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Solution to QN Models

Single Class QNs

— Sngle class MVA
Multiple Class QNs
— Approximate MVA
Multiclass Open QNs

Mixed QNs
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A Simple Single Class QN Model

processor III @
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Server with N transactions in execution

Questions:
» How does the throughput vary with N?
» What is the response time when N = 10?
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Closed QN Model: Mean Value
Anaysis (MVA)

A “My response time is equal to my

] =S +S ' N service time plus my waiting time

R‘ (N=§+35 n(n) (i.e, the service time of all those
who arrived ahead of me).”

Notation:
(n) means “a function of n.”
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Closed QN Model: Mean Vaue
Analysis(MVA)

“My response time is equal to my

, —A - o
, = + . service time plus my waiting time
R' (n) Si S n' (n) (i.e, the service time of all those
who arrived ahead of me).”

Arrival theorem:
“I cannot find myself in the queue,

ﬁiA(n) =nm(n-1 thus the n-1.”

Avg. # people | find in the queue. Avg. # people in the queue.

Notation:
(n) means “a function of n.”
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Closed QN Model: Mean Value
Anaysis (MVA)

A “My response time is equal to my

] =S +S ' N service time plus my waiting time

R‘ (N=§+35 n(n) (i.e, the service time of all those
who arrived ahead of me).”

Arrival theorem:
“I cannot find myself in the queue,

ﬁiA(n) =n(n-1 thus the n-1 (Arrival theorem).”

Avg. # people | find in the queue. Avg. # people in the queue.

So:

R (n)=§[1+n (n- 1)]

Notation:
(n) means “a function of n.”
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Closed QN Model: Mean Vaue
Analysis(MVA)

BuLt: Avg. # visits Avg. response time per visit

o/
Ri(n)=ViR(n)=V;§[1+n (n- 1)
“The residence time is equal to the response

time per visit times the average number
of visits to resource i per transaction.”
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Closed QN Model: Mean Value
Anaysis (MVA)

BuL: Avg. # visits Avg. response time per visit

A
R(M=ViR (") =Vi§[1+M (n- J]
“The residence time is equal to the response

time per visit times the average number
of visits to resource i per transaction.”

Finally, we get equation (1) of M\/A:/Avg- service demand.

R(n) = B,[1+7 (n- 1]
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Closed QN Model: Mean Vaue
Anaysis(MVA)

Applying Little’s Law to the entire system:

K 1
n=Xo(n)" Ro(n)=Xo(n)" & R(n)
i:1 \

Remember that the response time is the sum of all residence times?

no. of resources
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© 2004 D. A. Menascé. All Rights Reserved.




Closed QN Model: Mean Value
Anaysis (MVA)

Applying Little’'s Law to the entire system:

K 1
n=Xo(n)" Ry(n)=Xo(n) & R(n)
i=1 \

Remember that the response time is the sum of all residence times?

no. of resources

Finally, we get equation (2) of MVA:

System throughput 5 1
——Xo(n)=n/3 R(n)
1=1
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Closed QN Model: Mean Vaue
Analysis(MVA)
Applying Little’s Law to resource i:

__—hi(n)=X;(n)" R(n)
Avg. queue length at
resource i

12
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Closed QN Model: Mean Value
Anaysis (MVA)

Applying Little’s Law to resource i:

(M) =Xi(n) R(n)
Avg. queue length at

resource i Avg. # visits to resource i  Response time

Using the Force Flow Law: at resource |I.

ni(n) =Xi(n)" R(n)=ViXo(n)" R(n)

13
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Closed QN Model: Mean Vaue
Analysis(MVA)
Applying Little’s Law to resource i:

__—hi(n)=X;(n)" R(n)
Avg. queue length at

resource i Avg. # visits to resource i  Response time

Using the Force Flow Law: at resource I.

\
() = Xi (M) R (1) =i Xo(n) " R (n)

System throughput
Finally, we get equation (2) of MVA: / y anp

_—~ Residence time

< | at resource i.
() = Xo(MR (n)

14
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Mean Value Analysis (MVA):
putting it all together

Residence Time Equation:

R (n) = Dj[1+A, (n- 1]

Throughput Equation:

K 1
Xo(n)= n/é R (n)

=1

Queue length equation:

M (n) = Xo(NR (n)
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A Simple Two Class QN Model

processor

query 0.180
S updateMBU
ry 0.105
Peo1e |||@
Pt 0 240

Server with N transactions in execution

Questions:

» What is the predicted increase in the throughput of query
transactions if the load of update transactions is moved to
off-peak hours?

» How will the response time change if the total 1/O load of

guery transactions is moved to disk 2? 16
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Notation for Closed Multiclass QNs

R:number of classes
=(N,...,N, ..., Ng) : population vector
=(0,....1,...,0) : vectorin which dl elements except

for ther - th, which is1, arezero.
R .( N) : avg. residence time at devicei for classr customers.
R.( N) : avg. response time at devicei for classr customers.
Xoy (N): avg. systemthroughpu't for classr customers.
fi . (N): avg.queue length at devicei for classr customers.
i (N):avg. queue length at devicei for al classes.
r_lif} (N): avg. queue length at devicei seen by an arriving

classr customers.
17

© 2004 D. A. Menascé. All Rights Reserved.

The BCMP Theorem

* BCMP: Baskett, Chandy, Muntz, and Palacios,
“Open, closed, and mixed networks of queues with
different classes of customers,” JACM, April 1975.

* Network tate! A= (f,..., i)

| = (niyl,...,ni,,,..., ni,R)

o R 1}

no. of classr customers at devicei.

* BCM theorem: condition for product form solution:
p(R) =p(M)" ... p(R)" ...p(N«)

18
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BCMP Theorem Assumptions

* FCFS:. servicetime distribution is exponential
with the same mean for all classes. Vit ratios
may be different. The service rate can be load
dependent but it can only depend on the total
number of customers at the device.

» PS: processor-sharing discipline. Each class may
have a distinct service time distribution.

* IS infinite servers (or ample number of servers or
delay server). No queuing.

* LCFS-PR: Last-Come First-Served Preemptive
Resume. Each class may have adistinct service
time distribution.

19
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MV A Formulas for Multiclass QNs

R,(N)=S, [L+RA(N)]
R, (N)=V, R,(N) =V, S, i+ (N)|= D, i+ 12 ()]
Xo, (N) =N, /5 R, (N)

ﬁ ( ) = XI r(N)R (N) ><Or(N) I%r(N’) = XOr(N)Rr (N)
(N) =8 1, () =8 X,, (N)R, (V)

|

20
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MV A Formulas for Multiclass QNs
Arrival Theorem: A (N) =R (N - 1)
So:R,,(N) =D, [1+7(N- 1))

Xo, (N) = Nr/é R, (N)
M, (N) =X, (N)R (N)
1(M)=8 1, (1) =8 Xo, (DR, (V)

21
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MV A Formulas for Multiclass QNs
Thetermi (N - 1) requiresthat al R

m (N - 1) termsbecomputed.

Computational complexity:

B
KR Q@+N,)
r=1
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Approximate MV A for Multiclass
Closed QNs

Bard - Schweitzer Approximation :

Therefore, need i , (N) to compute 1, (N - 1).
Solution : start with initid vaue for i, (N) as:
n* (N)=N, /K, where K, =f{i|D,, * Of

23
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Approximate MV A for Multiclass QNs

Stepl:ﬁi(l(l):N/K "
Step 2:7 (N- 1) = NN Loe (N)+ 4 an (),
Step3: R, (N) =D, [1+n(N D o
Step4:xo,r(N):Nr/aR',r(N) "o
Step5: 7, (N) = X, ()R, (N) " i1

i maxi’r{abs([n” (N)- ni,r(N)]/ () >e

then n°(N)=n (N) " iradgotostep2.
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Notation for Open Multiclass QNs

R:number of classes

"= ,,...,] ..., ] 5) : @ivel rate vector

R'V, (1) :avg. residence time at devicei for class r customers.
R, (") :avg. response time at device i for dassr cusomers,
Xo, (I") :avg. system throughpu t for class r customers.

n, (") :avg. queue length &t device i for class T customers.
A (1):avg. queue length at devicei for dl classes

nA (1) :avg. queue length at device i seen by an ariving

cdassr cusomers.

25
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Formulas for Open Multiclass QNs

ArrivalTheorem: % (1) =R (1)

0:R, (=D, [t+m ()

Xo, (1) =1,

LittlesLaw: i, (1) = X,, (NR, (1)

b m.()=1R,0)=ID fi+r()
U, Op+a )]

For any twoclasses ands:

ﬁ,r(l:) _Uy, (l:)

n() U ()

Sincem (I') = g m.()

s=1

o V()
Oy
: - D,
LittlesLaw: R, (1) = T Uu(I—)
i 26
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Formulas for Open QN Models

U|r = Ir Dlr
&

Ui = a,Ulr
r=1

R' — Di,r

1-U,
&

R = aRr,

27
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Mixed Class Models

* Classes ], ..., O areopen and classes O+1,
O+2, ..., O+C are closed.

» The O open classes are 9haracterized by the
vector of arrival rates | =(l ,...,I )

* The C closed classes are characterized by
the population vector N =(Ng.1s..., Nosc)

28
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Solution of Mixed Class Models

Step 1: Solve the open submodels and obtain:
U,()=1,D, " ir
Step 2: Findthetotal utilization of al openclasses

(o]
ue=3u. () " i

r=l
Step 3: Elongate service demandsof closed classes:
e DI r n H
A . ir
ir 1- U‘upen
Step 4: UseMV A and solveclosed model tofind:
Rr(N)!ﬁr(N)vXOr(N) ! r=O+L...,O+C

0+C
Step 5:Find M joee(N)= & 1, (N) " i
r=0+1

Step 6: Computemetrics for opensubmodel :

Di ,r [1+ﬁi,clcmd(N)]

R,r (I ): 1-U ‘open

o]
. 8 Lo
Mam(D=A 1R () ”
r=1
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