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Abstract

We introduce a techniquecalled lexicographic
parsimoly pressurefor controlling the signi -
cantgrowth of geneticprogrammingtreesdur-
ing the courseof an evolutionary computation
run. Lexicographicparsimory pressuranodi es
selectionto prefer smallertreesonly when t-
nessesare equal(or equalin rank). This tech-
nigueis simpleto implementandis not affected
by speci c differencesn tness values,but only
by their relative ranking. In two experimentsve
shaw that lexicographicparsimoly pressurere-
ducestree size while maintaininggood tness
values, particularly when coupled with Koza-
style maximumtreedepthlimits.

1 INTRODUCTION

Like mary arbitrary-sizedrepresentations evolutionary
computation,geneticprogramming(GP) individuals tend
to grow signi cantly in sizewhenno codegrowth counter
agentsareapplied.Thisgrowthis relatively independenof
signi cantincrease@ tness. Thephenomenorknownin
GP circlesasbloat, is shapingup to be a major impedi-
mentto GP's scalabilityto moredif cult problemswhich
necessitatéongerevolutionaryruns.

The chief way bloat is controlledin GP is through the
useof breedingrestrictionsstipulatingthe maximumdepth
of a GP parsetreeindividual. Lately other approaches
have taken root, most popularly various forms of parsi-
monypressue, wherethesizeof anindividualis takeninto
consideratiorduring selection.Parsimory pressuréhasto
date taken two basicforms: parametricparsimoly pres-
sure,whereanindividual's sizedirectly changests tness,
andparetoparsimory pressurewhereanindividual's size
is consideredas an additional objective in a paretoopti-
mizationscheme.
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In this paperwe presenta new family of parsimory pres-
suretechniquesvhich we think may be particularly apro-
posto GP andotherevolutionarysystemswith large num-
bersof tness-equvalentindividualsin a population.This
family is collectively known as lexicographic parsimony
pressue, andis basedon the ideaof placing tness, then
sizein lexicographicorder;thatis, preferringsmallerindi-
vidualsonly when tness is identical(or in someversions,
similar). Lexicographicparsimoly pressures simple to
implement,andit is lesstied to the speci ¢ absolute t-
nessvaluesin the populationthan parametrictechniques
are,muchin thesameway thattournamenselectiortouted
over tness-proportionateselection.

We openthepapemwith discussionsf currentbloat-control
techniquesfollowedby a descriptiorof lexicographicpar
simory pressur@ndvariationswe havetried. We thengive
theresultsof anexperimentshawving thatin mostcasedex-
icographicparsimoty pressureproducesequivalent best-
tness-of-run resultswith signi cantly smallertreesthan
doesdepthrestriction,exceptin the Symbolic Regression
domain,whereit performspoorly. We then give the re-
sultsof a secondexperimentwherewe shav thatcombina-
tions of lexicographicparsimoly pressureanddepthlimit-
ing work very well comparedo depthlimiting alone.

2 CONTROLLING BLOAT

Theevolutionarycomputatiorcommunityhastried anum-
ber of approacheso controlling the growth of arbitrary-
sizedindividuals.Firstandforemostarea numberof parsi-
mory pressurdgechniqueswhich include consideratiorof
anindividual's sizeaspartof the selectionprocedure Ge-
neticprogramminchaspopularizedsomeothertechniques.
Below we list four suchtechniquesfollowedby arangeof
parsimoly pressurepproaches.

Maximum Size or Depth Restriction This approach
simply limits the maximumsize of anindividual, usually
by rejectinglarge childrenaspart of the breedingprocess.



For example muchwork in GPfollows thetechniqueused
in Koza[1992], which restrictsmodi cation operatorso
producenew treesof depthlessthanl17.

Explicitly De ned Intr ons This GP-speci c technique
allowstheinclusionof speciainodesvhich adapthelik eli-
hoodof subtreecrosseer or mutationat speci ¢ positions
in thetree[Nordin etal. 1996].

Code Editing One easyway to attackgrowth is to di-
rectly simplify and optimize an individual's parsetree.
Souleet al. [1996] for examplereportstrongresultswith
this approachHowever, Hayneg[1998] warnsthat editing
canleadto prematurecornvergence.

Pseudo-Hillclimbing This techniquerejectschildren if
they arenotsuperiorto (or simply differentfrom) their par
entsin tness. If achild is rejectedfrom joining the next
generationa copy of its parenfjoinsthe next generationn
its stead. One effect of this techniqueis to replicatelarge
numbersf parentdnto future generationsearlierindivid-
ualsaregenerallysmallerthanlaterindividuals(hencethe
bloat), this resultsin slower growth in averagesize. This
techniquehasbeenreportedwith somesuccessn [Lang-
donandPoli 1998;SouleandFoster1998b].

2.1 PARSIMONY PRESSURE

Unlike the techniquesnentionedearlier, parsimory pres-
sure is not GP-speci ¢ and has been used whenever
arbitrary-sizedrepresentationgendedto get out of hand.
Suchusageto date can be divided into two broad cate-
gories: parametrigparsimoly pressurewheresizeis a di-
rectnumericalfactorin tness, andparetoparsimoly pres-
sure,wheresizeis consideredhsa separat@bjective in a
pareto-optimizatiomprocedure.

Parametric Parsimony Pressue This includes size
metrics,alongwith raw tness, as part of an equationin
computingthe nal tnessof anindividual. For purpose®f
the discussionlet f betheindividual'sraw tness, where
higheris better andg bethe tness after parsimoly pres-
sureis considered.Let s be an individual's size, and let
a;b; c bearbitraryconstants.

The mostwidely-usedapproachto parametricparsimoly
pressurds to treattheindividual's sizeasa linearfactorin
tness, thatis, g= af bs Thistechniquehasbeenused
in bothGP[Ko0zal992]andin non-GP[Burke etal. 1998].
SouleandFoster[1998a]presentaninterestinganalysisof
linear parsimoty pressureand whenandwhy it canfail.
Linear parsimory pressures occasionallyaugmenteavith
alimit, thatisif s ctheng= af, elseg= af + b(c 9)
[CavarettaandChellapilla1999]. Belpaemg1999] useda

similarlimit, but considerednaximaltreedepthratherthan
sizeasthe parameterNordin andBanzhaf{1995] alsoap-
plied parametriqparsimoly pressurebelievedto belinear,
to evolve machindanguageGP strings.

Linear parsimory pressurehas beenusedin combina-
tion with adaptve stratgies. Zhang and Muhlenbein
[1995] adjustedb basedon currentpopulationquality. 1ba
et al. [1994] proposea similar technique exceptthey use
information-theoretidunctionsfor f ands. Linear par

simory pressureéhasalsobeenappliedin stages: rst by

settingg = f, thenfactoringin size only after the pop-
ulation has reacheda sufcient quality [Kalganova and
Miller 1999]. Somenon-GPpapergWu et al. 1999;Bas-
settandDe Jong2000]useanonlinearparsimoty pressure:
g= (1 agf. BassetiandDe Jongnotethatthis hasthe
addedfeatureof increasingthe penalty proportionallyto

the tness.

Theproblemwith parametrigparsimoty pressurés exactly
that: it is parametricyatherthanbasedon rank. Onemust
tune the parsimoly pressureso as not to overwhelmthe
tness metric. This canbe dif cult whenthe tness as-
sessmenprocedures nonlinear asis usuallythe case:it
may well be that a differencebetween0.9and0.91in t-
nessis much more signi cant than a differencebetween
0.7 and0.9. Parametricparsimoly pressureanthusgive
size an unwantedadvantageover tness whenthe differ-
encein tnessis only 0.01asopposedo 0.2. Unexpected
strengthin the size parametecanalsoarisewhenthe pop-
ulation's tnessesarecorverginglatein the evolution pro-
cedure. Theseissuesare similar to thosewhich gave rise
to the preferenceof tournamentselectionand other non-
parametricselectionproceduresver tness-proportionate
selection.

Pareto Parsimony Pressue The recenttrendin parsi-
mory pressurdasbeento treatit asa separat@bjectivein

a nonparametricparetooptimizationscheme Paretoopti-

mizationis usedwhenthe evolutionary systemmustopti-

mizefor two or moreobjectivesat once,but it is notclear
which objective is “more important”. An individual A is

saidto pareto-dominata@notheiindividual B if Aisasgood
asB onall objectives,andbetterthanB in atleastoneob-

jective. One paretooptimizationschemeassumeshatone
individual hasa higher tness thananotheif it dominates
the other Anotherschemeébaseghe tness of individuals
onthenumberof otherindividualsthey dominate.

Paretoparsimoly pressurdreatsraw tness asoneobjec-
tive to optimize,andtheindividual's sizeasanothermbjec-
tive. Oneparticularlyenticingfeatureof paretoparsimoly
pressurds that thereis nothingto tune. Unfortunately
thetechniquehassofar hadmixedresultsin theliterature.
Somepapergeportsmallertreesandthediscovery of more



idealsolutiongBleuleretal. 2001;DeJongetal. 2001],but
tellingly they omit best- tness-of-rurresults! Ekart and
Nemeth[2001] reportthe meanbest- tness-of-runbut it is
worsethanwhennot usingthetechnique.

3 LEXICOGRAPHIC PARSIMONY
PRESSURE

Lexicographic parsimoty pressureis a straightforvard
multiobjective techniquefor optimizing both tness and
tree size, by treating tness asthe primary objective and
treesizeasa secondarybjective in alexicographicorder

ing. The proceduredoesnot assigna new tness value,
but insteadusesa modi ed tournamenselectionoperator
to considersize.

To selectanindividual, two individualsarechoserat ran-
dom,andtheir tnessescomparedlf anindividual hassu-
perior tness, it is selected.If the tnessesarethe same,
thensizesare comparedandthe smallerindividual is se-
lected. If both tness andsizearethe same anindividual
is selectecatrandom.

We think the procedures attractve becausét is basedon
therelative rank of individualsin a populationratherthan
their explicit tness values:thusspeci c differencesn t-
nessareimmaterial. All that mattersis thatone tness is
greaterthananother Additionally, plain lexicographicpar
simory pressuréhasnothingto tune. However, the proce-
dureonly works well in ernvironmentswhich have a large
numberof individualswith identical tness. As it sohap-
pens, geneticprogrammingis just suchan ervironment,
thanksto a large amountof inviable code (regionswhere
crosseer hasno effect) and other eventscausingneutral
crosseersandmutations.

Of course, there exist problem domainswhere few in-

dividuals have the same tness. For thesedomainswe

proposetwo possiblemodi cations of lexicographicpar

simory pressurepoth basedon the notion of sortingthe
population puttingit into rankedbuckets,andtreatingeach
individual in the bucket asif it hadthe sametness. These
two modi cationsare:

Direct Bucketing The numberof buckets, b, is speci-
ed beforehandandeachis assigneda rank from 1 to b.
The population,of sizep, is sortedby tness. Thebottom
dp=be individuals are placedin the worst ranked bucket,
plus ary individualsremainingin the populationwith the
sametness asthe bestindividual in the bucket. Thenthe
secondworst dp=be individuals are placedin the second

1As we argue in an accompanying paper, ideal-solution counts
are a very poor measure of quality. Not only are they statistically
invalid, but in fact are not correlated, or as badly as inverselycor-
related with mean best-fitness-of-run results.

worst ranked bucket, plus ary individualsin the popula-
tion equalin tness to the bestindividual in that bucket.
This continuesuntil thereare no individualsin the popu-
lation. Note that the topmostbucket with individualscan
hold fewer thandp=be individuals,if p is notamultiple of
b. Dependingon the numberof equal- tnessindividuals
in the population,therecanbe sometop bucketsthat are
never lled. The tness of eachindividualin abucketis set
to the rank of the bucket holdingit. Direct bucketing has
the effect of trading off tness differencedor size. Thus
thelargerthe bucket, the strongetheemphasi®n sizeasa
secondarpbjectie.

Ratio Bucketing Here the buckets are proportionedso
that low- tness individuals are placedinto much larger
bucketsthan high- tness individuals. A bucket ratio 1=r
is speci ed beforehandThebottomdl=re fractionof indi-
vidualsof thepopulationareplacedinto thebottombucket.
If ary individualsremainin the populationwith the same
tness asthe bestindividualin the bottombucket, they too
are placedin that bucket. Of the remainingpopulation,
the next dl=re fraction of individuals are placedinto the
next bucket, plus ary individualsremainingin the popu-
lation with the same tness asthe bestindividual now in
that bucket, and so on. This continuesuntil every mem-
ber of the populationhasbeenplacedin a bucket. Once
again the tness of everyindividualin abucketis setto the
rankof thebucketrelative to otherbuckets.As theremain-
ing populationdecreaseshedl=refractionalsodecreases:
hencehigherrankedbucketsgenerallyhold fewerindividu-
alsthanlower-rankedbuckets. Ratiobucketingthusallows
parsimoly to have moreof aneffect on averagewhentwo
similar low- tness individuals are consideredhan when
two high- tnessindividualsareconsidered.

Both bucketing schemesll the buckets with remaining
individuals equalin tness to the bestindividual in the
bucket. The purposeof this is to guaranteghat all indi-
viduals of the same tness fall into the samebucket and
thushave the samerank. This removesartifactsdueto the
particularorderingof the population. Bucketing schemes
requirethatthe userspecifya bucket parametefeitherthe
numberof buckets or the bucket ratio). This parameter
guideshow strongan effect parsimoty canhave onthese-
lection procedure Note however thatthis parameters not
a direct factorin tness. Thusthe speci c differencein
tness betweentwo individualsis still immaterial;all that
matterss tnessrank.

We are aware of two papersin the literaturewhich have
usedvariationson lexicographicparsimoty pressure.Lu-
cas[1994] useda linear parametridunctionto evolve bit-
stringsusedin contet-free grammars: but the size was
multiplied by a constantsmall enoughto guaranteehat
the largestpossibleadvantagefor small sizewaslessthan
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Figure 1: Boxplotsof distributionsof mean-tree-size-of-rufor variousparsimoly pressurenethodsascompareccom-
paredto plain depthlimiting (labeledD). Lexicographicparsimoly pressurés labeledL. Direct bucketingis labeledB,
with the givennumberof buckets.Ratiobucketingis labeledR with the givenratio value.

the smallestdifferencein tness. We believe the tness
wasthenfed into a tness-proportionakelectionoperator
In the pygmiesand civil servantsalgorithm[Ryan 1994],
crosseer is always betweenone “civil senant” and one
“pygmy”. A pygmy is selectedusing linear parsimoly
pressurewith a heary weight for small size. A civil ser
vantis selectedusingplain lexicographicselection. Both
paperanentionparsimolty adwvantage®nly in passing.

4 EXPERIMENTS

Like mostparsimoty pressurditerature we choseto com-
pare againstthe most populartechniquefor size restric-
tion, namelyKoza-styledepthlimiting. We performedwo
setsof experiments. The rst experimentcomparedexi-
cographicparsimoly pressureagainstdepthlimiting. The
secondexperimentusedlexicographicparsimoty pressure
in combinationwith depthlimiting.

The experimentsusedpopulationsizesof 1000. Without
parsimoly pressurethedepthorderedunsusedplaintour-
namentselectionwith a tournamensize of 2. We chose
four problemdomains:Arti cial Ant, 11-bit BooleanMul-

tiplexer, SymbolicRegressionand Even-5Parity. We fol-

lowed the parameterspeci ed in thesefour domainsas
setforth in Koza[1992]. Symbolic Regressionusedno

ephemeratandomconstantsArti cial Ant usedthe Santa
Fefood trail. Statisticalsigni cancewasdeterminedwith

ANOVAs at 95%. The evolutionary computationsystem
usedwasECJ7 [Luke 2001].

As lexicographicorderingis in uencedby lik elihoodof in-

dividuals having the same(or similar) tness, it is useful
to notethe featuresof thesefour problemdomainsin this
respect. Arti cial Ant evolvestreesto control an ant to

eatasmary food pelletsaspossiblewithin 400time steps.
Fitnessis simply the numberof pellets,andthe trail has
only 89 of them,sotherearerelatively few tness values
anindividualmaytake on. The11-bitBooleanMultiplexer
and Even-5Parity problemsboth requiretheindividual to

learna complex booleanfunction. 11-bit BooleanMulti-

plexer hasinteger tness valuesrangingfrom 0 to 2048.
It is known that 11-bit BooleanMultiplexer hasrelatively
little inviable code,but mostindividuals' tnessesfall into
multiplesof 32 or 64. Even-5Parity hasthe fewestnum-
ber of tness values: only integer tness valuesranging
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Figure2: Boxplotsof distributionsof best- tness-of-rurfor variousparsimoly pressuranethodsascompareccompared
to plain depthlimiting (labeledD). Lexicographicparsimoly pressuras labeledL. Direct bucketingis labeledB, with the
givennumberof buckets.Ratiobucketingis labeledR with thegivenratio value. Lower tnessis better

from 0 to 33. SymbolicRegressionaskstreesto t areal-
valuedfunctionwithin thedomain[-1,1] but with ary valid
range;thusindividualscantake on ary real-\valued tness.
However, Symbolic Regressionsuffers from a very large
amountof inviable code,so mary individualsin the popu-
lation havethesametness.

4.1 FIRST EXPERIMENT

The rst experimentcompareddepthlimiting againstpure
parsimoly pressureapproaches. Speci cally, the tech-
niguescomparedre:

Lexicographicparsimory pressurevith directbucket-
ing, using10, 25,50, 100,250, 0r 500 buckets.

Lexicographicparsimoty pressurewith ratio bucket-
ing, usingbucket ratiosof 1/2,1/3,1/4,1/5, 1/6,1/7,
1/8,1/9,0r 1/10.

Plainlexicographicparsimoly pressure.

Depthlimiting (to 17).

We did 50 runspertechniqueandplottedboxplots’ show-
ing the distribution of the best tness perrun, andalso of
the averagetreesize perrun. Runscontinuedfor 51 gen-
erationsanddid not stopon the discovery of the optimum.
Resultsareshavn in Figuresl and?2.

In theArti cial Ant andEven5-Parity problemsall parsi-
mory pressureechniqueyieldedstatisticallysigni cantly
superiortree sizeresultsto depthlimiting, andhad statis-
tically insigni cant differencedn tness, exceptfor direct
bucket numbersof 10, 25, and50 for Even 5-Parity, which
hadworse tness values. Small-numberedlirect bucket-
ing yieldedmuchbettertreesizes. For Even-5Parity, this
cameat the costof muchworse tness values. Atrti cial
Ant, therewasno differencein tness.

For 11-bit Boolean Multiplexer, all parsimoly pressure
techniqueshad smaller meantree sizesthan depthlimit-
ing, but only direct bucketing numbersof 10, 25, 50, and
100 had statisticallysigni cant differences.Similarly, all

2In a boxplot, the rectangular region covers all values between
the first and third quartiles, the stems mark the furthest individual
within 1.5 of the quartile ranges, and the center horizontal line
indicates the median. Dots show outliers, and  marks the mean.
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Figure3: Boxplotsof distributionsof mean-tree-size-of-rufor variousparsimory pressuranethodsn combinationwith
depthlimiting, ascomparedcomparedo plain depthlimiting (labeledD). Lexicographicparsimoly pressures labeledL.
Directbucketingis labeledB, with the givennumberof buckets.Ratiobucketingis labeledR with the givenratio value.

techniqueshad statisticallyinsigni cant differencesn t-
nessexceptfor directbuckingnumbersof 10, 25, and50,
which hadworse tness.

The surprisecamewith SymbolicRegression.We hadex-
pectedexicographicparsimolry pressurdo yield poortree
sizesin this domainrelative to depthlimiting, andit did.
But interestingly bucketing alsohadpoortreesizes.Only
directbuckingwith 10 bucketsyieldedstatisticallysigni -

cantlyworse tness thandepthlimiting.

Growth Curves For the Even-5 Parity problem, parsi-
mory pressurdechniquegyenerallyheld tree growth to a
standstillor beganloweringtreesizesit by generatior80.
For Arti cial Ant, this occurredby aboutgenerationl0.
In 11-bit BooleanMultiplexer, generatior40; mostparsi-
mory pressurgéechniquesvereloweringtreesizesby then
aswell. In Symbolic Regression tree growth for all the
parsimoly pressuretechniquesosein a quadraticcurve
similar to that found for unrestrictedGP in this problem.
With depthlimiting in all four problemdomainsmeantree
growth continuedao riselinearly.

Lexicographicparsimory pressurdasanAchilles' heel:if

GPcancreatencrementallybettertreesby tackingsubtrees
ontotheirperipherythenlexicographigarsimoty pressure
cannofactagainsit. Aslongasthetreesarein nitesimally
better sizedoesnot comeinto play. SymbolicRegression
hasthis property andwe hadexpectedplain lexicographic
parsimoly pressureto do badly in this domain. But we
werevery surprisedo seethe poorperformancef bucket-
ing approacheaswell.

4.2 SECONDEXPERIMENT

If depthlimiting did well comparedo lexicographicparsi-
mory pressurén Symbolic Regression,andheld its own
reasonablyin 11-bit Boolean Multiplexer, we wondered
how the combinationof the two techniqueswould fare.
Our secondexperimentcomparedhe sametechniquesas
in the rst experiment,but combinedthe parsimoly pres-
suretechniquesvith depthlimiting. Again, we did 50runs
pertechnique.Theseresultsareshovn in Figures3 and4.

This time, parsimoly pressureplus depthlimiting signi -
cantly outperformedepthlimiting alone.In the Symbolic
RegressionArti cial Ant, andEven-5Parity problemsall
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Lower tnessis better

applicationsof parsimoly pressurelusdepthlimiting had
statisticallysigni cantly superiotreesizeswhencompared
to plain depthlimiting. In the 11-bit BooleanMultiplexer,
this wasalsothe caseexceptfor ratio bucketsof size 1/5,
1/7, and 1/10, which had statisticallyinsigni cant differ-
enceswith depthlimiting.

As before therewereno statisticallysigni cant differences
in tness in the Arti cial Ant problem. Direct bucketing
with 10, 25, and 50 buckets yielded statistically signi -
cantlyworse tness thandepthlimiting for the Even-5Par-
ity and11-bit BooleanMultiplexer problems.In the Sym-
bolic Regressionproblem, only direct bucketing with 10
bucketshadstatisticallyworse tness thandepthlimiting.

Growth Curves In the Symbolic Regressionand Even-
5 Parity problems parsimoty pressureplus depthlimiting

attenedouttreegrowth by aboutgeneratior5. In the Ar-

ti cial Ant problem,parsimory pressureplus depthlimit-

ing droppedsizesafteraboutgeneratiorb, attening outat
aboutgeneratior?0. In the 11-bitBooleanMultiplexer, the
sametechniqueseganslowly loweringtreesizesat about
generatior85.

5 CONCLUSIONS AND FUTURE WORK

In three of four problem domains, lexicographic parsi-
mony pressureand its variants(direct bucketing and ra-

tio bucketing, given reasonablgparametewalues) main-
tainedthe samemeanbest- tness-of-rurasdid Koza-style
depthlimiting, with equivalentor signi cantly lower mean
treesizes. But in SymbolicRegressionwhereincremen-
tally largertreesare often (just barely) superiorin tness,

lexicographictechniquesvere practically helplessto stop
bloat. However, a combinationof depthlimiting andlex-

icographicparsimoly pressureconsistentlyoutperformed
depthlimiting in cappingbloat, while maintainingstatisti-
cally equivalentmeanbest- tness-of-runvalues.Givenits

simpleimplementatiorand generalapplicability, we hope
lexicographicparsimolty pressurenay prove a popularap-

proachto bloat control. We plan to extend this work to

other techniquessuch as layered tournamentswhich al-

ternatelyconsider tness andsize. We alsoplanto com-

paredirectly to parametrigparsimoty pressurendpareto-
optimization-basedethodsn thefuture.
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