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Hard Problems

P Hard Problems O Search problems (formal definition later):
ar roblems
Search Problems — Search for shortest path in a graph
. . 1
Complexity Class — Search for values of, y andz to satisfy:z?y2z — 22?2 = 7
Reductions — Search for a path in 3D space among obstacles

[0 Success on solving these hard problems in polynomial time

— Greedy properties: without looking backward or forward, MST,
shortest paths

— Optimality fromsubproblems divide and conquer, dynamic
programming

— Convexity: gradient decent/hill climbing, linear programming

[0 Success on solving these hard problems is based on Sjoecel
properties of the problems
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Hard Problems

Hard Problems [] Fa| I ures

> Hard Problems

Search Problems — Many problems require®™, n! or evenn™ (intractable)
Cuiplzielas: — For some (clearly formalized) problems we don’t even have

Reductions

algorithms to solve them
— (not to mention those problems that we can not even formalize)

O In this lecture, we will look at

— What are thesproblem® (Search Problem$

— Terminology to classifyproblems P vs. NP

— How do you know if gproblemcan be solved efficiently?
(Problem Reduction)

— Do we have any hope of solving thgseblemsefficiently?
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Hard Problems
Hard Problems

> search Problems

What Are Search
Problems?

Optimization Problems
Search Problems
Search Problems
Search Problems
Search Problems
Search Problems

Search Problems S e arC h P rO b I e m S

Complexity Class

Reductions
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What Are Search Problems?

e Prelitans 0 A Search problem has

Hard Problems

SeTIEETE — An mstange of problgnii that is input data s_,pecn‘ylng t_h_e pr_oblem

Eff?b'ﬁms'; ) — Asked to find a solutiory that meets a particular specification
ptumization Froblems . R .

Search Problems — Polynomial-time Checkable There most be an algorithii that

S oS takesl and.S and checks for correctnesfficiently i.e., in

Search Problems pOlynomIaI tlme

Search Problems

Search Problems O Example: Satisfability problem

Complexity Class

Reductions - I . (.CU \/ y \/ Z) (ZE \/ g)

- S:{z=T,y=F,z2=T}
- C:(TVvVFVT)(TVF)

O Example: Traveling salesman problem

- I:G={V,FE}
- S:{Uiavk7°”7vi}
- C:
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Optimization Problems

S8 P ol tes 0 We convert an optimization problem to a search problem
Hard Problems

SerT e — by introduce dudgeb |
Problems? — Budget does not make the problem harder or easier.

> Optimization Problems
Search Problems
Search Problems
Search Problems

O Example: Traveling salesman problem with budget

Search Problems — I . G == {V, E}, b
Search Problems S . {U' v ’U'}
Search Problems : 1y Uk ) 1
Complexity Class - C .

Reductions

O Why do we convert an optimization problem to a search problem?
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Search Problems

T O Many problems we studied in the previous chapters are search
Senrch Problams problems, e.g., all-pairs shortest paths problem, single-source shorte
What Are Seach paths problem, minimum spanning tree, maximum flow minimum cut,
Optimizati.on Problems matCh|ng,
> search Problems
Search Problems — Butwhy are these problem tractable? These problems seeawe®éry
S oo Largesearch spaces
earch Problems _ o
Search Problems — Many algorithms seem to defeat the curse of expoentiality!
Search Problems
Complexity Class O Now, after we have seen the most brilliant successes, it's about time
Reductions for us to face some failure in this quest.

— Satisfability (SAT, 2SAT, 3SAT)

— MST and TSP (traveling salesman problem) with or withowtd®ib

— Euler and Rudrata

— Minimum cuts and balanced cuts

— Integer linear programming or ILRA¢: < b) and Zero-one Equations or
ZOE (Az =1)

— Three dimensional matching

— Independent set, vertex cover, cliqgue problem (with btitdge

— Longest path
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Search Problems

Hard Problems O Satisfability problems (Horn-SAT, 2SAT, 3SAT, KSAT)
Hard Problems

Search Problems D HOI‘n’S formU|a

What Are Search ] ]

Problems? — Implications:(z A w) = u

Optimization Problems ] _ _ _

Search Problems — Pure negative clauseg&i vV v V 3)

> Search Problem ] - -
oot ol — Horn-SAT: Solvable using greedy algorithm
Search Problem

SzZrzh Przblgmz l:l ZSAT

Search Problems ] ] )

Complexity Class — In conjunctive normal form (CNF)

SeEhEEns — Each clause has two literals

— example(z Vy) A (ZV z) A (xV w)
— Can be solve in polynomail time

O 3SAT

— In conjunctive normal form (CNF)

— Each clause has 3 literals

— example(zVyVw)A(ZVzVYy) A(xVuVw)
— No polynomial time algorithm
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Search Problems

Hard Problems O Euler’s tour and Rudrata’s problem
Hard Problems

Search Problems

What Are Search Northern bank

Problems?

Optimization Problems
Search Problems
Search Problems

43

Complexity Class

S OS

> Search Problems

Search Problems

Search Problems Small Big
Search Problems island island

Reductions

Southern bank

Euler’s tour Rudrata’s problem
visit all edges without repeating visit all vertices without repeating
Solvable in polynomial time No polynomial time algorithm
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Search Problems

Hard Problems 0 Longest path (Taxicab rip-off prob-
Hard Problems I
Search Problems em)
What Are Search .
Problems? — Give a graph and two nodesnd
Optimization Problem . .
e t, find a path with length at least
Search Problems from s to ¢t without repeating ver-
Search Problems ]
> Search Problems '[ICGS.
s — no polynomial time algorithm
Complexty Class O Minimum cuts and balanced cuts
Reductions
— Find cuts that split the graph into two
setsS andT
— Minimum cuts problem can be solved
using linear programming /

— Balanced cuts:|S| > n/3 |T| >
n/3 and there are at mostdges be-
tweenS andT

— Balanced cuts problem has no poly-

nomial time algorithm CJ\V/-)
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Search Problems

Hard Problems O Three dimensional matching

Hard Problems

Search Problems Chet Alice
What Are Search

Problems?

Bob Beatrice

Optimization Problems

Search Problems

Search Problems Al
Search Problems

Search Problems

> Search Problems

Search Problems

Carol

Complexity Class

Reductions

Armadillo Bobcat Canary

0 Independent set, vertex cover, clique problem (with budpet

— Independent set: A set éfvertices that are not adjacent to each
other

— vertex cover: A set ob vertices that are incident to all edges

— cligue: A set ofb vertices that have all possible connections
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Search Problems

Hard Problems O Knapsack problem and Subset sum

Hard Problems

Sl il — In subset sum, each item has same value and weight
Problems? — Both problems have no polynomial time algorithms

Optimization Problems
Search Problems
Search Problems
Search Problems
Search Problems
Search Problems

> Search Problems O Integer linear programming or ILPA@ < b) and Zero-one Equations

Complexity Class or ZOE (AZC — 1)

Reductions

— Simplex method is not polynomial but LP can be solved in
polynomial time

— ILP requires the values of all variables to be integer

— ZOE is a special type of ILP where all valuesAnare O or 1

— Both problems have no polynomial time algorithms
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Hard Problems
Hard Problems

Search Problems

> Complexity Class

Problem Complexity
P vs. NP

P vs. NP vs. NP hard vs.

NP complete

P vs. NP vs. NP hard vs.

NP complete

Reductions

Complexity Class

Analysis of Algorithms
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Problem Complexity

ard probeme 0 Tractable: a problem is tractable if there is an algorithm can solve the
problem deterministically ipolynomial time

Search Problems

Complexity Class

> Problem Complexity
P vs. NP

promoe YO Is a problem tractable or intractable?

P vs. NP vs. NP hard vs. . . .

NP complete — yes (given an algorithm to support this answer)
Reductions _ no

~ because it’'s been proved that no algorithm exists at all (e.qg.,
Turing’s Halting Problem.)

~ because it's been be proved that any algorithm takes
exponential time (Traveling Sales Men Problem)

— we have no idea...
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P vs. NP

:afj Efog:ems [0 Hard problems, easy problems
ar roblems
Hard problemdNP-complete Easy problem#®
Search Problems SAT 3SAT 2SAT
gfo”l;:’e'renx'éyo‘;'sfesx 5 Traveling Salesman Problem, Rudrata patfChinese Postman Problem, Euler path
D> pvs. NP 3D matching Bipartite matching
E;SEOTnF;LS{éNP hard vs. Independent set Independent set on trees
Pvs. NP vs. NP hard vs. Integer linear programming Linear programming
NP complete Balance cut Minimum cut
Reductions 0 P: polynomial

— Given an instancé, we can find a polynomial time algorithm to find an soluti®n
[0 NP: nondeterministic polynomial

— Given an instancé and a proposed solutias, we can find a polynomial time
algorithmC' to check if S is an solution off
— Remember: A problem iNP doesNOT mean it is a hard problem

[0 NP hard: all problems in NP can beeducedto a NP hard problem
— A NP hard problem is at least as hard as the hardest probl&iR in
[0 NP complete in NP and also in NP hard
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P vs. NP vs. NP hard vs. NP complete

Hard Problems
Hard Problems

Search Problems

Complexity Class

Problem Complexity
P vs. NP

P vs. NP vs. NP hard
> vs. NP complete

P vs. NP vs. NP hard vs.
NP complete

Reductions

O Their relationship

Analysis of Algorithms
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P vs. NP vs. NP hard vs. NP complete

Hard Problems
Hard Problems

Search Problems

Complexity Class

Problem Complexity

P vs. NP

P vs. NP vs. NP hard vs.
NP complete

P vs. NP vs. NP hard
> vs. NP complete

Reductions

Problemsin P
sorting, MST, ...

Problems in NP complete
SAT, TSP, ILP, ...

Problems in NP but not in P or in NP complete
factoring, graph isomorphism

Problems not in NP
Halting problem, counting the number of perfect matchingtnm® permanent,

P=NP? (Most Computer Scientists believe:mP)

There are many more complexity classes than these threa¢B3po-NP,
ExpTime, ExpSpace,...)

In fact, there are 462 complexity classes according to the “Cexitglzoo”
http://qwiki.caltech.edu/wiki/Complexity oo (maintained by Scott Aaronson and Greg
Kuperberg)

Analysis of Algorithms

CS483 Lecture 11 — NP-completeness trans — 1



Hard Problems
Hard Problems

Search Problems

Complexity Class

> Reductions

Reductions
Reductions
TSP — TSP with budgeb

Rudrata( s, t)-Path—
Rudrata cycle

3SAT — Independent Set

Independent Set~ Vertex
Cover

Independent Set» Clique
SAT — 3SAT

3SAT — 3D Match

3D Match— ZOE

ZOE — Rudrata

Rudrata— TSP
All Problems in NP—
SAT

Reductions

Analysis of Algorithms
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Reductions

Hard Problems 0 If we reduce a problem to a problemB in polynomial time (denoted as
Hard Problems ) ]
A — B, we can say thaB is as hard agl if not harder

Search Problems

Complexity Class — If A — B andA is NP-complete then we know thatis also
Reductions NP-com plete

> Reductions
Reductions Algorithm for A
TSP — TSP with budgeb
Rudrata( s, t)-Path—

Rudrata cycle Instance
3SAT — Independent Set T f

for B
Independent Set~ Vertex No solution to f(IJ i} ‘
Cover No solution to

Independent Set» Clique
SAT — 3SAT

3SAT — 3D Match

3D Match— ZOE

ZOE — Rudrata

Rudrata— TSP
All Problems in NP—
SAT

. Solution S of f(I) ] Solution
Instance f(I) | Algorithm F h(S) of I
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Reductions

Hard Problems [0 Reductions between NP-complete problems

Hard Problems

Search Problems All Of NP

Complexity Class

Reductions

Reductions SAT

> Reductions

TSP — TSP with budgeb l

Rudrata( s, t)-Path—

Rudrata cycle

3SAT — Independent Set 3 SAT

Independent Set~ Vertex

Cover / \
Independent Set» Clique

SAT — 3SAT INDEPENDENT SET 3D MATCHING

3SAT — 3D Match
3D Match— ZOE
ZOE — Rudrata |

Rudrata— TSP

All Problems in NP— VERTEX COVER CLIQUE ZO E

SUBSET suM ILP RUDRATA CYCLE

|

TSP
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TSP — TSP with budgetb

Hard Problems
Hard Problems

Search Problems

Complexity Class

Reductions

Reductions

Reductions
TSP — TSP with
> budgetb

Rudrata( s, t)-Path—
Rudrata cycle

3SAT — Independent Set

Independent Set» Vertex
Cover

Independent Set~ Clique
SAT — 3SAT

3SAT — 3D Match

3D Match— ZOE

ZOE — Rudrata

Rudrata— TSP
All Problems in NP—
SAT

Analysis of Algorithms
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Rudrata (s, t)-Path — Rudrata cycle

Hard Problems |:|

Hard Problems

Search Problems

Complexity Class

Reductions

Reductions
Reductions
TSP — TSP with budgeb

Rudrata( s, t)-Path
— Rudrata cycle

3SAT — Independent Set

Independent Set~ Vertex
Cover

Independent Set» Clique
SAT — 3SAT

3SAT — 3D Match

3D Match— ZOE

ZOE — Rudrata

Rudrata— TSP
All Problems in NP—
SAT

Is Rudrata cycle harder than Rudrétat)-Path? No. Because ...

Analysis of Algorithms
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3SAT — Independent Set

Hard Problems
Hard Problems

Search Problems

Complexity Class

Reductions

Reductions
Reductions
TSP — TSP with budgeb

Rudrata( s, t)-Path—
Rudrata cycle

3SAT — Independent
D> set
Independent Set» Vertex
Cover

Independent Set» Clique
SAT — 3SAT

3SAT — 3D Match

3D Match— ZOE

ZOE — Rudrata

Rudrata— TSP
All Problems in NP—
SAT

Analysis of Algorithms
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Independent Set— Vertex Cover

Hard Problems
Hard Problems

Search Problems

Complexity Class

Reductions

Reductions
Reductions
TSP — TSP with budgeb

Rudrata( s, t)-Path—
Rudrata cycle

3SAT — Independent Set

Independent Set—~
> Vertex Cover

Independent Set» Clique
SAT — 3SAT

3SAT — 3D Match

3D Match— ZOE

ZOE — Rudrata

Rudrata— TSP
All Problems in NP—
SAT

Analysis of Algorithms
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Independent Set— Clique

Hard Problems
Hard Problems

Search Problems

Complexity Class

Reductions

Reductions
Reductions
TSP — TSP with budgeb
Rudrata( s, t)-Path—
Rudrata cycle
3SAT — Independent Set
Independent Set~ Vertex
Cover

Independent Set-
> Clique
SAT — 3SAT
3SAT — 3D Match
3D Match— ZOE
ZOE — Rudrata

Rudrata— TSP
All Problems in NP—
SAT

Analysis of Algorithms
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SAT — 3SAT

Hard Problems
Hard Problems

Search Problems

Complexity Class

Reductions

Reductions
Reductions
TSP — TSP with budgeb

Rudrata( s, t)-Path—
Rudrata cycle

3SAT — Independent Set

Independent Set~ Vertex
Cover

Independent Set» Clique
> SAT — 3SAT

3SAT — 3D Match

3D Match— ZOE

ZOE — Rudrata

Rudrata— TSP
All Problems in NP—
SAT

Analysis of Algorithms
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3SAT — 3D Match

Hard Problems
Hard Problems

Search Problems

Complexity Class

Reductions

Reductions
Reductions
TSP — TSP with budgeb

Rudrata( s, t)-Path—
Rudrata cycle

3SAT — Independent Set

Independent Set~ Vertex
Cover

Independent Set» Clique
SAT — 3SAT

[> 3SAT — 3D Match
3D Match— ZOE

ZOE — Rudrata

Rudrata— TSP
All Problems in NP—
SAT

Analysis of Algorithms
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3D Match — ZOE

Hard Problems
Hard Problems

Search Problems

Complexity Class

Reductions

Reductions
Reductions
TSP — TSP with budgeb

Rudrata( s, t)-Path—
Rudrata cycle

3SAT — Independent Set

Independent Set~ Vertex
Cover

Independent Set» Clique
SAT — 3SAT

3SAT — 3D Match

> 3D Match— ZOE
ZOE — Rudrata

Rudrata— TSP
All Problems in NP—
SAT

Analysis of Algorithms
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ZOE — Rudrata

Hard Problems
Hard Problems

Search Problems

Complexity Class

Reductions

Reductions
Reductions
TSP — TSP with budgeb

Rudrata( s, t)-Path—
Rudrata cycle

3SAT — Independent Set

Independent Set~ Vertex
Cover

Independent Set» Clique
SAT — 3SAT

3SAT — 3D Match

3D Match— ZOE

> ZOE — Rudrata

Rudrata— TSP
All Problems in NP—
SAT

Analysis of Algorithms
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Rudrata — TSP

Hard Problems
Hard Problems

Search Problems

Complexity Class

Reductions

Reductions
Reductions
TSP — TSP with budgeb

Rudrata( s, t)-Path—
Rudrata cycle

3SAT — Independent Set

Independent Set~ Vertex
Cover

Independent Set» Clique
SAT — 3SAT

3SAT — 3D Match

3D Match— ZOE

ZOE — Rudrata

> Rudrata— TSP
All Problems in NP—
SAT

Analysis of Algorithms
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All Problems in NP — SAT

Hard Problems
Hard Problems

Search Problems

Complexity Class

Reductions

Reductions
Reductions
TSP — TSP with budgeb

Rudrata( s, t)-Path—
Rudrata cycle

3SAT — Independent Set

Independent Set~ Vertex
Cover

Independent Set» Clique
SAT — 3SAT

3SAT — 3D Match

3D Match— ZOE

ZOE — Rudrata

Rudrata— TSP
All Problems in NP—
> sar

Analysis of Algorithms
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