and the table on p. 88.

ACD of polyhedrafollows the sameframework descriked in Algorithm 1 to de-
composea polyhedron P into a set of -corvex componerts. As in Chapter IV, we
will discusstwo main sub-routinesrequired by Algorithm 1, i.e., measuringand re-
solving of concave featuresof polyhedra. In SectionA, we descrike seeral challenges

of extending the concavity measuresand resolution proposedfor polygonsto three-
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dimensions. We then descrike ACD for gerus zero polyhedra (Section B) and then

for polyhedraof arbitrary gerus (SectionC). Finally, we presen resultsin SectionD.

A. Challengesin Extending to Three Dimensions

Recall that, for a given polygon, ACD computesthe concavity of the polygon using
SL-, SP-, or H-concavity. Then, ACD resohesthe polygon by adding a diagonal at
the notch with the maximum concavity. While theseoperationswere straightforward
for polygons,they becomenontrivial for polyhedra. In this section, we discussthe

challengesof measuringand resolving concare featuresof polyhedra.

1. MeasuringConcave Features

The bridges and pockets of a polygon have a unique one to one map. Therefore,
the concavity of the vertices of a pocket can be measuredas the distancesto the
uniquely assaiated bridge. The unique mapping betweenpockets and bridgesis no
longer available directly for polyhedra. The problem of obtaining the bridge/p ocket
relationship is closelyrelated to the problem of spherical[105 and simplical [73] pa-
rameterization. However, mesh parameterization is costly to compute. Polyhedron
realization [117 that transforms a polyhedron P to a convex object H can be com-
puted e cien tly, but H is generallynot the corvex hull of P and cannotbe determined

before performing the transformation.

2. ResolvingConcare Features

A polygon with untolerable concavity is resoled by adding a diagonal at the most
concave feature (notch). This strategy is called notch-cutting, and can be easily

extendedto 3D. The notch-cutting strategy [27] that splits a polyhedronwith a cut
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Y,

(@) (b) ()

Figure 35. Resolvingconcavity (a) using a cut plane that bisectsa dihedral angle
resultsin (b) a decompsition with 10 componerts with concaiity  0:1.
In cortrast, (c) carefully selectedcut planesgenerateonly 4 componerts
with concavity  0:1.

plane canbe usedto resohe notchesin Algorithm 1. The details of this notch-cutting
strategy are discussedn [11]. Figures 35(a)(b) illustrate an ACD using cut planes
that bisectdihedral angles.

A di cult y of this approad is selecting\good" cut planes. For example,in Fig-
ure 35(c), carefully selectedcut planescan generatefewer componerts than cut planes
that simply bisectthe dihedral anglesof notches. Unfortunately, good strategiesfor
nding sud good cut planesare not well known. Joe [65] proposedan approad to
postpone processingnotcheswhoseresolution would produce small componerts, but
this strategy still producesmany small componerts with sharpedgedor large models,

especially for more complicated modelsthat are commonly seennowadays.

3. Our Solution: Feature Grouping

Just as ACD provides an appraximation that is more practical than ECD, we will
addresghe challengeanertioned above usingapproximations that are moretractable,
and in somecases,also provide more meaningful solutions. In particular, for both

measuringand resolving concavities, we use a technique we call feature grouping to
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collect setsof similar and adjacert featuresthat can be processedogether. Feature
grouping is both more e cien t and canimprove solution quality.

For measuring concavity, by allowing bridges to be formed from cornvex hull
patchesinstead of a single corvex hull facet, we can both dramatically reducethe
number of bridges as well as decreasethe cost of computing the pocket to bridge
matching. Figure 36 shavs an example of the bridge/pocket relationship with and
without grouping. As we will seein Sectionl, bridge patchescan be usedto provide
a consenative measureof concavity.

Resolution of concavity can also be improved by consideringfeature setsrather
than individual featureswhendetermining cut planesto resolwe notches. As discussed
in Section2. the quality of the decomposition can be greatly improved when the cut

planeis de ned with respect to a notch set.

B. ACD of Polyhedrawithout Handles

We rst discussour strategy for computing an ACD of a gerus zeropolyhedron. This

strategy will be extendedto handlepolyhedrawith non-zerogerusin the next section.

1. MeasuringConcave Features

Recallthat we de ne the concavity of a vertex x asthe distancefrom @ to the corvex
hull boundary. Sincethere is no unambiguous mapping from notchesto cornvex hull
facetsin 3D asthere wasin 2D, we rst must de ne one.

Our strategy to match bridgeswith pockets is to identify pockets by projecting
convex hull edgesto the polyhedron's surface. The \pro jection” of a convex hull
edgee is a path on the polyhedron's surface@ connectingthe end points of e; we

computethe paths on @ using Dijkstra's algorithm. After the convex hull edgesare
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(bridges) (bridges)
(pockets) (pockets)
without grouping with grouping

Figure 36. The bridgesand the pockets with and without bridge grouping (cluster-
ing).
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projected, the setof all (connected)polyhedral facetsboundedby the projected edges
forms a pocket. SeeFigure 37. After matching bridgeswith pockets, we measurethe
concavity of x in pocket asthe straight line distanceto the tangert plane of 's
assiated bridge

Feature grouping: bridge patches { a conservativ e estimation . Finding
pockets for all facetsin @Hp can be costly for large models. It turns out we can
reducethis cost and still provide a conserative estimate of concavity by grouping
clustersof "nearly' coplanarand cortiguous facetsto form a bridge patch (or simply a
bridge on @Hp. We then designatea \supporting" planethat is tangert to @Hp
as a represemativ e plane for all facetsin the bridge and compute the concavity of
a vertex as the distanceto the supporting plane of its bridge; seeFigure 38. The
bridge patchescan be selectedsothat the distancefrom all facesin the bridge patch
to the supporting planewill be guararteedto be belov sometunable threshold . For
example,when = 0:05, only 20 bridges are identi ed for the model in Figure 37
which has4,626facetson its corvex hull.

Oneway to compute bridge patchesis from an outer approximation of a polyhe-
dron. Here we useLloyd's clustering algorithm adapted from [3§ to idertify bridges
and to ensurethat the maximum distancefrom the included facetsto the supporting
plane is lessthan . Our clustering processis composedof the following two main

steps:

1. estimating the number k of the required bridges, and

2. grouping the corvex hull facetsinto k clusters.

In the rst step, we estimate the required bridge sizefor a given threshold by
incremertally creating bridgesand assigningcorvex hull facetsto the bridgesuntil all

the corvex hull facetsare assigned.We say that a facet can be assignedo a bridge if
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e pocket
7 brid e\
projectionof e i
(a projected edge) (a bridge/p ocket pair)
(bridges) (pockets) (concavity)

Figure 37.Top: An identied bridge/pocket pair. Bottom: Bridge/pocket pairs
from the teeth model. The rightmost model is shadedso that darker
areasindicate higher concavity.
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- Supporting plane

i</o/ \O\li bridge
\/—\J - pocket

Figure 38. A bridge patch and its supporting plane.

Algorithm 6 CH _cluster sizeestimation(CHp, )

Input. A corvex hull CHp and a threshold
Output. The number of bridgesthat can cover @Hp
1: Let B and K be two empty sets

2: rep eat

3: Let beafacetof @Hp that is not in K

4. B=B]

5 K=K[ C() . C( ) arefacetsthat can be assignedto
6: until K = @Hp

7: return the sizeof B

the distancebetweenthem is lessthan . Let C( ) be a set of connectedfacetsthat
can be assignedto the bridge . Our estimation processis outlined in Algorithm 6.

In the secondstep, after we know the upper bound of the number of bridges
required, we can approximate the corvex hull boundary. This can be solved using
Lloyd's clustering algorithm introduced in [38], which iterativ ely assignsall corvex
hull facetsto the best bridgesusing a priority queue.

It isimportant to notethat, asstatedin Obsenation B.1, the estimatedconcavity
measuremen computed this way is always greater than or equal to the concavity
measuredas corvex hull facetsare projected individually. Therefore, the estimated

concavity is an upper bound for the actual concavity.

Observation B.1. The estimatal concavity measurementis alwaysgreater than, in
an amount lessthan , or equal to the concavity measured as convexhull facets are

projected individually.



71

Polygonal surface ACD . In most casesthe previously P, /intemal
mertioned concaity measurecan handle surfaceswith open- : /0"6“"“
q

ings naturally. The casethat requiresmore attention is when

o . a1
a surface\exp oses"its internal sideto the surfaceof the con- \extema'

externa

vex hull, e.g.,the surfaceon the right. The internal side of a
surfaceis exposedto the convex hull surfaceif and only if at least one of the corvex
hull verticesis concave A convex hull vertex p is concave if its outward normalson
the corvex hull and on the surfaceare pointing in opposite directions. The point p
(resp.,q) in the gure above is concare (resp., convex).

Now, we can computethe pocket of a bridge from the projection of 's bound-

ary @ . Let e bean edgeof @ . If €'s verticesare

both convex then project e as before,
both concave then e hasno projection,
one convexand one concave (e.g., the edgepgin the gure), then €'s projection

is the path connectingthe corvex end to the opening.

2. Feature Grouping: Global Cuts

When resolving concave features, the conceptof feature grouping allows us to bet-
ter prioritize concave featuresfor resolution and also results in a smaller and more
meaningful decompsition. We rst describe our method for grouping features,and
then showv how the groupsare usedto selectcut planesto partition the model.

Our strategy of grouping concave featuresis a bottom-up approad in which crit-
ical points, called \ knots', on the boundary of ead pocket are connectedinto local
feature sets, called\ pocket cuts’, which are then grouped to form global feature sets,

called\ glotal cuts'. This bottom-up approat attempts to (i) avoid high computa-
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tional complexity, e.g., grouping featuresbasedon the solution of a maximum ow
problem [66] on the full surface @, (ii) avoid enhancingfeature quality [80], and
(i) avoid using other processese.g., meshsimpli cation, to enhancefeatures. Our

approad is illustrated in Figure 39 and sketched below.

1. Identifying knots Knots are critical points on a pocket boundary @ iderti ed
as notchesof the simplied @ using the Douglas-Reudker (DP) algorithm [55
with simpli cation threshold , O

2. Computing pocket cuts. A pocket cut is a chain of consecutiw edgesn a pocket

whoseremoval will bisect . Here, pocket cuts are paths connectingpairs of
knots, and we considerall knot pairs for

3. Weighting cuts. The weight of a cut determinesthe quality of the cut. We
compute the weight of eat pocket cut asW( )=1!() (), where! ()=
| j:P w2 concaity(v) is the reciprocal of the mean concavity of and ( )
is the accunulated curvature of the edgesin . The curvature of an edgee is
measuredusing the best t polynomial [63)].

4. Connecting pocket cuts into glolal cuts. Our strategy is to organizethe knots
and pocket cuts in a graph Gk whosevertices are knots and edgesare pocket

cuts. The cyclewith the minimum weight in Gk will be the global cut.

Next, we will provide more details and justify the choicesof the stepsmertioned

above.

a. Pocket Boundaries

First, it is natural to ask why the critical points on a projected bridge edgeare of
interest. As knots arethe critical points of a projectedbridge edge ., we alsoconsider

a projected bridge edgeas a critical represemation of a polyhedral boundary. Note
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(a) identifying knots (b) computing pocket cuts

(c) extracting global cuts (d) splitting the model

Figure 39. The processof grouping and resolving concave features. (a) Knots
(marked by spheres)from one of the pockets. (b) Knots from all pockets
and a pocket cut (showvn in thick lines) connectinga pair of knots. (c)
Global cuts (thick lines) and the graphs Gg. (d) Solid (left) and surface
(right) decompsitions using the identi ed global cuts.
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Algorithm 7 DP(L, )

Input. A polygonal chain, L = fvi;vy; ;v,h0, and threshold, .

Output. A simplied polygonal chain L°

1: Let v 2 L be the vertex whosedistance di to the line v1Vvj is larger than all the other
verticesin P

2. if d¢> then

3: return L= f DP(fvy, ;w0 ), Vk. DP(fvi;  :vnQ, ) @

that the end points of . are both verticesof the corvex hull. Intuitiv ely, the vertices
of . aresamplesof @ and thereforeencale important geometricfeaturesrelated to
concavity over the traversalfrom one peak to another peaki.e., . is an evidencethat

shaws how the cornvex hull verticesare connectedon @ .

b. Identifying Knots

The Douglas-Reudker (DP) line approximation algorithm is shovn to be good at
revealingcritical points [128 and is usedto idertify knots. Let L be a polygonalchain
composedof n verticesfvy;vy; ;Vng. For a given threshold , the DP algorithm
producesa simpli cation of L, calledL® Algorithm 7 outlines a simple versionof the
algorithm. A more e cien t approad can be found in [55].

Using DP simpli cation to identify knots is natural for our purposesbecauseit
reseniles the conceptof ACD. A critical point (resp., a knot) of a polyline is a
farthest point from the line segmen (resp., the bridge) connectingthe end points of

. This provides an explanation of why we can extract important concave features
by simplifying .(i). SeeFigure 40.

Given a pocket boundary (i), knots are critical points on (i) found by the

DP algorithm. To identify knots on (i), we rst transform (i) in R® into a two

dimensionalline (i) in the concavity spaceusing the following function:

o(i) = di;concavity( (1)) ; 0 i 1 (5.1)
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Figure 40. The thin line in the plot is a pocket boundary of the Stanford Bunny
(indicated by an arrow) in concavity domain. Its simpli cation is showvn
in a thicker line and iderti ed knots are marked as dots. The points on
the boundariesof pockets of the Bunny, Verus, and Armadillo modelsare
knots.

whered; = i jeg and jg is the length of e. Then (i) is simplied using the DP
algorithm [55]. We call a vertex a\knot" if it isanotchin (i) with concavity larger
than , 0

The threshold cortrols the sizeof knots, i.e., a smaller implies more concave
featureswill be identi ed; in this chapter, we used = =10. We note that these

pocket boundarieshave similar functionality asthe exoskeletorthat connectscritical

points on @ coded with averagegeodesicdistance [134.
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c. Computing Pocket Cuts

A pocket cut is a chain of consecutie edgesin a pocket whoseremoval will bisect
. For a given pair of knots, we can form a pocket cut by computing a path using
Dijkstra's algorithm that maximizesthe total concavity along the path connecting
the knots. Let N, be a set of knots on the boundary between and one of its
neighboring pockets ;. Any path in  that connectsany two knots betweenN ;| and
N ,,i8j,isapocket cut of . Thus,a pocket with jN j knots has O(jN j?) pocket
cuts. Figure 41(a) and (b) shows a pocket with its knots on the boundary and all of
its pocket cuts, respectively.
Not all of theseO(jN j?) pocket cuts, denotedby K , in areinterestingto us.
In fact, we only needto considerO(jn j) pocket cuts. This reduction is basedon the

following obsenation.

Observation B.2. Letn, be a setof knots on the boundary between and one of
its neighloring pockets ;. Pocket cuts between each pair n; andn, in  form a
non-crossingminimum (weight) bipartite matching.

We say two pocket cuts  and © crossead otherif © will becomedisconnected
after isseparatedby . Therefore,we disallov a knot to connectto morethan one
knot from the sameboundary but it is allowed to connectto knots from boundaries
of di erent neighboring pockets; seeFigure 41(c). The result of this restriction is that
the pocket cuts betweentwo boundariesform a bipartite matching of their knots and
only O(jN j) pocket cuts needto be consideredwhen connectingthem into global
cuts; seeFigure 41(d).

Let K K be a subsetof pocket cuts of that satisfy thesecriteria. It is
easyto seethat the sizeof K is O(jN j). K can be extracted from K using the

minimum weight bipartite matching (w.r.t. a weigh function W) followed by an
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iterativ e deletion of crosscuts.
Cup-shap e pocket. Becauseknots are identi ed on the boundary of a pocket
, We cannot nd any pocket cut if the boundary of is nearits bridge , e.g.,a
cup shape pocket. Indeed,decomppsinga cup shaped model into visually meaningful
componerts is known to bedi cult. In our case this problem canbe easilyidenti ed
by cheding if the vertex with the maximum concavity of is a knot and, if not, as
illustrated in Figure 42, it can be solved by simply subdividing and into smaller
bridges and pockets and forcing the new pocket boundary to passthe maximum

concavity of .

d. Weighting a Cut

The weight of a cut determinesthe quality of the cut. Curvature is known to be the
most popular tool to evaluate extracted features,e.g.,for non-photorealisticrendering
[43], texture mapping [80], and shape segmetation [51]. Howewer, estimating curva-
ture of an ertire model is di cult. Expensiwe preprocessingsud asmeshsmaothing,
simpli cation [66] and function approximation [10(, or postprocessingsud as Hys-
teresisthresholding [63], are generally required. All these operations require input
from users.

Despiteits ability to idertify surface features,we arguethat curvature, by itself,

is not su cien t to identify structural features. Thus, we de ne the weight of a cut as:

w(e)=1(0) () (5.2)

where! ( ) =] j=concaity( ) is the reciprocal of the mean concavity of acut and
( ) is the accunulated curvature of the edgesin . The curvature of an edgee is
measuredusing the best t polynomial [63] of the intersection of the model and the

plane bisectinge. Sincecurvature is only measuredon cuts, instead of on the ertire
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(a): identied knots (b): all pocket cuts

(c): non-crossingpocket cuts (d): bipartite matching pocket cuts

Figure 41.(a) Identied knots of a pocket shown in dark circles. (b) All pocket cuts
that connectall pairs of knots in the pocket. (c) Non-crossingoocket cuts.
(d) Pocket cuts from bipartite matchings betweenpairs of boundaries.
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subdivided bridge:
= ]

cup-shape pocket cup-shape pock

Figure 42. Left: A cup-shape pocket and its bridge. The bladk dots on the boundary
of the pocket are knots, which are very closeto the bridge. We know that
this is a cup-shape pocket becauseits most concave feature, X, is not a
knot. Right: The bridge is subdivided and the new pocket boundary is
forcedto passx.

model, the computation is lessexpensie.

e. Extracting Cyclesfrom Graph Gk

Recallthat Gk is a graph whoseverticesand edgesare knots and pocket cuts. Each
cycle in Gk represems a possibleway of decompmsing the model. The processof
extracting cyclesfrom Gk used here is similar to that of constructing a minimum
spanningtree (MST) Tk on Gk by greedily expanding the most promising branch
into all its neighboring pockets in ead iteration. A cycle is identied when two
growing paths of Tx meet. With this high level ideain mind, we are goingto discuss
technical details next.

Once pocket cuts from all pockets of a model P are computed, they can be
connectedinto cuts. Our strategy is to organizethe knots and pocket cuts in a graph
and then to extract cutsfrom it. Wede ne agraphGg = fV;Eg, whereV = [ ,pN
andE = [ ,pK ,i.e., knots and selectedpocket cutsin P. We call such a graph G¢
a cut graph An exampleof Gk is shown in Figure 43.

Let beapocket cut to beresoled, e.g.,the pocket cut that cortains the most
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Figure 43. Left: An example of G (partially shawvn). Thicker pocket cuts have
smallerweights. Right: An extracted tree from G¢. The bold line is the
best cut for the root.

concave vertex. To nd cuts that include , we extract Tx rooted at from Gg.
Ty is constructed so that a path from the root  to a leaf will consistof concare
featuresthat can be resoled together.

The processof building a tree Tx from G is similar to that of constructing a
minimum spanningtree on Gx. An exceptionis that we do not allow a node x of the
tree to grow into a pocket if the pocket is visited by an ancestorof x becausea cut can
only visit a pocket once. For example,in Figure 43, the tree cannot expand from
to ° In addition, we allow new pocket cuts to be addedduring the tree construction
to explore low concaity areas,e.g., in Figure 43. These new pocket cuts are
computed as the shortest paths measuredin gealesicdistance. A MST that is built
directly on verticesand edgesof a polyhedron has beenusedfor feature extraction,
e.g.,[104. Howewer, unlike Tx which is built on knots and pocket cuts, their MST
requirespruning to enhancelong features.

A valid cut in T consistsof two paths from the root  to two leaveswhich end
at the samepocket and are from two di erent sub-treesof the root. The minimum

weighted cut in Ty is the nal cut for
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3. ResolvingConcave Features

For corvex volume decompsition, we de ne the cut plane of a (global) cut asthe
best t planeof which can be approximated via a traditional principal componert
analysis using points sampledon . For convex surface decommsition, we simply
split the surfaceat the edgesof
A planeE ts bestif E minimizes
X
concavity(e) e(e); (5.3)
e2
where g(e) is the areabetweene and the perpendicular projection of eto E. E can
be approximated via a traditional principal componert analysisusing points sampled
on
Note that, sometimesthe intersectionof E and the model P doesnot match the
target cut . This happenswhen the intersection traversesdi erent pockets than
does. It canbe addressedy iterativ ely pushingE toward the verticeson the portion

of that is misrepreseted by the intersection. An exampleof E and its improvemern

is showvn in Figure 44.

4. Complexity Analysis

of a polyhedron P with n, edgeswith zero genus. P can be decomposel into fCig in

O(n2logne) time.

Proof. First, we shav that ACD of a polyhedron P requiresO(n,n¢logn,) time for
ead iteration in Algorithm 1, wheren, and n, are the number of verticesand edges
in P, resp. The dominart costs are the pocket cut computation, which extracts

paths betweenknots on @ and can take O(nelogn,) time for ead path extracted
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cut plane cut plane

extracted cut best fit plane perturbed best fit plar

Figure 44. Left: A cut aroundthe nek. Mid: The best t planeof . Its intersec-
tion with the model doesnot match . Lighter and darker shadesshaovn
in the gures indicate di erent componerts after decomposition. Right:
An improved cut plane.

time using Dijkstra's algorithm. To resole all r notchesin P, Algorithm 1 will take

O(rnynelogn,) = O(n3logne). O

Note that even though the time complexity of the proposedmethod is high, as
seenin our experimertal results, this is usually a very consenative estimate because
the number of iterations required is usually small when the tolerance is not zero

and the total number of pocket cuts is usually quite small.

C. ACD of Polyhedrawith Arbitrary Gerus

Becausethe convex hull of a polyhedron P is topologically a ball, multiple bridges
may shareone pocket for polyhedrawith non-zerogerus. For example,neither of the
bridges or in Figure 45(a) canencloseany regionby themsehes. We addressthis
problem by reducingthe gerusto zero.

Gerus reduction is a processof nding setsof edges(called hande cuts) whose

removal will reducethe number of homol@ical loopson the surfaceof P. The problem
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S S handle cut

(a) (b)
Figure 45. (a) The pocket (shadedarea) is enclosedin the projected boundariesof
two bridges and . (b) Pockets after gerus reduction.

of nding minimum length handle cuts is NP-hard [47]. Se\eral heuristics for gerus
reduction have been proposed (seea survey in [134). The identied handle cuts
will then be usedto prevert the paths of the bridge projections from crossingthem.
Figure 45(b) shavs an exampleof a handle cut and the new bridge/p ocket relation
after gerus reduction.

Although we can always use one of the existing heuristics, the bridge/p ocket
relationship can readily be usedfor gerus reduction. Our approad is basedon the
intuition that the bridgesthat sharethe samepocket tell us approximate locations
of the handlesand the trajectory of how a hand \holds" a handle roughly tracesout
how we can cut the handle. For example,imagine holding the handle of the cup in
Figure 45 with one hand: the hand must erter the hole though one of the bridges,
e.dg., , and exit the hole from the other bridge, e.g., . We call bridgesthat sharea
commonpocket a set of \nandle caps" of the enclosedhandles. A model may have
seeral setsof handle caps.

This intuition can be implemerted by applying the following operationsto iden-

tied handle cuts.

1. Flooding the polyhedral surface@ initiated from the projected boundariesof

a set of handle caps. Verticesin a wavefrort will propagate to neighboring
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unoccupiedvertices.

2. Loops can be extracted by tracing in the badkward direction of the propaga-
tion. For eat pair of handle caps,we keepa shortestloop that connectstheir
projected boundaries,if it exists.

3. Let Gy, be a graph whoseverticesare the handle capsand whoseedgesare the
discoveredhandle cuts. Cyclesin Gy, indicate that the removal of all discovered
handle cuts will separateP into multiple componerts. We can prevert P from
being split by throwing away handle cuts sothat no cyclesare formedin G,.

4. Ched if the handle capsstill shareone pocket. If so, repeat the processde-

scribed above until the remaining handle cuts are found.

Figure 46 shaws a result of our approad. Note that we may not always reduce
the gerus of a model to zerobecausesomehandlescan map to just onebridge, e.g.,a
handlecompletelyinsidea bowl. These\hidden" handleswill eventually be unearthed
as the decompsition processiterates if the concaiity measuremeh of the handle is
untolerable. For many applications, this behavior of ignoring insigni cant handles

can even represen the structure of the input model better [129.

D. Experimertal Results

In this section,we compareexact (ECD) and approximate (ACD) corvex decomyo-
sition. In addition, we considerfour variants of ACD, i.e., solid or surfaceACD, and

ACD with or without feature grouping.

1. Implemenation Details

There are three parameters, , , and , usedin our proposedmethod. The rst

parameteris the concavity tolerance , which is usedto cortrol how corvex the nal
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Figure 46. Four handle cuts found in the David model.

componerts are and should be set accordingto the needof the application.

The secondparameter is the bridge clustering threshold , which is the upper
bound of the di erence betweenthe estimated concavity and the accurate concavity
when the bridge clustering is not used. In our experimerts, the value of doesnot
signi cantly a ect the nal decompsition and is always setto be = 5.

The third parameter is usedin the Douglas-Reudker (DP) algorithm [55], which
is usedto identify knots on the pocket boundariesfor concave feature grouping. The

valueof isdicult to estimateand is setexperimertally between ; and 155.

2. Models

The models usedin the experimerts in this sectionare summarizedin Table 4. In
Table 4, for ead model studied, we shav the complexity of the model in terms of the
number of edges;the ratio of notcheswith respect to the edges,and the physical le
sizein a simple BYU (Brigham Young University) format, which rst de nes all the

verticesof a model and then de nes how thesevertices are connectedinto facets. In
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thesel3 models, the David and the dragon modelsare not closed,i.e., with openings

on their boundaries,and all the other models are closed.

3. Results

All experimerts wereperformedon a Pertium 2.0 GHz CPU with 512MB RAM. Our
implemenrtation of ACD of polyhedrais codedin C++. A summary of resultsfor 13
modelsis shavn in Table5, which includesresultsfrom both solid and surfacedecom-
position, and in Figures 47 and 48, which cortain results of se\eral approximation

levels of ACD with and without feature grouping.

a. ACDs Are Orders of Magnitude Smaller Than ECDs

In Table 5, We shaw the sizeof the six decompsitions, including solid ACDy:.,, solid
ACDy.02, solid ECD, surfaceACDy.», surfaceACDg.q», and surfaceECD, in terms of
the number of nal componerts and the physical le sizein BYU format.

As seenin Table 5, the solid ACDs are orders of magnitude smaller than solid
ECD. The solid ACDs,., and solid ACDsy.9, have 0.001%and 0.1% of the number of
componerts that the solid ECDs have on average,resp. The physical le sizeof solid
ACDsy» and solid ACDsy.g; are 0.08% and 0.16% of the size of the solid ECDs on
average,resp. Note that the ECD processof the Armadillo model terminated early
becauseit required more disk spacethan the available 20 GB. The results for ECD
shown in Figure 47 are collected before termination, i.e., they are for an un nished
ECD, soall componerts are not yet convex. Figure 47 alsoshaws that the solid ACD
can be computed 72 times faster than the solid ECD. Thesetimes are represetativ e
of the savings o ered by solid ACD over ECD.

Although the le size of the surface ACDs is not signi cantly smaller than for

the surfaceECD, the surfaceACDsy» and surfaceACDsy.q> have 0.02%and 0.2% of
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Table 4| Decompositions of 13 common models, where jrj% is the percerage of
edgesthat are notches,jg is the number of edges,and S is the physical
(le) size. All modelsare normalizedsothat the radius of their minimum
enclosingspheress one unit.
models | jrj% i€ S || models| jrj% i€ S
dinopet| 34.9% 9,895| 201KB || elephart| 30.4% | 10,197 206KB
elephart| 42.5% 18,594| 379KB | inner ear 34.0% | 48,354 1.0MB
screw
horse | 34.4% 59,541| 1.3MB driver | 45.5% | 81,450 1.8 MB
bunny | 40.5% | 104,496/ 2.3MB teeth | 45.5% | 349,806| 7.9 MB
female | 38.8% | 365,163| 8.5MB verus | 43.8% | 403,026/ 9.3 MB
armadillo | 41.4% | 518,916| 12.1MB david | 38.7% | 748,893| 18.0 MB
dragon | 42.8% | 1,307,170| 31.7 MB
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Decompositions of 13 common models, where S and jP;j are the physi-
cal (le) sizeand the number of componerts of the decomposition, resp.
Feature grouping is usedfor ACDs. Note that the David and the dragon
models are not closed,thus they do not have results for solid decomposi-
tion.

Solid
ACDg:2 ACDg.02 ECD

models | jP;j S | jPij S iPi] S

dinopet | 13| 252KB | 67| 577KB 5,607| 38MB

elephart | 13| 338KB | 136| 1.4MB 5349| 50MB

bull 12| 481KB | 211| 2.3MB | 12,210| 102MB

innerear| 31| 14MB | 181| 3.6 MB | 14,591| 171 MB

(o]

horse 1.4MB | 77| 24MB | 24,044 527 MB

=

screw-dr 18MB | 44| 3.0MB | 43,180| 2.0GB

bunny 6| 25MB | 178| 6.6 MB | 46,728| 2.8GB

teeth | 11| 9.4MB | 307 | 18.8MB | 135,224| 7.5GB

ol

female 8.7MB | 67| 10.9MB | 145,085 7.2GB

w

venus 95MB | 273 | 32.8MB | 166,555| 18.2GB

armadillo | 11| 12.2MB | 98| 14.2MB | 726,240| 20+ GB

Surface
ACDg> ACDg2 ECD

models | jP;j S | jPij S iPij S

dinopet | 12 | 205KB 62| 226KB 1,297 | 224KB

elephart | 15| 215KB | 123 | 250KB 1,306| 229KB

bull | 12| 388KB | 191 | 446KB 3,486 | 444KB

innerear| 26| 1.0MB | 89| 1.1MB 6,360| 1.2MB

horse 8| 1.3MB | 47| 1.3MB 8,095| 1.4MB

[EEN

screw-dr 1.8 MB 9| 1.8MB 15,052| 2.1 MB

bunny 6| 23MB | 97| 24MB | 16,549| 2.7MB

teeth | 29| 80MB | 131| 82MB | 67,059| 9.4MB

ol

female 85MB | 50| 8.6MB | 51,580 9.3MB

vernus 3| 93MB | 164, 9.6 MB | 72,190| 9.6 MB

armadillo | 11| 122MB | 85| 124MB | 89,839| 14.1MB

david | 10| 18.0MB | 170 | 18.3MB | 85,132| 20.1MB

dragon | 12| 31.8MB | 237 | 32.1MB | 246,053| 37.3MB
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the number of componerts that the ECD hason average.Figure 48 shavsthat ACDs
only require a small constart factor increasein the computation time over the linear
time surfaceECD; this is represetativ e of the relative costof surfaceACD and ECD.

Table 6 summarizesthesestatistics.

Table 6/ ACD v.s. ECD.

% solid ECD % solid ECD % surfaceECD % surfaceECD

#comp onernts le size  #comp onerts le size

ACDg:2 0.001% 0.08% 0.02% 88.3%
ACDo:02 0.1% 0.16% 0.2% 89.6%

b. Solid ACDs Are Only Slightly Larger Than SurfaceACDs

Table 5 also shows that the size of the solid ACDs are about 1.6 times larger than
the surfaceACDs due to the fact that the solid ACDs usecut planesto approximate

(possibly non-planar) concave features.

c. ACDswith Feature Grouping Are SmallerThan ACDs without Feature Grouping

This experimert studiesthe e ect of feature grouping on the ACDs of the Armadillo
and the David models. We further investigate ACDs with di erent approximate lev-
els. Figures 47 and 48 shaw results of solid and surfacedecomposition for a range of
approximation value , respectively. Figures 47 and 48 shaw that feature grouping
successfullyreducesthe size of both solid and surface decompositions. In partic-
ular, we seea slowly increasingsize for ACDs with feature grouping as the value
of decreaseqi.e., as the convex approximation approades an exact cornvex de-
composition). In addition, with feature grouping, ACD producesstructurally more

meaningful componerts.



90

exact acd 02 acd o2
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[Chazelle 1981] no feature grouping feature grouping
t 7002 0.04 0.08 0.2
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Figure 47. Convexsolid decomppsition. The sizeand time of ACD with and without
feature grouping are showvn for a range appraximation values .

E. Discussionof Limitations

Despite our promising results, our current implemertation for polyhedra has some
limitations which we plan to addressin future work, someof which can be solved
without too much di cult .

First, someuncommontypesof open surfaceswith \non-zero gerus”,
seean exampleshavn on the right, whoseverticeson the convex hull are
all corvex, cannot be handled correctly by the proposedmethod.

Second,splitting non-linearly separablefeaturesusing a best t cut
plane can still generatea visually unpleasam decomposition. One pos-
sible way to addressthis problem is to use curved cut \planes" whose concavity
shouldalsobe acceptableto ensureno new untolerable featuresare introducedby the

decomposition.
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components
seconds

exact
[Chazelle et al. 1995] ACD without feature grouping ACD with feature grouping

Figure 48. Convex surfacedecompsition. The leftmost gure shows a result of the

exact decomposition. The others are results of the approximate decom-
position.

Third, our feature grouping method hasdi cult y in collecting long featuresthat
have relatively low concavity asdemonstratedin Figure 49.

Finally, we would like to considere cient alternativesto shortest paths for the
concavity measure,which is known to be a problemin NP hard [113 and has high

time complexity evenif computedapproximately [36], sucd asby using an adaptively

sampleddistance eld [50].
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Figure 49. Problemsof nding meaningful cuts in the low concavity areas.
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CHAPTER VI

APPLICATIONS OF APPROXIMATE CONVEX DECOMPOSITION
Many problems, suth as cheding if a point is inside or outside of a polygon, can
be solved more e cien tly if they operate on convex objects. ACD componerts can
also provide similar functionality. In this chapter, we will presett someof the many
potertial applications of ACD. In most of theseexamples,a major gain in e ciency
is obtained by using the corvex hulls of the ACD componerts (and sometimesthe
componerts themseles)instead of using exact corvex componerts. Sometimesusing
the corvex hulls of the ACD componerts might introduce errors into the resulting
computations, but in many casestheseerrors are small and can be tolerated. This
includesa large set of problemsin computational geometryand graphics,sud ascol-
lision detection, meshgeneration, pattern recognition, skeletonization, and origami
folding. In this chapter, we considerfour applicationsincluding point location, shape
represemation, motion planning, and meshgenerationin a high level. Table 7 sum-
marizesthe studied applications and type of ACD usedin this applications chapter.
In Chapter VI, we will shav in detail how ACD canbe usedto extract skeletonand

shape decompsition simultaneously

Table 7| Studied applicationsand type of ACD used.

Application Solid/Surface Feature Grouping
Point location Solid No
Shape decomposition Surface Yes
Motion planning Surface Yes
Mesh generation Solid Yes
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Algorithm 8 PointLocation.ACD

Input. A polygon or a polyhedron P, tolerance , and a set of points S.
Output. Report points that are inside P and those that are outside P.
1. GenerateACD of P
2: for ead point s2 S do
for ead component C 2 ACD do

if s2 CHc¢ then

Mark s asinside

if s is not marked asinside then

Mark s asoutside

NogahRw

A. Point Location

ACD type: solid ACD without feature grouping . Point location, which chedks
if a point x is in a polygon or a polyhedron P, is a fundamertal problem that can
be found in ray tracing, simulation, and sampling. Point location can be solved more
e cien tly for corvex objectsthan for non-corvex objects. Point location for a convex
object P can be doneby cheding if a point is on the sameside of all P's boundary.

Locating points for a non-corvex model canbene t from ACD using the corvex
hulls of its ACD componerts if someerrors can be tolerated. Algorithm 8 outlines a
naeve ACD-basedpoint location by iterativ ely locating eat point againstead convex
hull of the ACD componert. If a point is inside one of the corvex hulls, then the
point is reported as inside; otherwise outside. Algorithm 8 may mis-classifypoints,
which shouldbe classi ed asexternal points but are classi ed asinternal points using
ACD. This is dueto the di erence betweenthe convex hulls of the ACD componerts
and the original model. Note that thesemisclassi ed points are usually closeto the
boundary. The distance betweenthe misclassi ed points and the model dependson
how corvexthe componerts are. This featureis very usefulfor someapplications. For
example,in a particle system,shown in Figure 2, the motion of the particles can be

computedmoree cien tly usingthe ACD-basedpoint location while the small errors,
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introducedby ACD, in a systemwith thousandsof particles are hardly noticeable.

Full model: 1 part ACDg.2: 411 parts
210.9mins 162.7mins
ECD: 5,349parts ACDg.02: 204 parts
57 hrs 52.2mins

Figure 50. Point location of 10° points in the teeth model (233,204 triangles), in the
elephart model (6,798 triangles), and in their solid ECD and the corvex hulls
of the ACDg.02. Measured time includes time for decomposition and point
location. Point location in ACDg.g2 of both modelshas0.99%errors. External
points of 1000samplesin full model and ECD are shown in the gures on the
left and only the misclassi ed (as internal) points in ACDs are shavn on the
right.

In our experimerts, point location of 10° random points is performed for the
full model and for the convex hulls of the ACDq.0, componerts; point location in
the ACD did not utilize the hierarchical structure of the ACD, but simply tested
eath componert separately As seenin Figure 50, even using this nave strategy,

point location in the ACD is about 23% faster than in the original teeth model.
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Figure 51. The features(circled) in polygonsA and B have the sameconcavity but
have di erent e ects onthe shapesof A and B. For polygonB, its concare
feature hasalmost no e ect on its overall shape.

As seenwith the elephart model, the advantage of the ACD over the ECD is even
more pronounced.In both experimerts, more than 99% of the querieswere answered

correctly using the ACD.

B. Shape Represefation

ACD type: surface ACD with feature grouping . The componerts of an ACD
can also be usedfor shape represemation. In this section, we presen a strategy to
generateshape decompsition using ACD. In many caseghe signi cance of a feature
dependson its volumetric proportion to its \base". For example,a 5 cm stick on a
ball with 5 cm radius is a more signi cant feature than a 5 cm stick on a ball with

5 km radius. Another exampleillustrating this idea is showvn in Figure 51. This

volume(P)

intuition can be captured by the conceptof convexity de ned as voume(CH sy "

Algorithm 9 descrikes the ACD-based shape decomposition using convexity.
First, instead of using concavity, we use corvexity to ched if a componert is ac-
ceptable. Next, if the componert has untolerable corvexity, then we decompsethe
componert. Figure 3 in Chapter | shows results from our approad that simply

replacesthe decomposition criterion, i.e., concavity, with 0:7 corvexity.
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Algorithm 9 ShapeDecompACD

Input. A polygon or a polyhedron, P, and minimum convexity,
Output. A decomposition of P, f Cig, such that minf convexity (Ci)g
1: if convexity (P) then

2 return P

3: else

4: c = concavity(P)
5

6

7

f Cig= Resolv e(P, c.witness).
for ead component C 2 fCjg do
ShapeDecompACD(C, ).

C. Motion Planning

ACD type: surface ACD with feature grouping . Motion planning provides
a tool to generateand cortrol an object's motion by allowing the userto set initial
and nal arrangemems of the objects and to specify constrains on the motion [75].
Motion planning has many applications, e.g., for navigating in the human colon or
removing a medanical part from an airplane engine. The ACD componerts can help
to plan motion more e cien tly. Sincethe motion planning problem has beenshown
to be intractable [23], researbers have focusedon sampling-basedmotion planning
strategies. The idea behind these strategiesis to appraximate the topology of the
free con guration space(C-space)of a robot by sampling and connecting random
con gurations to form agraph[67, 132 18, 86](or atree[76, 61, 96]) without explicitly
computing the C-space.

Sampling-basedmotion plannershave beenshown to solve di cult motion plan-
ning problems;seea survey in [13]. Howeer, they also have se\eral technical issues
limiting their succeson someimportant typesof problems,sut asthe dicult y of
nding pathsthat are requiredto passthrough narrow passages.

ACD can addressthe socalled\narrow passage'problem for somemaotion plan-

ning problemsby sampling with a bias toward cuts between ACD componerts and
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Algorithm 10 prm _ACD

Input. A robot A and a polygon or a polyhedron, P, that describesthe workspace.
Output. A roadmap R that encadesthe free C-spaceof A.

1. GenerateACD of P

2: for each componert C 2 ACD do . samplecon gurations of A
3: for ead certroid o of C and C's openingsdo

4 rep eat

5: randomly place A around o with a random orientation (and joint angles)

6: keepthe con guration of A if collision free
7
8:

until k samplesare generatedaround o

Connect eath sample to its nearby samplesto form a roadmap R using simple local
planners.

the certroids of ead componert. Algorithm 10 shows an outline of this approad.
First the model usedto represen the workspaceis decommsedusing ACD. Then the
robot is randomly placed near the certroids of the componerts and the cuts (open-
ings) between componerts. These randomly generatedcon gurations then form a
network, called roadmap by connectingead of them to its nearby con gurations.

This sampling strategy is usefulbecausenarrow corridors usually have high con-
cavity and are identied during the decompsition process. Our strategy samples
con gurations in thesedicult areasand helps reveal the connectivity of the free
C-space.

Figure 4 in Chapter | illustrates the advantage of this sampling strategy over
uniform sampling[67]. In this example,we can seethat the graph constructedusing
ACD represets the free C-spacebetter than using the uniform sampling [67] with
the samenumber (200) of collision-freesamples.

Note that advantagesof the ACD-basedsamplingare not only that more samples
are placedin the narrower (di cult) regionsbut also the connectionsbetweenthe

samplescan be made more easily due to the nearly corvex componerts.
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Algorithm 11 Meshing ACD

Input. A polygon or a polyhedron, P, and tolerance .
Output. A tetrahedral meshthat approximates the shape of P
1. GenerateACD of P

2: Let M be an empty mesh

3: for eath componert C 2 ACD do

4

5

Generate a tetrahedral meshM ¢ by triangulating (a subsetof) the vertices of C.
M=M][ Mc

D. MeshGeneration

ACD type: solid ACD with feature grouping . Meshgenerationis a processof
decompsinga model into a setof tetrahedra or hexahedra. The resulting tetrahedral
or hexahedralmeshescan then be usedin many applications, suc as for modeling
physically baseddeformation using Finite Elemert Method; see,e.g.,[98].

The ACD componerts can be usedto generatetetrahedral meshesfrom the
ACD componerts using Delaungy triangulation [17, 64]. Algorithm 11 outlines this
ACD-basedmesh generation. This approad is favorable becauseit is known that
generatingtetrahedral or hexahedralmeshess easierand faster for corvex objects,
e.g., by connectingthe certroid of the componert to eat vertex of the componert
or using Delaungy triangulation.

Note that sometimeshe convex hulls of ACD componerts canstill cortain many
triangles, thus the corvex hulls may further simpli ed, e.g., using trib oxes [40], to
generate even coarser meshes. These meshescan later be used for, e.g., surface
deformation. An illustration of this application is shovn in Figure 52 and Figure 5

in Chapter I.
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(1. input model) (2. ACD) (3. tetrahedral mesh)

(4. bind input to the mesh) (5. deform mesh) (6. deformedinput)

Figure 52. Hierarchical deformation. First, ACD is built from the input model. Next,
a tetrahedral meshis built from the componerts of ACD. Then, the input
model is bound to the tetrahedral mesh. Finally, deformationsthat are
applied to the tetrahedral mesh can be indirectly applied to the input
model.
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CHAPTER VII

SHAPE DECOMPOSITION AND SKELETONIZATION USING ACD
Shape decompsition partitions a model into (visually) meaningful componerts. Re-
certly shape decompsition hasbeenapplied to texture mapping[110, shape manip-
ulation [66], shape matching [94, 45, 51], and collision detection [82]. Early work on
shape decompsition can be found in pattern recognition and computer vision; see
surveysin [108 131].

A skeletonis a lower dimensionalobject that essetially represems the shape of
its target object. Becausea skeleton is simpler than the original object, many op-
erations, e.g., shape recognition and deformation, can be performed more e cien tly
on the skeletonthan on the full object. The processof generatingsud a skeletonis
called skeleton extraction or skeletonization Examplesof automatic skeleton extrac-
tion include the Medial Axis Transform (MAT) [16] and skeletonization into a one
dimensionalpoly-line skeleton (or simply 1D skeleton) [24, 88, 66].

Skeletonshave beenextracted from di erent sourcessud asvoxel (image) based
data [135 103 15|, boundary represeted models[37, 4, 130, and scattered points
[127, and for dierent purposes,sud as shape description [114 115, shape ap-
proximation [5, 133, similarity estimation [58], collision detection [21, 62], biological
applications [3], navigation in virtual ervironmernts [81], and animation [124 66].

Although it hasbeennoted beforethat a good shape decompsition can be used
to extract a high quality skeleton[88, 66]and that a high quality skeletoncanbe used
to producea good decomposition [82], this relationship betweenshape decomposition
and skeleton extraction is a relatively unexploredconcept,especially in 3D. Instead,
when a relationship is noted, the skeletons are usually treated as an intermediate

result or a by-product of the shape decomposition.
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Figure 53. The skeleton (shown in the lower row) ewlveswith the shape decomp-
sition (shown in the upper row).

In this chapter, we propose an integrated framework for simultaneous shape
decompmsition and skeleton extraction that not only acknowledges,but actually ex-
ploits the interdependencebetweenthesetwo operations. First, a simple skeleton is
extracted from the componerts of the current decomposition. Then, this extracted
skeletonis usedto evaluate the quality of the decomposition. If the skeletonis satisfac-
tory under someuserde ned criteria, we report the skeleton and the decompsition
asour nal results. Otherwise, the componerts are further decompmsedinto ner
parts using approximate corvex decomposition (ACD) [88, 85], which decompsesa
given componert by “cutting' its most concase features. Figure 54 illustrates this
proposedframework and Figure 53 shows an exampleof the co-ewlution processof
the shape decomposition and skeleton extraction.

As we will shav, our proposedapproad has se\eral advantagesand makescon-

tributions aslisted below.

This recursive re nement strategy generatesmulti-resolution skeletons, from

coarseto ne levelsof detail, which are usefulfor someapplications.
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Figure 54. Simultaneousshape decompsition and skeleton extraction. The setf Cig

is a decomposition of the input model P and initially fCig= fPg.

Divide-and-onqueralgorithms that operate on the decompsitions or skeletons

canbe moree cien t becausee nement is appliedto the more complexregions

but not to areaswith lessvariation.

The extracted skeleton is invariant under translation, rotation, and uniform

scale,and is not very sensitive to boundary noiseand skeletal deformations.

Our approad doesnot require any pre-processingg.g.,model simpli cation, or

any post-processing.e.g., skeleton pruning, which are required by many of the

existing methods, e.g.,[82, 66, 130.

Our framework is generalenoughto work for both 2D polygonsand 3D poly-

hedra.

A. Related Work

Both shape decompsition and skeleton extraction have beenstudied for decadesand

there is a large amourt of previouswork. In this review, we concenrate on recen

dewelopmerts most relevant to our work.

Shape decomp osition . Inspired by psydological studies, sut as recognition

by componerts [14] and the minima rule [59, 60], methods have been proposedto
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partition models at saliert featuresto produce visually meaningful componerts. In
pattern recognition, Rom and Medioni [10§ partition a model into a set of tubular
(generalizedcylinder) shapes accordingto their curvature properties. As a prepro-
cessingstep for mesh generation, Sorthi et al. [93] identify closedsets (loops) of
edgeswith required corvexity and usethem to decompsea model into solid parts.
Howeer, these methods work best with simple models with sharp internal angles,
sud as medanical parts.

Methods that are applicableto models with generalshapesalso exist. Wu and
Levine [13] proposea partitioning method basedon a simulated electrical charge
distribution on the surfaceof a model. Mangan and Whitaker [94] and Pageet al.
[103 decommse polygonal meshesby applying watershed segmetation with cur-
vature computation. Li et al. [82] decommse polygonal meshesat critical points
along skeletonsobtained via model simpli cation. Dey et al. [45] segmeh a model,
in R? or R3, into stable manifolds which are collections of Delaunay complexesof
sampledpoints on the boundary. Katz and Tal [66] cluster meshfacetsinto fuzzy
regions,carefully partition facetsin thoseregions,and successfullyproduce perceptu-
ally cleancuts betweendecommsedcomponerts. A similar approad usingadi erent
clustering technique can alsobe found in [92]. Interactive methods [78, 51] that iden-
tify featuresvia human assistancehave alsobeenshown to produce high quality and
cleandecompsitions.

Skeletonization . The Medial Axis (MA), Voronoi diagram, Shack graph and
Reebgraph are commonskeleton represetations. Although the MA canrepresemn a
losslessshape descriptor [16], it is di cult and expensive to compute accurately in
high (> 2) dimensionalspace[41]. Se\eral ideasfor approximating the MA have been
proposed,e.g.,using Voronoi diagram, and its dual Delaungy triangulation [4, 6, 46],

of denselysampledpoints from the object boundary. Shock graphs[118 42], another
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represemation of the MA, encale the formation order and, therefore,the importance
of eat part of the MA. Reebgraphs,a type of 1D skeleton, extracted from various
Morsefunctions, are a powerful tool for shape matching [127, 116 7, 58]. SinceMorse
functions are de ned on meshvertices,re-meshing58, 7] is usually neededo generate
a good (accurate) skeleton.

Seeral methods have beenproposedto extract a skeleton from the componerts
of a decompsition [88, 66]. Skeletonscan also be constructed by simplifying (con-
tracting) a polygonal meshto line segmets [82].

Multi-scale and multi-resolution  skeletons. Multi-scale skeletons[107, 99|

of the model. Sy is the most important part of the skeleton, represeting global

topology, while Sy encaleslocal featuresand is sensitive to local changes. Multi-

at di erent levelsof detail. Sy will have the coarsestskeletonand Sy will cortain the
most detailed information. This represemation is desiredfor someapplications. For
instance, to extract similar items from a 3D database,a rough skeleton can be used
to reject many unlikely models and incremertally re ne the skeleton to get better
matches. As previously mertioned, one of the featuresof our framework is that its

recursive nature results in the construction of multi-resolution skeletons.

B. Framework

We propose a framework that simultaneously performs shape decompsition and
skeleton extraction. For a given polyhedron P, Simultaneous Shape decomposition
and Skeletonextraction (SSS)(seeAlgorithm 12) constructsa skeletonfor the model

from (local) skeletonsextracted from ead componert of a decomposition, evaluates
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Algorithm 12 SSSP)

1. S = Ext_Skeleton(P)
2:if Error(P;S) then

3 Report S asP's skeleton and report P asa componert
4: else
5
6

fCijg= Decompos¢P)
For eath C 2 fC;g do return SSSC)

the extracted skeletoncomponerts, and cortinuesre ning the decomposition and the
assaiated skeleton componerts until the quality of the skeleton for eady componert
is satisfactory, e.g.,the error estimation of the skeletonfor the respective componert
Is smallerthan a tunable threshold

There are three important sub-routines in Algorithm 12: Ext_Skeleton(P),
which extracts a skeleton from a componert P; Error(P;S), which estimatesthe
quality of the extracted skeleton; and DecomposéP), which separatesP into sub-
componerts when the extracted skeleton is not acceptable. We discussmethods for
skeleton extraction Ext_Skeleton(P) in Section 1, and methods for quality mea-
suremernt Error(P;S) in Section2. Recall that our choice for the DecomposéP)

sub-routine is approximate corvex decomposition.

1. Extracting Skeletons

In this section, we discusstwo simple methods to extract a (local) skeleton from a
componert of a decompsition. These local skeletons can be connectedto form a
global skeleton of the input model. The certroid method is a simple approad that

can result in skeletonsthat do not represem the shape of the object. The second
method, basedon the principal axis (de ned below) of a componen, is slightly more

expensiwe to compute, but leadsto improved skeletonsin somecases.
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P1 P1
P2 a b c [d 2 P3 72 brcf 1d P3
(using certroids) (using the principal axis)

Figure 55. This exampleshows a problem that ariseswhen skeletonizationis based
only on the certroids. Points b and d are the certers of the openingsand
a, ¢ and e are the certers of the componerts P, P, and P3, respectively.
This problem can be addressedusing the principal axis.

Using Centroids . One of the easiestways to construct a skeleton for a com-
ponert C (in a decompsition) is to connectthe certroids of the openings, called
opening centroids, on @ to the certroid of C. Theseopeningsare generatedwhen a
componert is split into sub-compnerts during the decomposition process,

Sewral similar methods for extracting skeletons have been proposed[88, 66].
Although this approad is simple and generatesfairly good results one of the major
drawbadks of this type of skeletonis its inabilit y to represemn sometypesof shapes. For
example,the skeleton of a cross-like model in Figure 55 extracted using its certroids
is only a line segmen instead of two crossingline segmets. The method descriked
next attempts to addressthis problem.

Using the Principal Axis. In this method, we extract a skeleton from a
componert C (in a decomposition) using the principal axis of the corvex hull CH¢
of C. The principal of a set of points is de ned in Eqn. 4.1 in Chapter IV. Instead

of connectingthe certroids of C's openingsto the certer of massof C, we connect
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thesecertroids to the principal axis enclosedin CHc. Figure 56 shavs an example
of skeletonsconstructedin this manner.

Let PA(CHc) bealine through the certer of massof CH¢ parallel to the princi-
pal axis of CHc. Our method connectsan opening certroid to oneof the k points on
PA(CHc)\ CHc. Thesek points, denotedby P, evenly subdivide PA(CH¢)\ CHc
into k + 1 line segmets. The selection of the value of k is basedon the desired
minimum skeleton link length. Let P° P be a set of points to which the opening
certroids connect. Figure 56illustrates P and P °with circlesalongPA(CH¢). Then,
the nal skeleton S of C cortains line segmets that connectthe opening certroids
to P%and line segmets that connectthe P°.

To minimize the chanceof getting a long skeletonwith many joints, we match the
openingcertroids to P sothat the cardinality of P °and the distancesfrom the opening
certroids to P are minimized. We solwe this optimization matching problem using
dynamic programming. Details of how we nd the optimal solution are discussedn
SectionD.

In caseswhereall the points in P°lie only on oneside of the certer of massc of
CHc¢, e.g.,P%in Figure 56(b), line segmets that connectto the points in P°are not
enoughto represem the ertire componert. In sud cases,the skeleton will connect
POwith the end point of P on the other side of the certer of massc. Similarly, when
PO cortains only c, the skeletonwill connectc with the end points of P on both sides
of ¢, e.g., the skeleton of the componert P, in Figure 55 (using the principal axis).

Figure 57 shaws three skeletons: two extracted skeletonsusing the certroid and
the principal axis methods, and one skeleton manually generatedby a professional
animator. One can seethat the skeleton extracted using the principal axis is topo-
logically more similar to the animator generatedskeletonthan the skeletongenerated

using the certroid method. In SectionD, we analyzethe similarity of theseskeletons
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CHc
C ;
- é\ PA(CHc)

(b) /

Figure 56. Usingthe principal axis of the corvex hull CH¢ to extract a skeletonfrom
a componert. Skeletonsare shavn in dark thick lines and skeletal joints
are shown in dark circlesand c denotesthe certer of massof CH¢. (a)
Openingcertroids are connectedto both sidesof c. (b) Openingcertroids
are connectedto only oneside of c.

using graph edit distance.

2. Measuring Skeleton Quality

Although se\eral criteria exist for measuringthe quality of a skeleton, the general
principles we adopt are that the skeleton should residein the interior of the model
and it should encale the \top ology" of the model's shape. Thus, using thesegeneral
criteria, our strategy to computethe quality of a skeleton S is to compareS with its
asseiated componert C. In this section, we proposethree methods for measuring
quality. This rst method cheds whether S intersects @ and the secondmethod
cheds the topological represemation of S w.r.t. C. In the third method, we propose
an adaptive measuremet basedon the volume of the componert.

An important property of thesethree methods is that the error of the skeleton

becomesmallerasthe decompsition becomesner. This property isjustied at the
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(centroids) (principal axis) (manually)

Figure 57. Notice the di erences of these skeletonsat the torso, the head, and the
ngers.

end of this section. Figure 59 shaws extracted skeletonsbasedon thesethree quality
measuremets.

Checking penetration . Our rst method measureghe quality of S by chedking
whether S intersectsthe componert boundary @. If so, the function Error(C;S)
returns a large number (larger than the tolerable value ). Otherwise, zerowill be
returned. The consequencés that C will be decompsedif @\ S6 ;.

As seenin Figure 59, skeletonization using penetration detection stops ewlving
after a few iterations and doesnot produceskeletonsthat represem the dragonor the
bird.

Measuring centeredness. In the secondmethod, we measurethe o sets of S
from the level setsof the gealesicdistancemap on @. The value for ead point in
this map is the shortestdistanceto its closestopeningof C. Ideally, a skeletonshould
passthrough all connectedcomponerts in all level sets. Therefore,this measuremen
method simply cheds the number of times that S doesnot do so. An exampleof this
measuremenis shavn in Figure 58.

Let Lc be all the connectedcomponerts in the level setsof C. We de ne the
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Figure 58. The error measuremen for this skeleton, which intersectslevel sets4, 7
and 8, is 2.

error of a skeleton S as:

P
oL T (1eS)

Err(C;S) = s

(7.1)

wheref (I¢; S) returns O if S intersectscomponert |, and 1 otherwise,and jL¢j is the
total number of the connectedcomponerts in C. Details of how we computethe level
setsand f (I¢; S) are discussedn SectionD.

As seenin Figure 59, skeletonization using the certerednessmeasuremen cap-
tures the shape of the dragon and the bird better then simply using penetration
detection, but it over segmets the tail of the bird and does not produce accurate
skeletonsin the feet of the dragonor the bird.

Measuring convexity. Our ideafor the last quality measuremeh comesfrom
the obsenation that in many caseghe signi cance of a featuredependson its volumet-

ric proportion to its \base". This conceptcan be captured by using corvexity. Recall

volume(C)

that we de ne the convexity of a componert C de ned asconvexity(C) = voume(CH )"

wherevolume(X ) isthe volumeofasetX . Thus,wecande ne the error measuremen
as:

Err(C;S) =1 convexity(C) : (7.2)

Assumethat the skeleton S is a good represetation of the corvex hull CHc.
Then, asmallerdi erence betweenCH ¢ and C meansthat S is a better represemation

of C. Thus, although the skeleton S is not included in Equation 7.2, S is implicitly
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(checking penetration) (measuring centeredness)(measuring convexity)

Figure 59. Final skeletonsof a dragonpolyhedronand a bird polygonextracted using
di erent quality estimation functions: cheding penetration, measuring
certeredness,and measuring corvexity. The maximum tolerable errors
for certerednessand corvexity are 0.2 and 0.3, respectively.

consideredin terms of CHc.

As seenin Figure 59, using corvexity producesthe most realistic skeleton that
capturesthe overall shape of the dragon and the bird and alsoidenti es the detailed
featuresof their feet.

Skeleton qualit y vs. ACD . Here, we show that the error measuremets of a
skeleton,i.e., penetration, certerednessand corvexity, decreasesthe input model is

decompsed. This is a critical property, which allowsthe SSSframework to terminate.

Lemma B.1. LetS be the skeletonof a polyhedron P and let S° ke the skeletonof the
components of the ACD of P. The error estimation of S° must be smaler than the
error estimation of S measured using penetration, centeredness,and convexity de ned

in Section 2.

Proof. We shaw that all error measuremets becomezeroif the input model is corvex.

For penetration, becausethe segmets connectingany two points inside the corvex
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Algorithm 13 SSSpcp (P)

1. Compute a skeleton S from P using the Principal Axis of CH.
2: Estimate the quality of S using convexity.

3. if S is acceptable then

4. Report S asP's skeleton and report P asa componert.

5

6

7

. else
fCig= ACD(P).
For eath C 2 fCjg do return SSSacp (C)

object must not intersect its boundary, a skeleton will newver penetrate the object.
For the samereason,the skeleton must not be “outside' of any level set of a convex
componert. Finally, becausethe convexity of a corvex object is one, its error must

be zero. O

C. Putting It All Together

Algorithm 13 showvs a eshed-out version of the proposed simultaneous shape de-
composition and skeletonization framework. Here we suggestusing the principal
axis, corvexity and approximate corvex decompsition for local skeleton extraction,
guality measuremen and partitioning, respectively. Algorithm 13is usedfor all the
experimerts in SectionD. We would like to emphasizehat the choice of thesemeth-
ods is made basedon our own experience. The framework is not restricted to these
selectedsub-routines,which can be replacedby other methodsto t particular needs

of an application.

D. Implemertation and Results

1. Implemerntation Details

From a Principal Axis to a Skeleton. Here,we shov how a local skeletoncanbe

computed using the principal axis. Our goalisto nd a mappingM :O! P from
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the openingcertroids O to the points P on the principal axis sothat the total length
of the mapping and the number of the mapped points (joints) in P is minimized. We

let the scorefunction F of a mappingM be de ned as
F(IM)=s; Mj+s, J(M); (7.3)

wherejM | and J(M) are the length and the number of joint of mapping M, and s;
and s, are userspeci ed scalars.s; and s, are constarts setto ten and one,resp. A
brute force approad to nd an optimal solution will take O(jPj°)) time, wherejP |
and jOj are the number of verticesin P and O, respectively. This exponertial time
complexity is in generalimpractical for most applications.

The main idea of nding the optimal mapping is to group opening certroids O
and connectead group to a point in P. After knowing how O is grouped, it takes
O(jPjjOj) time to nd a solution.

Grouping O can be done using dynamic programming. An obsenation that
enablesus to group O is that two certroids are likely to be grouped when their
closestpoints in P are close. Thus, we rst sort O with respect to the closestpoints
in P and then group the sorted elemerts of O. A dynamic programming approad
for grouping O is shavn in Algorithm 14. In Algorithm 14, we useGJi; j ] to denote
the optimal solution for the sub-problemfO;; ;0;9. We useG;G; to denotetwo
joints without mergingtwo groupsG; and G;. We use< G;G; > to denotethe joint
that mergestwo groupsG; and G; to onegroup.

Compute level sets and centeredness. A level set of a componert C in a
decompsition is a set of points on the surface@C of the componert with the same
gedlesicdistanceto the closestopening of C. A connectedcomponert in a level set
is a list of connectededges,which usually forms a loop on @C. A level set can have

one or multiple connectedcomponert(s). Theselevel setscan be computed, similar
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Algorithm 14 Optimal Matching(O, P)
1: for i 2 f1;, ;jOjg do
2. G[i;i]= O

3:for 1212, ;jOjgdo

4 for i2f1, ;jOj |+ 1gdo

5: j=i+l 1

6: Gli;jl=< 0 0O >

7. score= F(GJi;jI;P) . F isdened in Egn. 7.3
8 for k 2 fi; ;] lgdo

9 s= F(GJi; K]G[k + 1;j];P)

10: if s3 < score then

11: Gli;j1= GJi; K]IG[k + 1;j]

12: score= s;

to the construction processof a Reebgraph [119, by o oding the entire @ from
the boundariesof the openingsof C. In ead iteration of this o oding process,the
wavefronts will propagatefrom the visited verticesto unvisited verticesvia incident
edges.

To compute certerednesswe needto know how a skeleton S intersectsthe level
setsof C, i.e., we needthe function f (l.;S) usedin Eqgn 7.1, which returns zero if
S intersectsthe level setl.. The function f (I;S) can be implemerted by simply

cheding the intersection betweenead line segmen of S and the triangulation of I..

2. Experimertal Results

The experimerts in this sectionare usedto demonstratethe e ciency , the robustness
and seeral applications of the proposedmethod. The method was implemerted in
C++ and all these experimerts are performed on a Pertium 2.0 GHz CPU with
512Mb RAM. Seenteendecompsitions and their assaiated skeletonsare shown in
Figures59to 63 and in Tables8 and 9.

E ciency . A summary of the studied models, which include seweral game

characters, a high gerus model, and two scannedmodels, and the skeletonization
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(input) (decomposition) (skeleton)

Figure 60. This gure showsthe decompsition and the skeleton of a model with 18
handles.

and decomposition time of thesemodelsis shovn in Table 8. Table 8 shows that the
processingime of SSSdependson both the sizeof the model and on the complexity of
the shape. For example,eventhough the model in Figure 60 hasthe fewesttriangles,
its large gerus (18) increasesthe processingtime. In general, our proposed SSS
method can handle models with thousandsof triangles in lessthan a half a minute
and scaleswell for modelswith tens or hundredsof thousandsof triangles.

We further shav that SSSis e cient by comparing our results to two recerily
proposedshape decomposition and skeletonization methods that have beenshawn to
produce very promising results; seeFigures 61 and 62, respectively. In both experi-
merts, SSSgeneratesesults similar to thoseresults reported previously but SSScan
producethe shape decompsition and the skeletonsabout 30times and 5 times faster
than thosemethodsreported in [66] and [130, respectively. We note that there areno
well-acceptedcriteria to comparethe quality of these decompsitions and skeletons
quartitativ ely, and thereforewe do not intend to claim that our resultsare necessarily
better.

Robustness . In this set of experimerts, we shav that SSSis robust under

perturbation and deformation, meaningthat the shape decompositions and skeletons



Table 8|

Experimental results of SSS

Model
Figure 60 | Figure 63 Table 9 Figure 57 | Figure 62 | Figure 63 Table 9 Figure 53 | Table 9
Size 1,984 3,392 5,660 6,564 8,276 11,180 39,694 48,312 | 243,442
Time 15.6 2.6 1.7 15 8.8 3.4 194 30.1 73.3

Note: Sizeis measuredasthe number of the triangles of eadh model and the processingtime is measuredin seconds.

LTT
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(SSS) (Katz and Tal [66])

Figure 61. The decomposition with 0:7 corvexity and the asseiated skeleton of the
dino-pet model (with 6,564triangles) arecomputedin 1.5secondswhereas
Katz and Tal's approad takes57 seconds(on a P4 1.5 GHz CPU with
512Mb RAM).

(SSS) (Wu et al. [130])

Figure 62. The decompsition with 0:7 convexity and the assaiated skeleton of the
octopusmodel (with 8,276triangles) are computedin 8.8 secondshereas
Wu et al.'s approad takes53 seconds(on a P4 1.5 GHz CPU with 512
Mb RAM) usinga simpli ed versionof this model (with 2,000triangles).
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remain approximately the sameafter the input models are perturbed and deformed.
The results are shovn in Table 9.

Although there are no well acceptedcriteria to measurethe di erences among
decompositions, we can measurethe similarity of these skeletons, e.g., using graph
edit distance [22] which computesthe cost of operations (i.e., inserting/removing
verticesor edges)neededto corvert onegraphto another. In this section,we simply
assaiate one unit of costwith ead operation.

We measuretwo typesof distances,denotedasDo and D3. Do is the graph edit
distance from a skeleton to the skeleton extracted from the original mesh. Because
removing or inserting a degree-tvo node doesnot changethe topology of a graph, we
are also interestedin the distance, denotedas D32, that does not court operations
that create and remove degree-wo nodes. Table 9 shows that Do remainssmall for
both perturbed and deformedmodelsand D3 is zeroin all cases.

The extracted skeletoncanbereadily usedto createanimations. We demonstrate
this advantage by re-targeting motion captured data to the skeletonsextracted using
our method. In Figure 63, we shav a sequenceof imagesobtained from a skeleton-
basedboxing animation of a baby and a robot using motion data captured from an
adult male. Note that the baby and the robot modelshave di erent body proportions
and rest poses.Other animations, including walking and pushinga box, are provided
on our webpages.We usemotion captured data instead of a hand-madeanimation to
shaw that the extracted skeletonsare robust enoughto be usedby arbitrarily selected
motions and not only carefully designedmotion. The motions, i.e., joint angles,are

manually copiedfrom the captured data to the skeletal joints.
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Robustnesstests using perturbed and skeletal deformedmeshes.Dg is
the graph edit distancebetweena skeleton extracted from a perturbed or
deformedmeshand a skeleton extracted from the original mesh. D3 is
Do without courting operationson degree-2nodes(which do not change
the topology of the skeleton).

Shape Decomp osition. 70% corvexity

Original Perturb ed (random noise) Deformed

female
16 components

triceratop triceratop triceratop

9 components 9 components 9 components

horse P
emale

17 components female horse

P 16 components 20 components 18 components horse
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Extracted Skeletons. 70% corvexity

Original Perturbed Deformed
fi |
fD'iT?'e QS e female Qois:;e DeoT? € horse
D2=0 D2=0 Do=2 DS:O D3=0 Do=6
D3=0 °- D3 =0
triceratop

. Do=0
triceratop; _ .
3=

) bo=1 Do=0
triceratop,; _ D3 =0
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Figure 63. An animation sequencebtainedfrom applying the boxing motion capture
data to the extracted skeletonsfrom a baby model and a robot model.
The motion capture data (action number 13.17) are downloadedfrom the
CarnegieMellon University Graphics Lab motion capture database.The
rst two gures in the sequenceare the shape decompmsitions and the
skeletonsof the baby and the robot. Note that not all joint motions from
the data are usedbecausethe extracted skeletonshave fewer joints.
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E. Discussion

In this section,we proposea framework that simultaneously generatesshape decom-
positions and skeletons. This framework is inspired by the obsenation that both
operations share many common properties and applications but are generally con-
sidered as independernt processes. This framework extracts the skeleton from the
componerts in a decompsition and evaluates the skeleton by comparingit to the
componerts. The processof simultaneous shape decompsition and skeletonization
iterates until the quality of the skeleton becomessatisfactory

We studied two simple skeleton extraction methods, using the certroids and the
principal axis, and three quality evaluation measuremets, that compute penetration,
certerednessand corvexity, respectively. In the experimerts, we demonstrate that
the proposedframework is e cien t, robust under perturbation and deformation, and
canreadily be used,e.g.,to generateanimations and plan motion.

There are seeral ways to extend the current work. First, there is a needto
establisha systematicframework for comparingqualities of shape decompsition and
skeletonsusing more quartitativ e measuringmethods and bendimarks. Although the
proposedquality measuremets are basedon a generalidea of what a good skeleton
should be, more studies are neededto investigate application-speci ¢ measuremeh
criteria that should produce better and more \comparable" results. Second,not all
models, such asa bowl, can have reasonablelD skeletons. We are interestedin using
the sameframework to extract the appraximated medial axis from the componerts
in a decompsition basedon the idea that it is easierto extract the medial axis
from a corvex object than from a non-corvex object. Finally, becausethe extracted
skeletonsand shape decompsitions in our method co-ewlve, we can provide more

meaningful shape decompositions by using information from the extracted skeletons,
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e.g., merging componerts if the skeletonsextracted from those componerts do not

changethe global skeleton made from the ertire decompsition.
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CHAPTER VIII

CONCLUSION AND FUTURE WORK

A. Conclusion

In this dissertation, we proposeda method for decompsinga polygonor a polyhedron
into approximately corvex componerts that are within a user-sgeci ed tolerance of
COrvex.

In Chapter 1V, we preseried ACD of simple polygons. For simple polygons,when
the toleranceis setto zero, our method producesan exact corvex decomposition in
O(nr) time which is faster than existing O(nr?) methods that produce a minimum
number of componerts, wheren and r are the number of vertices and notches, re-
spectively, in the polygon. We proposed some heuristic measuresto appraximate
our intuitiv e concept of concavity: a fast and lessaccurate straight line (SL) con-
cavity, a slover and more preciseshortest path (SP) concavity, and hybrid (H1 and
H2) concavity methods with someof the advantages of both. We illustrated that
our approximate method can generatesubstartially fewer componerts than an exact
method in lesstime, and in all casesproducing componerts that are -approximately
convex. Our approad was seento generatevisually meaningfulcomponerts, sud as
the legsand ngers of the Nazcamonkey and the wings and tail of the Nazcaheron.

An important feature of our approad is that it also appliesto polygonswith
holes, which are not handled by previous methods. Our method estimatesthe con-
cavities for points in a hole locally by computing the \diameter" of the hole before
the hole boundary is mergedinto the external boundary.

In Chapter V, we extendedthe framework to decommsea given polyhedron of

arbitrary gerusinto nearly corvex componerts. This providesa medanismby which
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signi cant featuresare removed and insigni cant featurescan be allowed to remain
in the nal appraximate corvex decompsition (ACD). We have also demonstrated
that the ACD framework is exible { by simply changingthe decomposition criterion
from concavity to corvexity, the ACD can be usedasa shape descriptor of the input
model.

In Chapters VI and VII, we presened sewral applications of ACD including
point location, shape represemation, motion planning, meshgeneration,and skeleton
extraction. In most of these applications, the convex hulls of the ACD componerts

are usedto approximately represem the shapesof the objects.

B. Future Work

Shape computationsplay fundamertal and critical rolesin many elds. ACD isjust a
starting point for appraximating shapesand there is still alot of work remainingto be
done. We beliewe that the conceptof approximate convex decomposition can be ap-
plied to problemsinvolving collision detection, shape rendering, shape simpli cation,
mesh compression.and shape iderti cation. The study of thesefundamenal prob-
lems can be applied to more speci ¢ problemsin the domains of robotics, computer
graphics,computational neuroscienceand computational chemistry/biology.

Seeral methods deweloped in this dissertation, sud as the bridge/p ocket iden-
ti cation, feature extraction, and gerus reduction, may have application to other
problemsin computer graphics. How thesetools can be applied to other areasre-
quiresmorereseart. For example,studying the resenblancebetweenthe verticeson
the convex hull and the critical points on an averagegealesicdistance coded mesh
may speedup many applicationsthat require gealesicdistance computation.

Finally, one criterion of the decompsition is to minimize the concaity of its
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Figure 64. (a) Decompsition that minimizes concavity. (b) Decompsition using
the proposedmethod.

componerts. Our decommsition method does not try to nd a cut that splits a
given model P into two componerts with minimum concavity. There are two reasons
that we do not do so. First, greedily minimizing concavity does not necessarily
produce fewer componerts. Second,the decompsed componerts with minimum
concavity may not represen signi cant features. For instance,in order to minimize
the corvexity of P in Figure 64(a), P will be decompmsedinto P; and P, so that
max (concavity(P,); concavity(P;)) is minimized. Howewer, doing so splits the model
at unnatural placesand will ultimately generatemore componerts. Therefore,we are
interested in investigating whether a non-greedymethod can reducethe size of the

decomposition and can still represen signi cant features.



[1]

[2]

[3]

[4]

[5]

[6]

127

REFERENCES

P. K. Agarwal, E. Flato, and D. Halperin, \Polygon decomppsition
for ecient construction of minkowski sums,” in European Symmsium
on Algorithms, January, 2000, pp. 20{31. [Online]. Available: cite-

seer.nj.nec.com/agaralO0polygon.itml

N. M. Amato, M. T. Goodrich, and E. A. Ramos,\A randomizedalgorithm for
triangulating a simple polygonin linear time," Discrete and Computational Ge-
ometry, vol. 26, pp. 245{265,2001,special issuefor the 16th ACM Symposium
on Computational Geometry (SoCG 2000).

N. Amenta, S. Choi, M. E. Jump, R. K. Kolluri, and T. Wahl, \Finding alpha-
helicesin skeletons,” Dept. of Computer Science,The University of Texasat

Austin, Ted. Rep., 2002.

N. Amenta, S. Choi, and R. K. Kolluri, \The power crust, unions of balls,
and the medial axis transform,” Computational Geometry, vol. 19, no. 2-3, pp.

127{153,2001.[Online]. Available: citeseer.nj.nec.com/ameta0lpower.html

D. Attali, P. Bertolino, and A. Montanvert, \Using polyballs to approximate
shapes and skeletons,” in Proceadings of International Conference on Pattern

Recognition (ICPR'94), 1994,pp. 626{628.

D. Attali and J.-O. Lachaud, \Delaunay conforming iso-surface; skeleton
extraction and noise removal,” Computational Geometry: Theory and
Applications, vol. 19, no. 2-3, pp. 175{189, 2001. [Online]. Available:

http://dept-info.labri.u-b ordeaux.fr/ lachaud/pub.html



128

[7] M. Attene, S. Biasotti, and M. Spagruolo, \Re-meshing techniques for topo-
logical analysis," in Proc. of the Shag Modeling International (SMI'01), May
2001,pp. 142{151.

[8] D. Avis and G. T. Toussairt, \An optimal algorithm for determining the visi-
bility of a polygon from an edge,"IEEE Trans. Comput., vol. C-30, no. 12, pp.
910{1014,1981.

[9] O. E. Badawy and M. Kamel, \Shape represetation using concavity graphs,”
ICPR, vol. 3, pp. 461{464,2002.

[10] C. Bajaj and T. K. Dey, \P olygon nesting and robustness," Inform. Process.

Lett., vol. 35, pp. 23{32, 1990.

[11]]], \Convexdecompmsition of polyhedraand robustness,"SIAM J. Comput,,
vol. 21, pp. 339{364,1992.

[12] G. Barequet, B. Chazelle,L. Guibas, J. Mitchell, and A. Tal, \BO XTREE: A
hierarchical represemation for surfacesn 3D," Comput. Graph. Forum, vol. 15,

no. 3, pp. C387{C396,C484, Sept. 1996, proc. Eurographics'96.

[13] J. Barraquand, L. E. Kavraki, J.-C. Latombe, T.-Y. Li, R. Motwani, and
P. Raghavan, \A random sampling schemefor path planning,” Int. J. of Rob.

Res vol. 16, no. 6, pp. 759{774,1997.

[14] I. Biederman,\Recognition-by-componerts: A theory of human image under-

standing," Psychol@ical Review vol. 94, pp. 115{147,1987.

[15] I. Bitter, A. E. Kaufman, and M. Sato, \P enalized-distancevolumetric skele-
ton algorithm,” IEEE Transactionson Visualization and Computer Graphics

vol. 7, no. 3, pp. 195{206,2001.



129

[16] H. Blum, \A transformation for extracting new descriptorsof shape," in Models
for the Perception of Speech and Visual Form, W. Wathen-Dunn, Ed. Cam-
bridge, MA: MIT Press,1967,pp. 362{380.

[17] J.-D. Boissonnat, \Automatic solid modeler for robotics applications,” in
Rolotics Resarch: Third International Sympmsium. MIT PressSeriesin Arti-

cial Intelligene. Cambridge, MA: MIT Press,1986,pp. 65{72.

[18] V. Boor, M. H. Overmars,and A. F. van der Stappen,\The Gaussiansampling
strategy for probabilistic roadmap planners,” in Proc. IEEE Int. Conf. Rolot.

Autom. (ICRA), vol. 2, May 1999,pp. 1018{1023.

[19] G. Borgeforsand G. S. di Baja, \Metho ds for hierarchical analysisof concavi-
ties," in Proceedings of the Conferene on Pattern Recognition (ICPR), vol. 3,
1992,pp. 171{175.

[20] ||,  \Analyzing noncorvex 2d and 3d patterns,” Computer Vision and Image

Understanding vol. 63, no. 1, pp. 145{157,1996.

[21] G. Bradshav and C. O'Sullivan, \Sphere-tree construction using dynamic me-
dial axis approximation,” in Proceedings of the ACM SIGGRAPH Symmsium
on Computer Animation. ACM Press,2002,pp. 33{40.

[22] H. Bunke and A. Kandel, \Mean and maximum common subgraph of two

graphs,” Pattern Recogn. Lett., vol. 21, no. 2, pp. 163{168,2000.

[23] J. F. Canny, The Complexity of Rolot Motion Planning. Cambridge, MA: MIT
Press,1988.

[24] S. Capell, S. Green, B. Curless, T. Duchamp, and Z. Popovic, \In terac-

tive skeleton-driven dynamic deformations,” ACM Transactionson Graphics



130

vol. 21, no. 3, pp. 586{593,2002.

[25] G. Castillero, \Ancient, giant images found carved into Peru
desert,” October 2002, National Geographic News. [Online]. Available:

http://news.nationalgeographic.com

[26] B. Chazelleand L. Palios,\Decomposition algorithmsin geometry" in Algebaic
Geometry and Its Applications, C. Bajaj, Ed. New York, NY: Springer-\erlag,
1994,ch. 27, pp. 419{447.

[27] B. Chazelle,\Convex decompsitions of polyhedra," in Proc. 13th Annu. ACM
Sympms. Theory Comput. 1981,pp. 70{79.

[28]|], \A theoremon polygon cutting with applications," in Proc. 23rd Annu.
IEEE Sympms. Found. Comput. Sci., 1982,pp. 339{349.

[29] |I, \Convex partitions of polyhedra: A lower bound and worst-caseoptimal

algorithm," SIAM J. Comput,, vol. 13, pp. 488{507,1984.

[30] ||,  \T riangulating a simplepolygonin linear time," Discrete Comput. Geom.,

vol. 6, no. 5, pp. 485{524,1991.

[31] B. Chazelleand D. P. Dobkin, \Decomposinga polygoninto its corvex parts,”

in Proc. 11th Annu. ACM Symms. Theory Comput.,, 1979,pp. 38{48.

[32] ||, \Optimal corvex decommsitions,” in Computational Geometry, G. T.

Toussai, Ed. Amsterdam, Netherlands: North-Holland, 1985, pp. 63{133.

[33] B. Chazelle,D. P. Dobkin, N. Shouraloura, and A. Tal, \Strategies for polyhe-
dral surfacedecomposition: An experimertal study,” in Proc. 11th Annu. ACM

Symms. Comput. Geom., 1995, pp. 297{305.



131

[34] B. Chazelleand L. Palios, \Decomposing the boundary of a noncorvex poly-
hedron,” in Proc. 3rd Sand. Workshop Algorithm Theory, ser. Lecture Notes

Comput. Sci.,vol. 621. Springer-\erlag, 1992,pp. 364{375.

[35] F. Chin, J. Snceyink, and C. A. Wang, \Finding the medial axis of a simple
polygonin linear time," Discrete and Computational Geometry, vol. 21, no. 3,

pp. 405{420,1999.

[36] J. Choi, J. Sellen,and C. K. Yap, \Appro ximate Euclidean shortest paths in
3-space,"Internat. J. Comput. Geom. Appl., vol. 7, no. 4, pp. 271{295, Aug.
1997.

[37] J.-H. Chuang, C.-H. Tsai, and M.-C. Ko, \Skeletonization of three-dimensional
object using generalizedpotential eld," IEEE Transactionson Pattern Anal-

ysis and Machine Intelligence, vol. 22, no. 11, pp. 1241{1251,2000.

[38] D. Cohen-Steiner,P. Alliez, and M. Desbrun, \V ariational shape approxima-
tion,” ACM Trans. Graph, vol. 23, no. 3, pp. 905{914,2004.

[39] A. G. Cohn,\A hierarchical represetation of qualitative shape basedon con-
nection and corvexity,” in International Conferene on Spatial Information

Theory, 1995, pp. 311{326.

[40] A. Crosnierand J. Rossignac)T rib ox-basedsimpli cation of three-dimensional

objects,” Computers& Graphics vol. 23, no. 3, pp. 429{438,1999.

[41] T. Culver, J. Keyser,and D. Manocha, \Exact computation of the medial axis

of a polyhedron,” Comput. Aided Geom. Des,, vol. 21, no. 1, pp. 65{98, 2004.

[42] C. M. Cyr and B. B. Kimia, \3d object recognitionusing shape similarity-based
aspect graph,” in ICCV'01, 2001.



132

[43] D. DeCarlo, A. Finkelstein, S. Rusinkiewicz,and A. Sartella, \Suggestive con-
tours for corveying shape,” ACM Trans. Graph, vol. 22, no. 3, pp. 848{855,
2003.

[44] E. D. Demaine,M. L. Demaine,and J. S. B. Mitchell, \Folding at silhouettes
and wrapping polyhedral padkages: New results in computational origami,”
in Symmsium on Computational Geometry, 1999, pp. 105{114. [Online].

Available: citeseer.nj.nec.com/demaine99foldingtiml

[45] T. K. Dey, J. Giesen,and S. Goswami, \Shape segmetation and matching with
ow discretization," in Proc. Workshop on Algorithms and Data Structures

2003, pp. 25{36.

[46] T. K. Dey and W. Zhao, \Appro ximate medial axis as a voronoi subcomplex,"

in ACM Sympsium on Solid Modeling and Applications, 2002, pp. 356{366.

[47] J. Erickson and S. Har-Peled, \Optimally cutting a surfaceinto a disk,” in
Proceadings of the Eighteenth Annual Sympsium on Computational Geometry.
2002,pp. 244{253.

[48] H. Y. F. Fengand T. Pavlidis, \Decomposition of polygonsinto simpler com-
ponerts: Feature generationfor syntactic pattern recognition,” IEEE Trans.

Comput,, vol. C-24, pp. 636{650,1975.

[49] T. Fewens,H. Meijer, and D. Rappaport, \Minim um corvex partition of a con-
strained point set,"” in Abstracts 14th European WorkshopComput. Geom. Uni-

versitat Polytenicade Catalunya, Barcelona,1998,pp. 79{81.

[50] S.F. Frisken,R. N. Perry, A. P. Rockwood, and T. R. Jones,\Adaptiv ely sam-

pled distance elds: A generalrepresemation of shape for computer graphics,"



133

in Proc. ACM SIGGRAPH, 2000, pp. 249{254.

[51] T. Funkhouser, M. Kazhdan, P. Shilane, P. Min, W. Kiefer, A. Tal,
S. Rusinkiewicz,and D. Dobkin, \Mo deling by example,” ACM Trans. Graph,,
vol. 23, no. 3, pp. 652{663,2004.

[52] D. H. Greene,\The decompsition of polygonsinto corvex parts,” in Compu-
tational Geometry, ser. Adv. Comput. Res.,F. P. Preparata, Ed. Greerwich,

CT: JAI Press,1983,vol. 1, pp. 235{259.

[53] L. J. Guibas, J. Hershberger,D. Leven, M. Sharir, and R. E. Tarjan, \Linear-
time algorithms for visibility and shortest path problems inside triangulated

simple polygons," Algorithmica, vol. 2, pp. 209{233,1987.

[54] M. Held, \FIST: Fastindustrial-strength triangulation of polygons," University
at Stony Brook, Tedh. Rep., 1998.

[55] J. Hershbergerand J. Snaeyink, \Speedingup the Douglas-Reudker line sim-

pli cation algorithm,” in Proc. 5th Internat. Symms. Spatial Data Handling,
1992,pp. 134{143.

[56] J. E. Herslbergerand J. S. Snceyink, \Erased arrangemers of linesand corvex

decompmsitions of polyhedra," Comput. Geom. Theory Appl., vol. 9, pp. 129{
143,1998.

[57] S. Hert and V. J. Lumelsky, \Polygon area decompsition for multiple-
robot workspacedivision," International Journal of Computational Geometry

and Applications, vol. 8, no. 4, pp. 437{466, 1998. [Online]. Available:

citeseer.nj.nec.com/hert98plygon.html



134

[58] M. Hilaga, Y. Shinagava, T. Kohmura, and T. L. Kunii, \T opology matching for
fully automatic similarity estimation of 3d shapes," in Proceedings of the 28th
Annual Conferenee on Computer Graphics and Interactive Techniques 2001,

pp. 203{212.

[59] D. Ho man and W. Richards, \P arts of recognition,” Cognition, vol. 18, pp.
65{96, 1984.

[60] D. Ho man and M. Singh, \Salience of visual parts,” Cognition, vol. 63, pp.
29{78, 1997.

[61] D. Hsu, J.-C. Latombe, and R. Motwani, \P ath planning in expansiwe con g-
uration spaces,"in Proc. IEEE Int. Conf. Rolot. Autom. (ICRA), 1997, pp.
2719{2726.

[62] P. M. Hubbard, \Appro ximating polyhedra with spheresfor time-critical col-
lision detection,” ACM Transactionson Graphics (TOG), vol. 15, no. 3, pp.
179{210,1996.

[63] A. Hubeli and M. Gross,\Multiresolution feature extraction for unstructured
meshes,"in Proceedings of the Conferena on Visualization '01, 2001, pp. 287{
294,

[64] B. Joe, \Geompad. A software padkage for the generation of meshesusing
geometric algorithms,"” Advanes in Engineering Software and Workstations,

vol. 13, no. 5{6, pp. 325{331, Sept. 1991.

[65] ]|, \T etrahedralmeshgenerationin polyhedral regionsbasedon corvex poly-
hedron decompositions,” International Journal for Numerical Methads in En-

gineering, vol. 37, pp. 693{713,1994.



135

[66] S. Katz and A. Tal, \Hierarchical mesh decompsition using fuzzy clustering

and cuts,” ACM Trans. Graph, vol. 22, no. 3, pp. 954{961,2003.

[67] L. E. Kavraki, P. Swestka, J. C. Latombe, and M. H. Overmars, \Probabilistic
roadmapsfor path planning in high-dimensionalcon guration spaces,"IEEE

Trans. Rolot. Automat., vol. 12, no. 4, pp. 566{580, August 1996.

[68] J. M. Keil, \Decomposing polygonsinto simpler componerts,” Ph.D. disserta-

tion, Dept. Comput. Sci., Univ. Toronto, Toronto, ON, 1983.

[69] |I, \Decomposing a polygon into simpler componerts,” SIAM J. Comput,
vol. 14, pp. 799{817,1985.

[70]]],  \Polygon decompmsition," in Handmok of Computational Geometry, J.-
R. Sak and J. Urrutia, Eds. Amsterdam: Elsevier SciencePublishersB.V.

North-Holland, 2000, pp. 491{518.

[71] M. Keil and J. Snceyink, \On the time bound for convex decompsition
of simple polygons,"” in Proceadings of the 10th Canadian Conferene on
Computational Geometry, M. Soss,Ed. Montreal, Quebec, Canada: Scool
of Computer Science,McGill University, 1998, pp. 54{55. [Online]. Available:

citeseer.nj.nec.com/kil98time.ntml

[72] J. R. Kent, W. E. Carlson,and R. E. Parert, \Shape transformation for poly-
hedral objects,"” SIGGRAPH Comput. Graph, vol. 26, no. 2, pp. 47{54, 1992.

[73] A. Khodakovsky, N. Litke, and P. Sdreder, \Globally smaoth parameteriza-
tions with low distortion,” ACM Trans. Graph, vol. 22, no. 3, pp. 350{357,
2003.



136

[74] Y. J. Kim, M. A. Otaduy, M. C. Lin, and D. Manocha, \F ast penetration depth
computation for physically-basedanimation,” in ACM Symmsiumon Computer

Animation, 2002.

[75] J. C. Latombe, Rolot Motion Planning. Boston, MA: Kluwer AcademicPub-
lishers, 1991.

[76] S. M. LaValle and J. J. Ku ner, \Rapidly-exploring random trees: Progress
and prospects,” in Proc. Int. Workshopon Algorithmic Foundationsof Rolotics

(WAFR), 2000, pp. SA45{SA50.

[77] D. T. Leeand F. P. Preparata, \Euclidean shortest paths in the presenceof

rectilinear barriers," Networks vol. 14, pp. 393{410,1984.

[78] Y. Lee, S. Lee, A. Shamir, D. Cohen-Or, and H.-P. Seidel,\In telligent mesh
scissoringusing 3d snakes," in Proceadings of the 12th Pacic Conference on

Computer Graphicsand Applications (PG'04), October 2004, pp. 279{287.

[79] C. Levcopoulosand A. Lingas, \Bounds on the length of cornvex partitions of
polygons,"in Proc. 4th Conf. Found. Softw. Tech. Theoret. Comput. Sci., ser.
Lecture Notes Comput. Sci., vol. 181, 1984,pp. 279{295.

[80] B. Levwy, S. Petitiean, N. Ray, and J. Maillot, \Least squaresconformal maps
for automatic texture atlas generation,"in Proceedings of the 29th Annual Con-

ferene on Computer Graphicsand Interactive Techniques 2002,pp. 362{371.

[81] T.-Y. Li, J.-M. Lien, S.-Y. Chiu, and T.-H. Yu, \Automatically generating
virtual guidedtours,” in Computer Animation. |IEEE Computer Scciety, May

1999, pp. 99{106.



137

[82] X. Li, T. W. Toon, and Z. Huang, \Decomposing polygon meshesfor inter-
active applications," in Proceedings of the 2001 Sympmsium on Interactive 3D

Graphics 2001, pp. 35{42.

[83] J.-M. Lien and N. M. Amato, \Appro ximate convex decomgosition," Parasol
Lab, Dept. of Computer Science,TexasA&M University, Teth. Rep. TR03-001,
Jan 2003.

[84] ], \Appro ximate corvex decompsition,” in Proc. 20th Annual ACM Symp.
Computat. Geom. (SoCG), June 2004,pp. 457{458,video Abstract.

[85] |, \Appro ximate corvex decompsition of polygons,”in Proc. 20th Annual

ACM Symp. Computat. Geom. (SoCG), June 2004, pp. 17{26.

[86] J.-M. Lien, S.L. Thomas,and N. M. Amato, \A generalframework for sampling
on the medial axis of the free space,"in Proc. IEEE Int. Conf. Rolot. Autom.

(ICRA) , Septenber 2003,pp. 4439{4444.

[87] J.-M. Lien and N. M. Amato, \Appro ximate corvex decommsition for poly-
gons," Computational Geometry: Theory & Applications, vol. 35, no.1-2, pp.
100{123,2006.

[88] |I, \Appro ximate corvex decompsition of polyhedra," Parasol Lab, Dept.

of Computer Science,TexasA&M University, Ted. Rep. TR06-002,Jan 2006.

[89] |, \Simultaneousshape decompmsition and skeletonization," in Proceadings

of ACM Solid and Physial Modeling Symmsium (SPM'06), June 2006.

[90] A. Lingas, \The power of non-rectilinear holes," in Proc. 9th Internat. Collog.
Automata Lang. Program., ser.Lecture Notes Comput. Sci., vol. 140,1982,pp.
369{383.



138

[91] A. Lingas, R. Pinter, R. Rivest, and A. Shamir, \Minim um edgelength parti-
tioning of rectilinear polygons,"in Proc. 20th Allerton Conf. Commun. Control

Comput,, 1982,pp. 53{63.

[92] R. Liu and H. Zhang, \Segmenation of 3d meshesthrough spectral cluster-
ing," in Proceedings of the 12th Paci ¢ Conferene on Computer Graphicsand
Applications (PG'04), October 2004,pp. 298{305.

[93] Y. Lu, R. Gadh,and T. J. Tautges,\V olume decompsition and feature recog-
nition for hexahedral mesh generation,” in Proc. 8th International Meshing

Roundtable October 1999, pp. 269{280.

[94] A. P. Manganand R. T. Whitaker, \P artitioning 3d surfacemeshesisingwater-
shedsegmeration,” IEEE Transactionson Visualization and Computer Graph-

ics, vol. 5, no. 4, pp. 308{321,1999.

[95] D. Marr, \Analysis of occluding cortour," in Proc. Roy. Sac. London, 1977,pp.
441{475.

[96] E. Mazer, J. M. Ahuactzin, and P. Bessiere\The Ariadne's clew algorithm,"

in Journal of Arti cial Rolotics Resarch (JAIR) , vol. 9, 1998,pp. 295{316.

[97] D. McCallum and D. Avis, \A linear algorithm for nding the convex hull of a

simple polygon,” Inform. Process.Lett., vol. 9, pp. 201{206,1979.

[98] M. Mulller, J. Dorsey L. McMillan, R. Jagnav, and B. Cutler, \Stable real-time
deformations," 2002, pp. 49{54.

[99] R. Ogniewiczand O. Kubler, \Hierarchic voronoi skeletons," Pattern Recogni-

tion, vol. 28, no. 3, pp. 343{359,1995.



139

[100] Y. Ohtake, A. Belyaev, and H.-P. Seidel, \Ridge-valley lines on meshesvia
implicit surface tting,” ACM Trans. Graph, vol. 23, no. 3, pp. 609{612,2004.

[101] S. J. Owen, \A survey of unstructured mesh generation technology” in 7th

International Meshing Roundtable 1998,pp. 239{267.

[102] D. L. Page, A. F. Kosdhan, and M. A. Abidi, \P erception-based3d triangle
meshsegmetation usingfast marching watersheds,"in Proceedings of the 2003
Conferene on Computer Vision and Pattern Recognition (CVPR '03), 2003,
pp. 27{32.

[103] R. M. Palenichka, M. B. Zarenmba, and U. du Quebec,\Multi-scale model-based
skeletonization of object shapes using self-organizingmaps," in 16th Interna-

tional Conferene on Pattern Recognition (ICPR'02), 2002,pp. 10143{10147.

[104] M. Pauly, R. Keiser, and M. Gross, \Multi-scale feature extraction on point-
sampledsurfaces,"in Proceadings of the Eurographics/ACM SIGGRAPH Sym-

posium on Geometry Processing 2003,pp. 281{289.

[105] E. Praun and H. Hoppe, \Spherical parametrization and remeshing," ACM
Trans. Graph, vol. 22, no. 3, pp. 340{349,2003.

[106] S. Rodriguez, J.-M. Lien, and N. M. Amato, \Planning motion in completely
deformableernvironments,” in Proc. IEEE Int. Conf. Rolot. Autom. (ICRA),
May 2006, pp. 2466{2471.

[107] H. Rom and G. Medioni, \Hierarchical decomposition and axial shape de-
scription,” IEEE Transactionson Pattern Analysis and Machine Intelligence,

vol. 15, no. 10, pp. 973{981,1993.



140

[108] ||, \P art decomposition and description of 3d shapes,” in Proceadings of
International Conference on Pattern Recognition (ICPR'94), 1994, pp. 629{
632.

[109] P. L. Rosin,\Shape partitioning by corvexity," IEEE Transactionson System,
Man, and Cykernetics - Part A : Systemand Humans vol. 30, no. 2, pp. 202{
210, March 2000.

[110] P. V. Sander, Z. J. Wood, S. J. Gortler, J. Srnyder, and H. Hoppe, \Multi-
chart geometryimages,"in Proceadings of the Eurographics/ACM SIGGRAPH
Sympsium on Geometry Processing 2003,pp. 146{155.

[111] P. Schorn, \Accurate and e cien t algorithms for proximity problems,"in Proc.

2nd Canad. Conf. Comput. Geom., 1990,pp. 24{27.

[112] A. Shapiroand A. Tal, \P olyhedronrealization for shape transformation,” The

Visual Computer, vol. 14, no. 8/9, pp. 429{444,1998.

[113] M. Sharir and A. Sdorr, \On shortest paths in polyhedral spaces,"SIAM J.
Comput, vol. 15, pp. 193{215,1986.

[114] D. J. Sheely, C. G. Armstrong, and D. J. Robinson, \Shape description by
medial surfaceconstruction,” IEEE Trans. Visualizat. Comput. Graph,, vol. 2,

no. 1, pp. 62{72, Mar. 1996.

[115] Y. Shinagava and T. L. Kunii, \Constructing a reebgraph automatically from
crosssections,"|IEEE Computer Graphicsand Applications, vol. 11, no. 6, pp.

44{51, 1991.

[116] Y. Shinagava, T. L. Kunii, and Y. L. Kergosien,\Surface coding basedon

morsetheory,” IEEE Computer Graphicsand Applications, vol. 11, no. 5, pp.



141

66{78, 1991.

[117] K. Siddigi and B. B. Kimia, \P arts of visual form: Computational aspects,"
IEEE Transactionson Pattern Analysisand Machine Intelligencg, vol. 17, no. 3,

pp. 239{251,1995.

[118] K. Siddiqi, A. Sholoufandeh, S. J. Dickinson, and S. W. Zucdker, \Shock
graphsand shape matching,” in ICCV, 1998,pp. 222{229.[Online]. Available:

citeseer.nj.nec.com/siddiqi98shak.html

[119] M. Simmonsand C. H. Sequin, \2d shape decompsition and the automatic
generationof hierarchical represemations,” International Journal of Shag Mod-

eling, vol. 4, pp. 63{78, 1998.

[120] M. Singh, G. Seyranian,and D. Ho ma, \P arsing silhouettes: The short-cut
rule," Perception & Psychophysicsvol. 61, pp. 636{660,1999.

[121] J. Sklansky \Measuring concavity on rectangular mosaic," IEEE Trans. Com-

put., vol. C-21, pp. 1355{1364,1972.

[122] J. Snceyink, \Minim um convex decomposition,” software. [Online]. Available:

http://www.cs.unc.edu/  snceyink/

[123] H. I. Stern, \P olygonal ertropy: A corvexity measure,” Pattern Recognition
Letters, vol. 10, pp. 229{235,1989.

[124] M. Teidhmann and S. Teller, \Assisted articulation of closed polygonal
models,” in Proceedings of the Eurographics Workshop 1998, pp. 254{254.

[Online]. Available: citeseer.nj.nec.com/teibmann98assistediml

[125] S. Tor and A. Middleditch, \Convex decompsition of simple polygons,” ACM
Transactionson Graphics vol. 3, no. 4, pp. 244{265,1984.



142

[126] M. Tanaseand R. C. Veltkamp, \P olygon decomposition basedon the straight
line skeleton,” in Proceedings of the Nineteenth Conferene on Computational

Geometry (SoCG). ACM Press,2003,pp. 58{67.

[127] A. Verroustand F. Lazarus,\Extracting skeletal curvesfrom 3d scattereddata,”
in International Conference on Shag Modeling and Applications. IEEE Com-

puter Scciety, 1999, pp. 194{201.

[128] E. R. White, \Assessmeh of line-generalizationalgorithms using characteristic

points,” The American Cartographer, vol. 12, no. 1, pp. 17{27, 1985.

[129] Z. Wood, H. Hoppe, M. Desbrun,and P. Sdreder, \Removing excesdopology
from isosurfaces,"ACM Trans. Graph, vol. 23, no. 2, pp. 190{208,2004.

[130] F.-C. Wu, W.-C. Ma, P.-C. Liou, R.-H. Laing, and M. Ouhyoung, \Skeleton
extraction of 3d objects with visible repulsive force,” in Computer Graphics

Workshop2003, Hua-Lien, Taiwan, 2003.

[131] K. Wu and M. D. Levine, \3d part segmetation using simulated electrical
charge distributions,” IEEE Transactionson Pattern Analysis and Machine

Intelligene, vol. 19, no. 11, pp. 1223{1235,1997.

[132] Y. Wu, \An obstacle-basegrobabilistic roadmap method for path planning,”

Master'sthesis,Departmert of Computer Science,TexasA&M University, 1996.

[133] G. Wyvill and C. Handley, \The ‘thermodynamics' of shape,” in Proc. of the
Shae Modeling International (SMI'01), May 2001, pp. 2{8.

[134] E. Zhang, K. Mischaikow, and G. Turk, \Feature-basedsurface parameteri-
zation and texture mapping,” Georgialnstitute Tednology GIT-GVU-03-29,
2003.



143

[135] Y. Zhou and A. W. Toga, \E cien t skeletonization of volumetric objects,"
IEEE Transactionson Visualization and Computer Graphics vol. 5, no. 3, pp.

196{209,1999.

[136] J. Zunic and P. L. Rosin,\A corvexity measuremehfor polygons,"in British

Machine Vision Conferene, 2002,pp. 173{182.



144

VITA

Jyh-Ming Lien was born on January 27, 1977,in Taipei, Taiwan. He gradu-
ated from Taipei Municipal Chien Kuo High Scool in 1995and receiwved his B.S. in
Computer Scienceat National ChengChi University, Taipei, Taiwan, in 1999. From
1999, until now he has beena studert and graduate assistan in the Department of
Computer Scienceat TexasA&M University.

Mr. Lien's permanen addressis: 3F No.11, Lane 1, Sec. 2, ChenggongRd.,

Yonghe, Taipei, 234, Taiwan.



