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Abstract We present & genersd Nonlinear Rescaling (NR) methods for discrete minimax
problem. The fundamental difference between the NR approach and the smooth-
ingtechniquemnsis&ofusingﬂmhgnngcmﬂﬁplimuﬂnmaindﬁvingfm
to improve the convergence rate and the nomerical stability.

In contrast to the smoothing technique the NR methods converge to the primal-
dus! solution under & fixed scaling pasameter.

It allows to avoid the ili-conditioning 2ad st the same time impraves the con-
vergence rate. In particular, under the standard second onder optimality condition
the NR method converges with Q-linear rate when the scaling paramcter is fixed,
but small enough.
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Moreover, if along with Lagrange multipliers update one decreases the scaling
parameter from step to step then the NR method convereges with Q-superlinear
Tate.
We present two numerical realizations of the general NR method: Newton’s
NR and the Primal-Dual NR methods.

The obtained numerical results strongly corroborate the theory. In particular,
we systematically observed the so-called "hot start” phenomenon, when prom
some point on only one Newton’s step is enough for the Lagrange multipliers

update.

1. INTRODUCTION

A number of important technical problems which arise in structural optimiza-
tion, synthesis of filters, antenna design etc. (see [Ben-Tal and Nemirovsky,
1998]) leads to well known discrete minimax problem

z€X* = Argmin{F(z)|z e R*}
= Argmz'n{l% fi(z)|z e B}, 2.1

where f; : IR® — IRare convex and smooth enough.

Along with nonsmooth optimization methods ( see [Demyanov and Maloze-
mov, 1974],[Kiwiel, 1985],[Lemarechal, 1989],[Shor, 1998] and references in
it) the smoothing technique has been used for the discrete minimax since the
early 70s [Polyak, 1971}, (see also [Bertsckas, 1982},[Charalambous, 1977],
[Sobieszczanski-Sobieski, 1992] and references in if). It has become very
popular lately due to the growing interest to the smoothing technique for the
complementarity problems and constrained optimization (see [Auslender et al.,
1997], [Chen and Mangasarian, 1995] and references in it).

The smoothing technique employs the s monofone increasing strictly
convex function 4 : IR — Rto transform (12.1) into a sequence unconstrained
optimization problems

z(p) = argmin{S(z,p) = pY_v( ' fil@) |z e K},  (122)

=1

where S(z, ) is a smooth approximation for the function F(z).
The solution z* for the original problem one obtains as

= ll‘i__r)noz(p). (12.3)

The smoothing technique is a penalty type approach with a smooth penalty
function, so it is in fact a Sequential Unconstrained Optimization Technique
(SUMT) (see [Fiacco and McCormick, 1990]) type method with all the advan-
tages and disadvantages, that are typical for SUMT method. Along with some
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very important properties of the primal trajectory z(s) for some transformations
4 (see [Nesterov and Nemirovsky, 1993]) the smoothing method is rather slow.
When the scaling parameter i > 0 is small enough, the Hessian V2, S(z, u)
becomes ill conditioned and the area where Newton’s method for the problem
(12.2) is ”well defined” [see [Smale, 1986]) shrinks to a point.

In this paper we consider an alternative to the smoothing technique approach,
which is based on the Nonlinear Rescaling (NR) methodology (see [Polyak,
1988] - [Polyak, 1999] and references therein).

The NR approach consists of using ¢ to transform the original minimax
problem into an equivalent one. The transformation is scaled by positive scal-
ing parameter or by a vector of positive scaling parameters. The Classical
Lagrangian for the equivalent problem is the main tool in the NR methods.

The NR method consists of finding the minimizer of the Lagrangian for the
equivalent problem and updating the Lagrange multipliers, using the minimizer.

The scaling parameter or the vector of scaling parameters can be fixed or one
can update it from step to step. In this paper we restrict ourself to one sealing
parameter.

Our first contribution is the convergence proof of the general NR method
under the fixed scaling parameter. It turns out that for a wide class of transfor-
mations the NR multipliers method converges under the standard second order
optimality condition with Q-linear rate when the scaling parameter is fixed but
small enough. It allows not only to avoid the ill conditioning but also to improve
substantially the convergence rate and the numerical stability.

This remains true if instead of exact minimizer one uses its approximation.
We have pointed out the conditions for a such approximation, which allows to
retain the convergence rate.

If one decreases the scaling parameter from step to step like in the smoothing
methods then the NR multipliers method erges with Q-superlinear rate
instead of arithmetic rate, as it takes place in smoothing methods.

We introduced two numerical realizations of the NR method. The firstis based
on Newton’s method for primal minipization followed by Lagrange multipliers
update. The second uses Newton’s method for solving primal-dual system,
which combines the optimal condition for the primal minimizer with the system
for the Lagrange multipliers update. This is our second contribution.

The numerical realizations have been implemented. The correspondentMAT-
LAB codes were used for solving large enough minimax problems.

We compare the numerical results with results obtained by the smoothing
technique as well as results obtained by using the NR approach for the con-
strained optimization problems, which are equivalent to the discrete minimax.
In both cases the NR multipliers method for discrete minimax produced much
better results. This is our third contribution.
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The obtained numerical results show that NR method allows to solve a wide
class of discrete minimax problems with up to 10 digits of accuracy using only
few Lagrange multipliers update. We observed that the number of Newton’s
steps required for the Lagrange multipliers update systematically decreases
from one update to another. From some point on ( the hot start”) only one
Newton’s step is enough for the Lagrange multipliers update. Moreover the total
number of Newton’s steps is almost independent on the size of the problems.

The paper is organized as follows. In the next section we state the problem
and describe the basic assumptions. We also discuss the main motivations for
the NR approach to the minimax problem in Section 3.

We consider the equivalent problem, the correspondent Lagrangian and de-
scribe the NR multipliers method in Section 4.

In Section 5 we prove convergence and estimate the rate of convergence of
the NR multipliers method.

We consider the numerical realization of the NR method in Section 6.

In Section 7 we describe the numerical results. "

We conclude the paper with some remarks concerning the future research.

2. PROBLEM FORMULATION AND BASIC
ASSUMPTIONS

The discrete minimax problem congists of finding
z* € X* = Argmin{F(z) |z e R'} # 8, 1249

where F(z) = oax fi(z)and f; : IR* = IR,i=1,... ,m are smooth and
convex. =i=m

We assume that X* is bounded. This implis that for any z € I® and for
any direction 2 € IR® limg o0 F(z + £2) = 00.

Without loss of generality we can assume that F'(z*) = 0. So for any ¢ > 0
the set @ = {z : F(z) < ¢} isbounded and fi(z*) < ¢,i =1,...,m.

Therefore there exists \* € IR} such that the following Karush-Kuhn-Tucker
(KKT’s) conditions for the discrete minimax hold true.

V.L(z*, \*) = f: XVfi(z*) =0 (12.5)

=1

Afi(e*)=0,i=1,...,m (12.6)

XeSn=(AeRP:Y N=1}, (12.7)

=1
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where L(z,\) = Y™, A f;(z) is the Lagrangian for the original problem 12.4.
LetI* = {i : f;(z*) = F(z*)} = {1,... ,r} is the active set.
Letalsof(z) = (f(a), i = 1,... ,m)and fyy (&) = (fi@), i=1,... 7).
bR.eSpecﬁvcly Vi(z) = J(f(z)) and Vfy(z) = J(f(r)(z)) are their Jaco-
ians.
We will say that the pair (z*, \*) satisfies the second order optimality con-
ditions, if

(V2.L(z*,2*)y,y) 2 p(1,9), >0, Yy : V(r)(=*)y = 0, (12.8)

filz*) < 0=F(z*),i=r+1,... ,m, (12.9)
rankV f,)(z*) =1, (12.10)
A €SpandA} >0,i=1,...,r (12.11)

holds true.

We complete this section with the Debreu type theorem which will be used
later.

Let A : I®* =& IR be a symmetric matrix, B be an r X n matrix and
A = diag(X)L_; : R* = IR be a diagonal matrix with positive elements. If
(Ay,y) > po(y, ), Vy : By = O then there exists 9 > 0, such that for any
0 < p < pp we have

((A + uBTAB)z,z) > p(z,z), Vz € K (12.12)
asfaras 0 < p < pgo.
3. SMOOTHING TECHNIQUE IN DISCRETE
MINIMAX ’
The smoothing technique consists of replacing F(z) = JAX fi(z) by a

smooth approximationand using this approximation in the framework of SUMT.
We introduce a class ¥ of smoothing transformations, which satisfies the
following properties:

P1 $(0)=0, ¢/(0)=1,
P2 ¢/(t) >0,

P3 ¢'(t) > 0,

P4 Lm ¢'(t) =0,
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Before we describe the general smoothing method let us introduce a few
transformations ¢ € V.

1. Exponential $(t) = et — 1,

2. Logarithmic () = —In(1 — 8),

3. Hyperbolic ¥3(t) = tt;,

4. Log-Sigmoid ¥4(£) = 2In0.5(1 + ¢*).

One can verify the properties P1-P4 directly for transformations ¥ - ¥4.

Moreover it is easy to see that for the transformations ¥; - ¥4 property P4
can be strengthen, i.e. for any @ < 0 there exists b > 0 the following inequality

P5¢/(u~'a) < pb '

is true as soon as 0 < u < g and pg is small enough.

We define the smoothing function S : IR* x IR, ; — IRby formula

m
S(za ”) =p E¢("~1fi(z))7
i=1
where g > 0 is a scaling parameter.
Due to the convexity of ¥ and all f;(z) the smoothing function S(z, i) is
convex in z for any g > 0. Also S(z, ps) is as smooth as ¢ and f;.
One can find an approximation for * by solving the unconstrained optimiza-
tion problem

z(p) = argmin{S(z,p) |z € R'}. (12.13)

It turns out that lx_g’no z(p) = z* € X*. 'I‘he‘cxistence of z(p) follows from
m

the boundness of X™* and the properties P2 - P4.

As we mentioned already the boundness of X* = {z : fi(z) < 0,1 =
1,... ,m} leads to the boundness of R = {z : F(z) < c} for any c > 0 (see
[Fiacco and McCormick, 1990]). It means that the recession cone of the set 2
(see [Auslender et al., 1997))

Qoo = {y: s — 00, 24 € Rwithy = 71}
k

is empty.
Therefore for any given £ € 2 and z # 0 there exists fp and £ > 0 :
(V fio(z + 22), 2) > 0. Using the convexity of f;, we obtain
Jio(z +12) — fio(z +12) 2 (t — D) (VSi(z +12), 2).

Therefore eli-iﬁo fio(z +1t2) = o0.
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Using the convexity ¥(t) we obtain
Y fio (@ + t2)) — ¥ fio(z + 12)) 2

s (57 o (& + 52)) (fio (@ + 2) — fio( + E2))
So keeping in mind P2 we have
Lim Y~ fio (z + £2)) = co.
Invoking P4 we conclude that
Jim S(z +tz, 4) = lim 5 Evﬁ(ﬂ‘lf.-(x +12)) = 00

for any 4 > 0.
Therefore z(u) exists, i..

VaS@(),m) = Y ¥ (6 filzW) Vhilzw) =0. (1219
=1

Moreover the primal trajectory {z(ss)}5..,,, is bounded. Taking into account

F(z(s)) > 0 and P1, we obtain 7(z(s)) = X2, ¢’ (6™ fi(z(w))) 2 1.
Let us consider the vector of the Lagrange multipliers

Aw) = i(p) =¥ (5 filz@)) 7~ z(@), i=1,... ,m  (12.15)

The dual trajectory {A(1s)}5_ ., >0 is bounded because A(y) € Sm = {A €
R} : Y A = 1}. Without loss of generality we can assume that

E= ‘l‘i_x’nox(p) and A 31_?6 A(p).

Then for i € I_(F) = {i : fi(Z) < 0} due to P4 we obtain X; = 0. Therefore
by passing both side of the system (12.14) to the limit we obtain

V.S(Z,0 = Y XVfiF) =0,
iclo(¥)

where In(Z) = {i : f;(Z) =0} ={1,...,r}.
In fact, assuming that I, (£) = {i : f;(Z) > 0} # O,i.e. there exists at least
one index ép : fi, (%) > 0 we obtain ”li_%p‘“lf.-o(:c(u)) = o00. Due to P2 and

P3 we have ‘l‘i_r’notﬁ (8 fio(z(1s))) = 00. On the other hand due to P4 for any
i € I_(T) we have
lim o (5™ fi=(W) =0,
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and
lim o (6~ filz(w)) = Fi > —o0, i € I-(3).
Therefore for 4 small enough
Sew),p) = s Y, @ fi=w)
i€l (z(n))
+ 5 Y, YT fi=@w) >0 (216
i€Ly(z(w))

On the other hand due to P1 - P2 we have

 S(a(w),p) < S w)=u Y Y filz") <0

i=r+1
The contradiction allows to conclude that I, (Z) = @ and

F(@) = max fi(z) = max fi(z) =0,
i.e. the pair (Z, \) satisfies the KKT’s condition (12.5)-(12.7), therefore (Z, A) =
(=*, 2*).

Moreover, if the second order optimality conditions (12.8)-(12.11) are satis-
fied, then using arguments similar to those in [Polyak, 1988] (see Lemma 2)
one can prove the following lemma for any ¢ € W.

Lemma 12.1 ¥ f;(z) € C? and the standard second order optimality condi-
tions (12.8)-(12.11) are satisfied then for any formation ¢ € ¥ there exists
a small enough po > 0 such that

1. the estimate
lz(s) — =*|| = O(us), |A(1) — A*[| = O(n) (12.17)
holds for any 0 < p < po.

2. the smoothing function S(z,ps) is strongly convex in the neighborhood
of z(p).
Now we will consider the smoothing function S(z, i), its gradient V. S(z, 1)
and Hessian V2_5(z, z) in the neighborhood of z(u) for s > 0 small enough.
First of all using the Lipschitz condition for fi(z), i = 1,... ,r in the neigh-
borhood of z* and 12.17 we obtain

s Hiz(w) = p7 (filz(w) - fi(z*) = O(1),i=1,...,m (12.18)
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for any 0 < p < po.
Therefore in view of the smoothness f; and ¢ € ¥ and taking into account
P2-P3, there is 0 < a < band 0 < ¢ < d such that
a < (5 filz(w)) <bi=1,... 1, Vi € (0, po] (12.19)
and

c<¢" (b fiz(w)) <d,i=1,...,r, Yp € (0, po] (12.20)

Also using P4 we obtain li_LR) ¥ (5 fi(z(p))) = 0,i € I_(z*). Therefore for
M
small enough p > 0 we have

VS (@), ) = Y ¥ (57 file(w) Vil (ws))-

i=1

Hence for the Hessian V2,S(z, is) we obtain

V2,8 (z(u), ) = 3 ¥ (67 filz())) V2 Silz())+

=1

sV Yo" (5 e (W) V@)V () =
=1

r(o() 3 AWV )+

i=1

BV i (&) (5 @) VT (@) =

2(WVEL() + 57 Vi) " (OVIE ()
or

V25(p) (12.21)

7() [VLLO) + (x ) (Vi OTOVIHO) ], a2
where () = m(z(u)) = Ty ¥ (fi()) and ¥7() = diag (#" (s~ i) -
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It follows from (12.19) that there is 0 < o’ < bV that @' < w(z(p)) <
V. Therefore using the second order optimality condition (12.8)-(12.11) and
Debreu inequality (12.12) with A = V. L, B=V f(“; , A = ¥" we can find
p > 0 that

mineigenval V2,8 (z(p),4) 2 p >0, V0 < s < pio.

~ On the other hand due to the second term in (12.22) for small enough i > 0
we have

mazeigenval V2,5 (z(p), p) = O(s™").
Therefore

mineigenvalV2,S (z(p), 4)
mazeigenval V2, S (z(u), )

condV2,5(z(p), ) = = O(u)

‘l‘i_l)%co"dvzzzs(x(l‘)vﬂ) =0.

Hence the areaaround z(ys) where Newton’s method for solving V. S(z, p5) = 0
is well defined (see [Smale, 1986}) shrinks to a point when s — 0.

In the next section we will consider the NR multipliers method, which allows
to eliminate the mentioned drawbacks. The NR method converges under the
fixed s > 0, just due to the Lagrange multipliers update. Therefore the area
where Newton’s method is "well defined” does not shrink to a point Moreover,
under the second order optimality condition instead of estimation (12.17) the
rate of convergence is Q—linearandﬂlemﬁocqbemadeassmallasoneneeds
by adjusting the scaling parameter g > 0.

4. NONLINEAR RESCALING METHOD

First, we transform the original pn;blem into an equivalent one using one of
the transformation ¢ € W. The transformation is scaled by a scaling parameter,
i.e. instead of original problem (12.1) we consider an equivalent problem

z* € X* = Argmin{F,(z) = p max Yl fiz) |z e B}, (1223)

Our main tool is the Classical Lagrangian for the equivalent problem £ :
I x Sy x Ry — Rwhich is defined by formula

Lo 0 = 53 AV i), where) € S = (A € R : D N = 1.
i=1

§=1





