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Rigid Body Motion in 3D
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Why do we need Linear Algebra?

We will associate coordinates to
- 3D points in the scene
- 2D points in the CCD array
- 2D points in the image
Coordinates will be used to
- Perform geometrical transformations
- Associate 3D with 2D points
Images are matrices of numbers
- We will find properties of these numbers



Matrices
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Matrix Sum: C =A +B
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c; =a,+ bl.j A and B must have the same
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Matrices

Product:
A and B must have
C =A_ B : : :
nxp nx X p
R F compatible dimensions
=
Examples:
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Matrices

Transpose:
men = ATnxm (A + B)T = AT + BT
Cj =dj (AB)' =B" 4"
If A" =4 A is symmetric
Examples: T

6 1 3
{2 5 8
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Matrices

Determinant: A must be square

det d, 4y _ a;; dp 4 0 a
1149 —dy4y,
dy dy dy) 22
a, dy dpj 4 4 4
det| a a axl=a.l > “l-a,|
21 Uy dpy 1 12
ds, 33 ds




Matrices

Inverse: A must be square
-1 -1
Anan nxn = A nX”Anxn =/
_1
a4y _ 1 dy, d,
ay Ay A Ay —dy A | —dy Ay
Examble: 6 2] 1[5 -2
Xampie: 15| "28|-1 6



2D,3D Vectors
(21 X2 e i P
Vz[i;IGRQ v=|a | €R’ v6
| T3 |
x1

Magnitude: || v ||= \/x12 N x22

If ||vil=1, V isaUNIT vector

VvV ( xl x2

; Is a unit vector
VIVl

vl

o x
Orientation: 0 =tan 1(—2)
A



Vector Addition, Subtraction, Scalar Product

—_ U1l U1 - . _+- :
u+v_[uz]+[’v2]_!u2+v2]
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Inner (dot) Product

v
uly = [ U] U ] { vl } = u1.v1 + u2.v2
1

The inner product is a SCALAR!

o=l v [11] =
u v U1 uo [,02] |ul|||v]| cos a

uTU=O<—>uJ_fU

Ui U1
U= 1| uo V=1 V2
u3 v3

. — (u)
(u, vy = ul'v = ujvy + uovs + uzv3 cos(9) = (o))

Jul| = Vulu = \/Uf + u3 + u3 horm of a vector



Vector (cross) Product

U=vxXw
o
The cross product is a VECTOR!
Magnitude: |lull = llvxw ll=llvIllw llsino
Orientation: ulv—auly = (u X ’U)T’U =0
uUXv = —vXu
a(u Xv) = auXv=uX av

uwl|l u— (uxv) 0



Orthonormal Basis in 3D

Standard base vectors:

1
|—l
1

o O

Coordinates of a pointp in space:

X
Y
Z

X =

c R3

"0

1

_O_

X =
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N <

X

= Xi+VYj+Zk



Vector (Cross) Product Computation

1 0 0
1= |0 j= 11 k=10
| 0 0 1
i jJ k U w/ ¢
UuXv=| uy Uy U3
v V2 U3

= (ugu3 — ugv2)i+ (uzv; — uyv3)j + (u1v2 — ugvy)k

wXv=7av, u,v€ER3 uv
0 —Uu3z U |
u = u3 0O —uq e R3%3
T | U2 U1 0
a=—(a)"

Skew symmetric matrix associated with vector



2D Geometrical Transformations



2D Translation Equation




Homogeneous Coordinates

Homogeneous coordinates:

xXr
X = v — xX=|y | € R4,
J 1
Translation using matrices:
2] (1 0 ty | [z ]
Yy | =10 1 t Y
1| |00 1|1




Rotation Matrix

Counter-clockwise rotation of a point by an angle 6
D 'x'] [cosO@ —smO][x

............. . '

0 y snf  cosO ||y

X X
Counter-clockwise rotation of a coordinate frame
attached to a rigid body by an angle 6



Rotation Matrix

Interpretations of the rotation matrix R,
{B}

sinf® cos6

Rup — { cos —sinb }

0

Columns of R, are the unit vectors of the axes
of frame B expressed in coordinate frame A.
Such rotation matrix transforms coordinates of
points in frame B to points in frame A

Use of the rotation matrix as transformation
Rag

X4 =RapXp



Rigid Body Transform

Translation only,t 4 B is the origin of the frame B expressed in the
Frame A

X4 =Xp+tan

Composite transformation:
XA =RapXp+ian

{B} ,
Transformation: T'= (Rap,tAB) X, Xp
Homogeneous coordinates
| RaBp tas
4 = [ 0 | s tAB

The points from frame A to frame B are

transformed by the inverse of T'= (Rap,taB)
(see example next slide)



Example

cos —sinf t, |
X4 = | sinf@ cosf t, | Xp
0 0 1
In homogeneous coordinates:
0 —1 0 |
X,=|1 0 3|Xp for § =090°tag =][0,3]7
0 0 1|
-, - -
] Xa=13 Xpg=| -2
< Xz 1 1
Y o T
taB | / Xa

Verify that the inverse of the above transform
Transforms coordinates in frame {A} to frame {B}



Degrees of Freedom

X cos@ —-sinf’

y sinf@  cosO ||y

R is 2x2 = 4 elements

BUT! There is only 1 degree of freedom: 6

The 4 elements must satisfy the following constraints:

R,RT — | Rows and columns are orthogonal and of unit
length
det(R) = 1 Matrix is orientation preserving

Next transformations in 3D.



3-D Euclidean Space - Vectors

A “free” vector is defined by a pair
of points  (p, q)

Xl X2 .
X,=|v | eR® X,=|v, | er3, P
Al Z>
Coordinates of the vector
vy | [ Xo — X1 X
v= | vo | = Y> —Y; e R
U3 | Zo— 471 |

.....

A Z R3
......... )
q Y
r .......
p ................
s
/
q



3D Rotation of Points - Euler angles

cosy —siny 0 |
siny cosy O |,
0 0 1 |
Pl t;:
LA I~ N\
NP
i p— —
X

cosB 0 sinf |
0 1 0
—sin8 0 cosf |

1

0

0 cosa

0

R = R,(v)Ry(B8) Rz ()

Sin o

Rotation around the coordinate axes, counter-clockwise:

0
— sin &«
COS (&




Rotation Matrices in 3D

3 by 3 matrices

9 parameters - only three degrees of freedom
Representations - either three Euler angles

or axis and angle representation

r11 T12 T13
R= 1 121 7roo 723
| 731 T32 733 |

Properties of rotation matrices (constraints between the
elements)

RRT =17

det(R) = 1



Rotation Matrices in 3D

3 by 3 matrices
9 parameters - only three degrees of freedom
Representations - either three Euler angles

or axis and angle representation

r11 T12 713
R=1 121 722 723

| 731 T32 T33 |

Properties of rotation matrices (constraints between the
elements)

T T. _ s - 1 for =, .
R =1 T TJ—%_{ 0 for i# j, vi.j € 1,2,3}.

det(R) =1 Columns are orthonormal



Canonical Coordinates for Rotation

Property of R RORT() =1

Taking derivative

RR" () + ROR' ) =0 = ROR' () =—-(ROR' )"
Skew symmetric matrix property

RORI () =)
By algebra

R(t) = OR(t)

By solution to ODE
R(t) = et



3D Rotation (axis & angle)

Solution to the ODE

R(t) = et

= I 4 &sin(0) + 02(1 — 008(9))

with lw|| = 1

or
o2

R=1+"sin(llu]) -

w =

Wl
W2

| @3

c R3

|2(1 — cos({|w]]))



Rotation Matrices

r11 T12 T13
R = |ro1 720 7231,
731 732 T33]

Given

How to compute angle and axis

lwl| = cos~! (trace(R) — 1) w 1 "32 =723
Wi — ’ — . r13 — 131 -
2 2sin
]| Cllewll) ro1— 712




3D Translation of Points

Translate by a vector tx .
A — ty - R
L. tz
P‘
A\ T
y! - . ] _
A X , X + ta

i S S/ X=$+t= Y‘I‘ty




Rigid Body Motion - Homogeneous
Coordinates

3-D coordinates are related by: X¢=RXw + T,

Homogeneous coordinates:

X=1|Y —~ X = c R*,

Z

=N

Xe - 1 [ Xw
vo | | T v
Zc o Zw
1 0




Rigid Body Motion - Homogeneous
Coordinates

3-D coordinates are related by: X¢=RXw + T,

Homogeneous coordinates:

X=1|Y —~ X = c R*,

Z

=N

Xe - 1 [ Xw
vo | | T v
Zc o Zw
1 0




Properties of Rigid Body Motions

Rigid body motion composition

_ - __|Ry T1| |Ro 15| |R1R> R{1I>+ 11
Rigid body motion inverse
—1
__1_|R T| " _|RT —RTT

Rigid body motion acting on vectors

Vectors are only affected by rotation - 4t™h homogeneous coordinate is zero



Rigid Body Transformation

X

Coordinates are related by: Xe=RXw+T,

Camera pose is specified by: g=(R,T) € SE(3)



