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Solving linear equations
Ax =y
If matrix is invertible A lax=A"ly
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Vector space spanned by columns of A [ 4 w= [ 2

In general A e prxm

Four basic subspaces

+ Column space of A - dimension of C(A)
number of linearly independent columns
r = rank(A)

* Row space of A - dimension of R(A)

. number of linearly independent rows

. r = rank(AT)

* Null space of A - dimension of N(A) n-r

- Left null space of A - dimension of N(A"T) m - r




Linear Equations - Square Matrices

1. Ais square and invertible
2. Ais square and non-invertible

1. System Ax = b has at most one solution - columns
are linearly independent rank = n
- then the matrix is invertible

2. Columns are linearly dependent rank < n
- then the matrix is not invertible

Linear Equations - non-square matrices

Long-thin matrix 2 b1
over-constrained 3|x=1|b ax =1b
system 4 b3

The solution exist when b is aligned with [2,3,4]"T

If not we have to seek some approximation - least squares
Approximation - minimize squared error

e? = 2z —b1)? + (3x — b)? + (4z — b3)?

Least squares solution

Ax=b
x=h
e ATAx = ATb
bTax =aTb - (ATA)flATb
x = b "

ot

If A has linearly independent
columns ATA is square, symmetric
and invertible

Eigenvalues and Eigenvectors

For square matrices A e Rjrxn X = Ax
4 -5
T = ax = [ 2 _3
z(t) = e2(0) We look for the solutions

Of the following type
21(t) = e*21(0)
a2(t) = e*Ma2(0)

Ay = 4y — 5y
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Eigenvalues and Eigenvectors
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. eigenvector
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Solve the equation: (A= ADx=0 (6))

x - is in the null space of (A4 —AD)
A is chosen such that (4 - AI) has a null space

Computation of eigenvalues and eigenvectors (for dim 2,3)

1. Compute determinant

2. Find roots (eigenvalues) of the polynomial such that determinant = 0
3. For each eigenvalue solve the equation (1)

For larger matrices - alternative ways of computation




Eigenvalues and Eigenvectors - Diagonalization

Given a square matrix A and its eigenvalues and
eigenvectors - matrix can be diagonalized

A=SAs"L
A=SAS1

N
Matrix of eigenvectors ’/ Diagonal matrix of eigenvalues

AS = A8

A
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Diagonalization

If there are no zero eigenvalues - matrix is invertible
If there are no repeated eigenvalues - matrix is diagonalizable

If all the eigenvalues are different then eigenvectors are linearly
independent

For Symmetric Matrices

If A is symmetric A=QnT

/ ~ Diagonal|matrix of eigenvalues
orthonormal matrix of eigenvectors

i.e. for a covariance matrix
or some matrix B= A"TA o S




