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Kinematics, Kinematics Chains

CS 685

Jana Kosecka
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Previously

• Representation of rigid body motion
• Two different interpretations 

- as transformations between different coord. frames 
- as operators acting on a rigid body

• Representation in terms of homogeneous coordinates
• Composition of rigid body motions
• Inverse of rigid body motion 
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Rigid Body Motion – Homogeneous 
Coordinates

3-D coordinates are related by:

Homogeneous coordinates:

Homogeneous coordinates are related by:
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Properties of Rigid Body Motions

Rigid body motion composition

Rigid body motion inverse

Rigid body motion acting on vectors

Vectors are only affected by rotation – 4th homogeneous coordinate is zero
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3D Rotation (axis & angle)

with

or

<latexit sha1_base64="4OhIB9iTHuOIDyfhlZhRy6kkqQw=">AAACE3icbZA9SwNBEIb3/IzxK2ppsxgEFQl3ImojiDaWUUwi5M4wt5kki3sf7M4J4ch/sPGv2FgoYmtj57/xklzh1wsLL8/MMDuvHytpyLY/rYnJqemZ2cJccX5hcWm5tLJaN1GiBdZEpCJ97YNBJUOskSSF17FGCHyFDf/2bFhv3KE2MgqvqB+jF0A3lB0pgDLUKu1cbrlRgF3YdamHBNv8mONN6vaAxpyP+aBYbJXKdsUeif81Tm7KLFe1Vfpw25FIAgxJKDCm6dgxeSlokkLhoOgmBmMQt9DFZmZDCNB46eimAd/MSJt3Ip29kPiIfp9IITCmH/hZZwDUM79rQ/hfrZlQ58hLZRgnhKEYL+okilPEhwHxttQoSPUzA0LL7K9c9ECDoCzGYQjO75P/mvpexTmo2Bf75ZPTPI4CW2cbbIs57JCdsHNWZTUm2D17ZM/sxXqwnqxX623cOmHlM2vsh6z3L8ZlnNY=</latexit>

R(!, ✓) = e!̂✓
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Rigid Body Transform

{A}

{B}

XA

XB

tAB

XA = XB + tAB

The points from frame A to frame B are 
transformed by the inverse of
(see example next slide) 

XA = RABXB + tAB

T = (RAB , tAB)

tAB

T = (RAB , tAB)

Translation only           is the origin of the frame B expressed in the 
Frame A 

Composite transformation: 

Transformation: 

XA =
�

RAB tAB

0 1

⇥
XB

Homogeneous coordinates 
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Kinematic Chains

• Robot manipulator; multiple rigid bodies linked together
• Kinematics – study of position, orientation, velocity, acceleration 

regardless of the forces
• Simple examples of kinematic model of robot manipulator
• Components – links, connected by joints, important frames

{B} – base frame
{T} – tool frame
{S} – station frame
{G} – goal/object frame
{W} – wrist frame 

{B} {S}

{W}

{T}
{O}

7

Various joints
• In general rigid bodies can be connected by 
various articulated joints
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Kinematic Chains in 2D

work space frame

Base frame

�1, �2

�1
�2

• Given              determine what is 
• Given              determine what is
• We can control             want to understand how it affects
position of the tool frame

• How does the position of the tool frame change as the 
manipulator articulates 

• Actuators change the joint angles

�̇1, �̇2

�1, �2

X
Y

!

"
#

$

%
&

X,Y
X
.
,Y
.
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Forward kinematics 2D arm 

• Find position of the end effector as a function of the 
joint angles

f(�1, �2) =
�

X
Y

⇥
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Example

<latexit sha1_base64="VPstW+OrcKCiLZOua0y2zNRSDfE="></latexit>

T01 =

2

4
c✓1 �s✓1 0
s✓1 c✓1 0
0 0 1

3
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<latexit sha1_base64="TuU/s+DyIn0mxkjOKB5mfIztwlA="></latexit>

T12 =

2

4
c✓2 �s✓2 l1
s✓2 c✓2 0
0 0 1

3
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<latexit sha1_base64="if25sovVsnczNVp7CObX9W9/KyA=">AAACBHicbVC7SgNBFJ2Nrxhfq4JNmsEgWIXdFGojhNhYJpAXJMsyO5lNhszOLjOzgbBsYeOv2CgoYmvlF9jZ+C3OJik08cDlHs65l5l7vIhRqSzry8itrW9sbuW3Czu7e/sH5uFRW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre+CbzOxMiJA15U00j4gRoyKlPMVJacs1if0Jw0k3hNWy6iWWnWbMrKay7FdcsWWVrBrhK7AUpVU8a3/Sp9lF3zc/+IMRxQLjCDEnZs61IOQkSimJG0kI/liRCeIyGpKcpRwGRTjI7IoVnWhlAPxS6uIIz9fdGggIpp4GnJwOkRnLZy8T/vF6s/CsnoTyKFeF4/pAfM6hCmCUCB1QQrNhUE4QF1X+FeIQEwkrnVtAh2Msnr5J2pWxflK2GTqMG5siDIjgF58AGl6AKbkEdtAAGd+ABPIMX4954NF6Nt/lozljsHIM/MN5/ANk+mf0=</latexit>

~X = T01T12P2

<latexit sha1_base64="zmjGx6Jnw7i/wvknRSNwNszVPek="></latexit>

x = l1 cos ✓1 + l2 cos(✓1 + ✓2)

y = l1 sin ✓1 + l2 sin(✓1 + ✓2)
f(�1, �2) =

�
X
Y

⇥

Find transformations between frames 
P2 – coordinate of the end effector in frame 2
What is the coordinate in frame 0 ?  

<latexit sha1_base64="WzbVAofRnFsRwMgaeIGw4z09Dbw="></latexit>

P2 =

2

4
l2
0
1

3

5
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Kinematic Chains in 3D

• Additional joints possible (spherical, screw)
• Additional offset parametes
• Same idea: set up frame with each link 
• Define relationship between links (two rules): 

- use Z-axis as an axis of a revolute joint
- connect two axes shortest distance

In 2D we need only link length and joint angle to specify the 
transform

In 3D                                   Denavit-Hartenberg parameters (see 
LaValle (chapter [3])

di, ⇥i, ai�1, �i�1
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Example 3D SCARA manipulator

Transformation between stationary frame
and tool frame

Adapted from Murray, Li, Sastry
Robotic Manipulation
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Inverse kinematics

• In order to accomplish tasks, we need to know given some 
coordinates  in the tool frame, how to compute the joint angle

• Simple 2D example 
• Use trigonometry to compute given [X, Y] of the end effector 
• Solution may not be unique
• See handout notes for details 

�1, �2

Figure adapted from K. Hauser, 
http://motion.cs.illinois.edu/RoboticSystems/InverseKinematics.html
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Inverse kinematics 

• For small problem angles can be calculated 
analytically, for larger chains more complex

• Some 3D manipulators – analytic solutions to IK
• Redundant robots – IK sets of solutions 
• Numerical techniques

- Cyclic coordinate descent 
- Root finding methods 
- minimization methods

• For more details 
http://motion.cs.illinois.edu/RoboticSystems/InverseKinematics.html
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Inverse Kinematics

Forward Kinematics (FK) 
Mathematically determining the 
position and angle of joints in a 
series of flexible, jointed objects 
after determining the position and 
orientation of the end effector. 

In game design, inverse 
kinematics (IK) is typically 
used most often in character 
animation

16
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Learning Locomotion
[Schulman, Moritz, Levine, Jordan, Abbeel, 2015]

policy gradients, value function approximation

Slides courtesy P. Abbeel
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Jacobians

• Kinematics enables us study what space is reachable
• Given reachable points in space, how well can be motion of an arm 

controlled near these points 
• We would like to establish relationship between velocities in joint space 

and velocities in end-effector space
• Given kinematics equations for two link arm

• The relationship between velocities is manipulator Jacobian                  

�
ẋ
ẏ

⇥
=

⇤
⇥x
⇥�1

⇥x
⇥�2

⇥y
⇥�1

⇥y
⇥�2

⌅ �
�̇1

�̇2

⇥ �
ẋ
ẏ

⇥
= J(�1, �2)

�
�̇1

�̇2

⇥

x = fx(�1, �2)
y = fy(�1, �2)

J(�1, �2)
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Manipulator Jacobian  

• Determinant of the Jacobian
• If determinant is 0, there is a singularity

• Manipulator kinematics: position of end effector can be 
determined knowing the joint angles

• Actuators: motors that drive the joint angles
• Workspace concept (in the presence of constraints)

Joint angle constraints +/- 45 

19

Locomotion of wheeled robots

• Power the motion from place to place
• Differential Drive (two powered wheels)
• Car Drive (Ackerman Steering)

y

roll

z motion

x

y

we also allow wheels to
rotate around the z axis

21
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Locomotion of wheeled robots

• Differential Drive (two powered wheels)

• Each wheel is has its own motor
• Two wheels can move at different speeds

22

Mobile robot kinematics

• Two wheels, with radius     
• Point P centered between two wheels is the origin of 

the robot frame
• Distance between the wheels

yI

xI

s(t)
q

v(t)

€ 

l
€ 

r

24
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Differential Drive

R

ICC
w

(x,y)

y

l/2

q
x

vl

vr

• Controls: Instantaneous linear velocity of each wheel 
• Left and right wheel can move at different speed
• Robots coordinate system, robot (heading in the x-direction)
• Parameters, distance between the wheels l 
• Radius of each wheel r

vl,vr

vr = ψ r

ψ

x

y

r – wheel radius
vr – linear velocity of the right wheel
vl – linear velocity of the left wheel

25

Differential Drive

R

ICC
w

(x,y)

y

l/2

q

x

vl

vr

• Controls: Instantaneous linear velocity of each wheel
• Motion of the robot 
• Turn in place
• Go straight 

vl,vr

x

y

vr = −vl → R = 0
vr = vl →ω = 0

26
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Differential Drive

R

ICC
w

(x,y)

y

l/2

q

x

vl

vr

• Turn in place
• Go straight
• More general motion, turning and moving forward 
• There must be a point that lies on the wheel axis that

the robot rotates around 

x

y

vr = −vl → R = 0
vr = vl →ω = 0

27

Instantaneous Center of Curvature

ICC

§ When robot moves on a curve with particular linear and 
angular velocity at each instance there is a point called 
instantaneous center of curvature 

28
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Differential Drive

R

ICC
w

(x,y)

y

l/2

q
x

vl

vr

ω(R+ l / 2) = vr
ω(R− l / 2) = vl

]cos,sin[ICC qq RyRx +-=

Instantaneous linear velocity of each wheel

𝜔 is the angular velocity of the robot’s body frame
around ICC 

ω =
dθ
dt

=
V
R

vl,vr

vr = ψ r

Forward velocity of the
Wheel of radius r as it 
turns with angular 
rate ψ

29

Differential Drive

R

ICC
w

(x,y)

y

l/2

q

x

vl

vr

ω(R+ l / 2) = vr
ω(R− l / 2) = vl

R = l
2
(vl + vr)
(vr − vl)

ω =
vr − vl
l

v = vr + vl
2

Instantaneous linear velocity of each wheel 
• Angular velocity are related via R radius of the curve

(subtract  two equations for         )
• Linear velocity     (add two equations for         )

ω =
dθ
dt

=
V
R

Angular velocity 

vl,vr

vl,vr
vl,vr

vLinear velocity 

30
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Differential Drive: Intuition
• When both wheels turn with the same 

speed robot goes straight
• When one wheel turns faster then the 

other robot turns
• When the wheels turn in opposite direction 

the robot turns in place

• We can solve for       rate of rotation 
around ICC two special cases

• Turn in place
• Go straight

ω(R+ l / 2) = vr
ω(R− l / 2) = vl

R = l
2
(vl + vr)
(vr − vl)

ω =
vr − vl
l

v = vr + vl
2

vr = vl

ω

vr = vl →ω = 0
vr = −vl → R = 0

vr = −vl

31

Differential Drive 

• Linear and angular velocities 
in the robot body frame 

ICC

(x,y)

vr

vx ,R
vy ,R
ω

!

"

#
#
#
#

$

%

&
&
&
&

=

1
2
(vl + vr )

0
1
2
(vr − vl )

!

"

#
#
#
#
#
#

$

%

&
&
&
&
&
&

xR
yR

vl

v = [vx ,vy ]

ω = θ

32
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Representing Robot Pose

• Representing robot motion in inertial (global) frame
• Previous the velocities were expressed in robot frame

– Inertial (global)  frame:
– Robot frame (axes)
– Robot pose:
– Robot velocities: 
– Previously the velocities were expressed in the robot 

coordinate frame
– Mapping from global reference frame to robot frame 

– Example: Robot aligned with YI

{ }II YX ,

{ }RR YX ,

€ 

R θ( ) =

cosθ sinθ x
−sinθ cosθ y
0 0 1

$ 

% 

& 
& 
& 

' 

( 

) 
) 
) 

YR

XR
YI

XI

q

P

YR

XR

q

YI

XI

[ ]TI yx qx =

[ ]TI yx qx =
. . ..

33

Robot Motion – Differential Drive
• Representing to robot within an arbitrary initial frame

– Initial frame:
– Robot frame:
– Robot pose:
– We control       in the robot frame
– Differential robot drive instantaneously moves along x 

axis 
– Velocities in the world frame are

[ ]TI yx qx =

{ }II YX ,

{ }RR YX ,

x
y

!

"
#
#

$

%
&
&
= cosθ −sinθ

sinθ cosθ

!

"
#

$

%
&

v
0

!

"
#

$

%
&

P

YR

XR

q

YI

XI
v,ω

v = vx,vy!" #$
T
= [vx, 0]

T

θ =ω

<latexit sha1_base64="VPbAAnFJizJOpXbPKoJs64Jd7Vw="></latexit>

ẋ =
r

2
(vr + vl) cos ✓

ẏ =
r

2
(vl � vr) sin ✓

✓̇ =
r

l
(vl � vr)

34
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Robot motion  Differential Drive

– Velocities in the world frame are

– With the following controls 

P

YR

XR

q

YI

XI

ω =
vr − vl
l

v = vr + vl
2

<latexit sha1_base64="VPbAAnFJizJOpXbPKoJs64Jd7Vw="></latexit>

ẋ =
r

2
(vr + vl) cos ✓

ẏ =
r

2
(vl � vr) sin ✓

✓̇ =
r

l
(vl � vr)

<latexit sha1_base64="7t68YIaie8zk7wjih98UrJitpBs=">AAACQnicbVDLSgMxFM34tr6qLt0Ei+KqzIioG0F041LBaqVTSia9bUMzyZDcEcvQb3PjF7jzA9y4UMStC9OHUFsPBE7OOTePEyVSWPT9F29qemZ2bn5hMbe0vLK6ll/fuLE6NRxKXEttyhGzIIWCEgqUUE4MsDiScBu1z3v+7T0YK7S6xk4C1Zg1lWgIztBJtfxdWNeYPXTpLj2hht7TkGtLQ2wBMhqGub7dGbGtUOP2YPuboaGOoclytXzBL/p90EkSDEmBDHFZyz+703gag0IumbWVwE+wmjGDgkvo5sLUQsJ4mzWh4qhiMdhq1q+gS3ecUqcNbdxSSPvq6ETGYms7ceSSMcOWHfd64n9eJcXGcTUTKkkRFB9c1EglRU17fdK6MMBRdhxh3Aj3VspbzDCOrvVeCcH4lyfJzX4xOCz6VweF07NhHQtki2yTPRKQI3JKLsglKRFOHskreScf3pP35n16X4PolDec2SR/4H3/ALMurUc=</latexit>

ẋ = rv cos ✓

ẏ = rv sin ✓

✓̇ = r!

36

Unicycle
• Viewed as abstract version of differential drive
• Parameters: wheel radius r, pedaling velocity, linear 

velocity, angular velocity controlled directly
xR

yR
ψ

xI

xI

𝜃

<latexit sha1_base64="5yyndE315qPDNZFgSG3hUiwHn6g=">AAACO3icbVBNSwMxEM3W7/pV9eglWBRPZVdEvQiiF48qVgvdUrLptA3NJksyK5al/8uLf8KbFy8eFPHq3fQD0dYHgZf3ZiaZFyVSWPT9Zy83NT0zOze/kF9cWl5ZLayt31idGg5lrqU2lYhZkEJBGQVKqCQGWBxJuI06Z33/9g6MFVpdYzeBWsxaSjQFZ+ikeuEqbGjM7nt0hx7TOxpybWmIbUBGwzA/MLs/phVq3BxehxWhjqHF8vVC0S/5A9BJEoxIkYxwUS88uVE8jUEhl8zaauAnWMuYQcEl9PJhaiFhvMNaUHVUsRhsLRvs3qPbTmnQpjbuKKQD9XdHxmJru3HkKmOGbTvu9cX/vGqKzaNaJlSSIig+fKiZSoqa9oOkDWGAo+w6wrgR7q+Ut5lhHF3c/RCC8ZUnyc1eKTgo+Zf7xZPTURzzZJNskV0SkENyQs7JBSkTTh7IC3kj796j9+p9eJ/D0pw36tkgf+B9fQMrZasr</latexit>

ẋ = v cos ✓

ẏ = v sin ✓

✓̇ = !

<latexit sha1_base64="Pqfc0Iwtj5IaY0fbYJmrl5nv3J0=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6kYounFZwT6gDWUynbRDJw9mbgol9E/cuFDErX/izr9x0mahrQcGDufcw71z/EQKjY7zbZXW1jc2t8rblZ3dvf0D+/CopeNUMd5ksYxVx6eaSxHxJgqUvJMoTkNf8rY/vs/99oQrLeLoCacJ90I6jEQgGEUj9W17Qm5JbxAj6SVaEFXp21Wn5sxBVolbkCoUaPTtLxNnacgjZJJq3XWdBL2MKhRM8lmll2qeUDamQ941NKIh1142v3xGzowyIEGszIuQzNXfiYyGWk9D30yGFEd62cvF/7xuisGNl4koSZFHbLEoSCXBmOQ1kIFQnKGcGkKZEuZWwkZUUYamrLwEd/nLq6R1UXOvas7jZbV+V9RRhhM4hXNw4Rrq8AANaAKDCTzDK7xZmfVivVsfi9GSVWSO4Q+szx+FFpJK</latexit>

v =  ̇r

37
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Car Model  
• Car kinematics model  (Ackerman steering)
• Steering angle, forward speed

• Ingredients: how to characterize the pose, velocity 
• What are the parameters and control inputs 
• See: http://planning.cs.uiuc.edu/node657.html for 

additional detailed derivations, e.g. tractor trailer

x = vx cosθ

y = vx sinθ

θ = tanφ
L
vx

40

Bicycle Kinematic model

• Similar, slightly different steering mechanism
• Bicycle model of the car
• Hind wheels move with the same speed
• Front wheels can be rotated
• L distance between form and back wheels

ICC

(x,y)
q

γ

x = vcosθ
y = vsinθ

θ = v
L
tanγ

xy

xcosθ − ysinθ = 0
Nonholonomic velocity constraints

Cannot change orientation not moving with v

v = 0→ θ = v
L
tanγ→ θ = 0

41

http://planning.cs.uiuc.edu/node657.html
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Mobile Robot Kinematic Models

• Manipulator case – given joint angles, we can always 
tell where the end effector is

• Mobile robot basis – given wheel positions we cannot 
tell where the robot is

• We have to remember the history how it got there
• Need to find relationship between velocities and 

changes in pose
• Presented on blackboard (see handout)
• How is the wheel velocity affecting velocity of the 

chassis

42

Differential Drive: Forward Kinematics

43

ICC

R

P(t)

P(t+dt)

• To compute the trajectory we need to integrate 
the equations

')]'()'([1)(

')]'(sin[)]'()'([
2
1)(

')]'(cos[)]'()'([
2
1)(

0

0

0

ò

ò

ò

-=

+=

+=

t

lr

t

lr

t

lr

dttvtv
l

t

dtttvtvty

dtttvtvtx

q

q

q
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Differential Drive

• Integral cannot be solved analytically 
• are functions of time
• Option 1: consider special cases of straight line 

motion and rotation only
• Option 2: simulate the differential equation (see 

notes)

ω(t),v(t)

44

Differential Drive

<latexit sha1_base64="6Z8EUzbg2gh5GDk7JAyiineVV90="></latexit>

ẋ =
r

2
(vr + vl) cos ✓

ẏ =
r

2
(vl � vr) sin ✓

✓̇ =
r

2
(vl � vr)

<latexit sha1_base64="tA7DmWsv9M1JcRBUccaNCJ4w2zE="></latexit>

ẋ =
r

2
(vr + vl) cos ✓

ẏ =
r

2
(vl � vr) sin ✓

✓̇ =
r

L
(vl � vr)

v̇l = al

v̇r = ar

Kinematics 
First order model

Dynamics  
second order model

• Pick control input (in this case velocities or left and right 
wheel) and add equations for their derivatives
• New control – angular accelerations <latexit sha1_base64="1aMWanavsWw3BPWj8dt0DgOcFAw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5RERD0WvXisYD+gDWGy3bZLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TRVmDxiJW7RA1E1yyhuFGsHaiGEahYK1wdDv1W09MaR7LBzNOmB/hQPI+p2is1MZAnBEMVFCuuFV3BrJMvJxUIEc9KH91ezFNIyYNFah1x3MT42eoDKeCTUrdVLME6QgHrGOpxIhpP5vdOyEnVumRfqxsSUNm6u+JDCOtx1FoOyM0Q73oTcX/vE5q+td+xmWSGibpfFE/FcTEZPo86XHFqBFjS5Aqbm8ldIgKqbERlWwI3uLLy6R5XvUuq+79RaV2k8dRhCM4hlPw4ApqcAd1aAAFAc/wCm/Oo/PivDsf89aCk88cwh84nz9Hho95</latexit>al, ar
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Car  

<latexit sha1_base64="npWdD6QMvLSwlY9pnHPY2A51Lnk="></latexit>

ẋ = vs cos ✓

ẏ = vs sin ✓

✓̇ =
vs
L

tanu�

<latexit sha1_base64="WsUiEtNijLK1+lMzoNjPo+yi/DI="></latexit>

ẋ = vs cos ✓

ẏ = vs sin ✓

✓̇ =
vs
L

tanu�

v̇s = u1

�̇ = u2

State s
Position 
Orientation
Translational velocity 
Steering angle  

State s
Position 
Orientation
Translational velocity 
Steering angle 
Translational acceleration
Steering acceleration 

<latexit sha1_base64="rEUF24W61IMG3p2TpN2N070h0RI=">AAAB+HicbVDLSsNAFJ34rPHRqEs3g0WoUEoioi6LblxWsA9oQ5lMJ+3QyYOZGzGGfokbF4q49VPc+TdO2iy09cCFwzn3cu89Xiy4Atv+NlZW19Y3Nktb5vbO7l7Z2j9oqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrONNbnK/88Ck4lF4D2nM3ICMQu5zSkBLA6tcfaylNdyHMQNyapoDq2LX7RnwMnEKUkEFmgPrqz+MaBKwEKggSvUcOwY3IxI4FWxq9hPFYkInZMR6moYkYMrNZodP8YlWhtiPpK4Q8Ez9PZGRQKk08HRnQGCsFr1c/M/rJeBfuRkP4wRYSOeL/ERgiHCeAh5yySiIVBNCJde3YjomklDQWeUhOIsvL5P2Wd25qNt355XGdRFHCR2hY1RFDrpEDXSLmqiFKErQM3pFb8aT8WK8Gx/z1hWjmDlEf2B8/gBAkJGG</latexit>

(x, y, ✓)
<latexit sha1_base64="dYMDEuaNQ7OetXUuuBbP6486hUc=">AAACA3icbVDLSgMxFM34rPVVdaebYBEqlDIjoi6LblxWsA9ohyGTZtrQTGZI7hTLUHDjr7hxoYhbf8Kdf2Om7UJbD1w4Oedecu/xY8E12Pa3tbS8srq2ntvIb25t7+wW9vYbOkoUZXUaiUi1fKKZ4JLVgYNgrVgxEvqCNf3BTeY3h0xpHsl7GMXMDUlP8oBTAkbyCoelh/KojDvQZ0DKeOhp84j7/DSf9wpFu2JPgBeJMyNFNEPNK3x1uhFNQiaBCqJ127FjcFOigFPBxvlOollM6ID0WNtQSUKm3XRywxifGKWLg0iZkoAn6u+JlIRaj0LfdIYE+nrey8T/vHYCwZWbchknwCSdfhQkAkOEs0BwlytGQYwMIVRxsyumfaIIBRNbFoIzf/IiaZxVnIuKfXderF7P4sihI3SMSshBl6iKblEN1RFFj+gZvaI368l6sd6tj2nrkjWbOUB/YH3+AGlTlXE=</latexit>

(x, y, ✓, vs,�)

<latexit sha1_base64="60RDTYUsifBDTk4afKhTj2M1R50=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LBbBg5REinosevFYwX5AG8Jmu2mXbjZxd1Moob/DiwdFvPpjvPlv3LQ5aOuDgcd7M8zMCxLOlHacb6u0tr6xuVXetnd29/YPKodHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E47vc70yoVCwWj3qaUC/CQ8FCRrA2kjfx1QVK/X4yYrbtV6pOzZkDrRK3IFUo0PQrX/1BTNKICk04VqrnOon2Miw1I5zO7H6qaILJGA9pz1CBI6q8bH70DJ0ZZYDCWJoSGs3V3xMZjpSaRoHpjLAeqWUvF//zeqkOb7yMiSTVVJDFojDlSMcoTwANmKRE86khmEhmbkVkhCUm2uSUh+Auv7xK2pc196rmPNSrjdsijjKcwCmcgwvX0IB7aEILCDzBM7zCmzWxXqx362PRWrKKmWP4A+vzBz9DkRo=</latexit>vs, u�
<latexit sha1_base64="7r4r785hyQbIlJITJs/TvxGdbMg=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhP2Qyihv8GLB0W8+oO8+W/ctDlo64OBx3szzMyLMs6U9rxvp7K2vrG5Vd12d3b39g9qh0dtlRpJaEBSnspuhBXlTNBAM81pN5MUJxGnnWhyV/idJyoVS8WjnmY0TPBIsJgRrK0UmIHvuoNa3Wt4c6BV4pekDiVag9pXf5gSk1ChCcdK9Xwv02GOpWaE05nbN4pmmEzwiPYsFTihKsznx87QmVWGKE6lLaHRXP09keNEqWkS2c4E67Fa9grxP69ndHwT5kxkRlNBFotiw5FOUfE5GjJJieZTSzCRzN6KyBhLTLTNpwjBX355lbQvGv5Vw3u4rDdvyziqcAKncA4+XEMT7qEFARBg8Ayv8OYI58V5dz4WrRWnnDmGP3A+fwBy+o3K</latexit>u1

<latexit sha1_base64="OzfO5mrHGSuw1vA72uLfS3ce2Ps=">AAAB7HicbVBNS8NAEJ31s8avqkcvi0XwVJIi6rHoxWMF0xbaUDbbTbt0swm7G6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTAXXxnW/0dr6xubWdmXH2d3bPzisHh23dZIpynyaiER1Q6KZ4JL5hhvBuqliJA4F64STu8LvPDGleSIfzTRlQUxGkkecEmMlPxs0HGdQrbl1dw68SryS1KBEa1D96g8TmsVMGiqI1j3PTU2QE2U4FWzm9DPNUkInZMR6lkoSMx3k82Nn+NwqQxwlypY0eK7+nshJrPU0Dm1nTMxYL3uF+J/Xy0x0E+Rcpplhki4WRZnAJsHF53jIFaNGTC0hVHF7K6Zjogg1Np8iBG/55VXSbtS9q7r7cFlr3pZxVOAUzuACPLiGJtxDC3ygwOEZXuENSfSC3tHHonUNlTMn8Afo8wd0gI3L</latexit>u2

Kinematics 
First order model

Dynamics  
second order model
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Generating motions

• Apply control inputs and integrate equations of motion
• Start in some state 
• Apply controls     over some time T

• Closed form integration when possible
• Numerical integration  

<latexit sha1_base64="KQX7cfTczAVSKdfLPkxG5fl10zs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJXe53nrixItKPOI25r+hIi1AwirlkB25lUK25dXcOskq8gtSgQHNQ/eoPI5YorpFJam3Pc2P0U2pQMMlnlX5ieUzZhI54L6OaKm79dH7rjJxlypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTx5CN7yy6ukfVH3ruruw2WtcVvEUYYTOIVz8OAaGnAPTWgBgzE8wyu8Ocp5cd6dj0VrySlmjuEPnM8fOUaNsw==</latexit>s0
<latexit sha1_base64="z8Xd7WXzteIuGvhWnlTdTiEaaTU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cq1hbaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN7nffuLaiFg94CThfkSHSoSCUbTSfVrpV2tu3Z2BLBOvIDUo0OxXv3qDmKURV8gkNabruQn6GdUomOTTSi81PKFsTIe8a6miETd+Nrt0Sk6sMiBhrG0pJDP190RGI2MmUWA7I4ojs+jl4n9eN8Xwys+ESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEwez+reRd29O681ros4ynAEx3AKHlxCA26hCS1gEMIzvMKbM3ZenHfnY95acoqZQ/gD5/MHF+ONEg==</latexit>u

<latexit sha1_base64="SHdECuDTjbcGaKcj2bSerIHJIvc=">AAACFXicbVDLSsNAFJ34rPVVdelmsAgVS0lE1E2h6MZlhT6ENobJdFKHTiZh5kYooT/hxl9x40IRt4I7/8ZJm4WvA/dyOOdeZu7xY8E12PanNTe/sLi0XFgprq6tb2yWtrY7OkoUZW0aiUhd+0QzwSVrAwfBrmPFSOgL1vVHF5nfvWNK80i2YBwzNyRDyQNOCRjJK1V1BQ5wHWvPxoe4zyV4KdTtyY3prQkOKplfxckBHkDRK5Xtmj0F/kucnJRRjqZX+ugPIpqETAIVROueY8fgpkQBp4JNiv1Es5jQERmynqGShEy76fSqCd43ygAHkTIlAU/V7xspCbUeh76ZDAnc6t9eJv7n9RIIztyUyzgBJunsoSARGCKcRYQHXDEKYmwIoYqbv2J6SxShYILMQnB+n/yXdI5qzknNvjouN87zOApoF+2hCnLQKWqgS9REbUTRPXpEz+jFerCerFfrbTY6Z+U7O+gHrPcvAACblg==</latexit>

s(t) = s0 +

Z t=T

t=0
f(s(t), u)dt
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Numerical Integration

<latexit sha1_base64="dO5VJLAc3gqa85sL3Qr/9roPArM="></latexit>

˙s(t) = f(s(t), u) ⇡ s(�t)� s(0)

�t

<latexit sha1_base64="SHdECuDTjbcGaKcj2bSerIHJIvc=">AAACFXicbVDLSsNAFJ34rPVVdelmsAgVS0lE1E2h6MZlhT6ENobJdFKHTiZh5kYooT/hxl9x40IRt4I7/8ZJm4WvA/dyOOdeZu7xY8E12PanNTe/sLi0XFgprq6tb2yWtrY7OkoUZW0aiUhd+0QzwSVrAwfBrmPFSOgL1vVHF5nfvWNK80i2YBwzNyRDyQNOCRjJK1V1BQ5wHWvPxoe4zyV4KdTtyY3prQkOKplfxckBHkDRK5Xtmj0F/kucnJRRjqZX+ugPIpqETAIVROueY8fgpkQBp4JNiv1Es5jQERmynqGShEy76fSqCd43ygAHkTIlAU/V7xspCbUeh76ZDAnc6t9eJv7n9RIIztyUyzgBJunsoSARGCKcRYQHXDEKYmwIoYqbv2J6SxShYILMQnB+n/yXdI5qzknNvjouN87zOApoF+2hCnLQKWqgS9REbUTRPXpEz+jFerCerFfrbTY6Z+U7O+gHrPcvAACblg==</latexit>

s(t) = s0 +

Z t=T

t=0
f(s(t), u)dt

<latexit sha1_base64="mBcquUQ9Dsrm0z+A4ekUNIFk/4g="></latexit>

˙s(t) ⇡

2

4
x0

y0
z0

3

5++�t

2

4
u�t cos ✓
u�t sin ✓

u!

3

5

• For small step
• Simple and efficient
• Not very accurate 
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Numerical Integration 

• Fourth order Runge-Kutta integration
<latexit sha1_base64="T0eicfiTqVgJa1q6lyX6dRAkW+I="></latexit>

˙s(t) ⇡ s0 +
�t

6
(w1 + w2 + w3 + w4)

<latexit sha1_base64="RhrVQX91tLjTdSXqlQMdEhwc4jc="></latexit>

w1 = f(s(0), u)

w2 = f(s(0) +
�t

2
w1, u)

w3 = f(s(0) +
�t

2
w2, u)

w4 = f(s(0) +
�t

2
w3, u)
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