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Abstract: In this paper we describe some numerical results which were obtained at
the IBM T.J. Watson Research Center by using Modified Barrier Functions (MBF) for
solving Linear Programming problems.

The results obtained coincide with the spirit of the MBF theory (see [9]-[10]). In
particular for every problem that was solved by dual Newton MBF method, we
observed the so-called "hot start” phenomenon.

The "hot start” phenomenon means only a few, and from some point on, only one
Newton step is required between two successive Lagrange multipliers update. Each
Lagrange multipliers update leads to a decrease in the primal-dual gap by a factor
which is independent of the size of the problem.

The numerical results obtained show that t'he number of Newton steps required to
obtain both primal and dual solution with accuracy 10-'* — 10-" is practically inde-
pendent of the size of the problem.
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V={vip—ATv20}={vir(v)=(p—ATv);20,i=1,..,n}
={k 'Inkr(v)+1)=20.i=1,..,n}

Thus the problem

v’ =argmax{(q, V) | kK~ ' In(k r(v) + )=20,i=1, .., n} (13)

is equivalent to (2). Let x=(xi,..,X,) be the vector of Lagrange multipliers

corresponding to the constraints of problem (13).

The Classical Lagrangian for problem (13), is given by

n .
Lv, x,K) = (@, V) + K'Y xIn(k (%) + 1): Ve x RL x Ry = R, (14)

i=1
We define the MBF for the dual problem (13) by the following formula

L(v, x, ;2)' veint V,
- ©0, Véint Vk

D(v, x, k) ={ (15)

where V.= {vir(v) > —-ll(—,i= i, ...,n'}. Suppose that k>0 is large enough and
VeintQ and x*=e=(l,..., 1) e R are the initial approximations for dual and primal
solutions. Let A(v, k) = [diag(k r(v) + 1)Jr.,. Then the dual MBF Method consists of

finding a sequence {v*, X*}s2, by formulas
vi ! = argmax{D(v, x*, k) | ve R™) (16)
Xs+l=A-l(Vs+l,k)Xs. (17)

If the dual pair linear programming problem is nondegenerate, ti.en for any fixed
0 <y <1 there exists ko>0 and a constant ¢ >0 such that the sequence {Vv*, Xx*}s%,
converges to the dual and primal solutions and the convergence rate

max(lv' = vI, ¢ - <l s (£) = (19)



is guaranteed for any k > ks. The constant c is independent of k. but depends on the

problem data.

5. The Dual Newton MBF Method

The numerical realization of the method (16)-(17) leads to using Newton's method

to find an approximation v**! for v**' and updating x* by formula (17).

Let X =[diag x,Jf.:. To find the Newton direction {, we have to solve the following

normal system

AA YV, KX AT, =D, (v,x,k)=q— A A™'(v,k)x. (19)

Once ¢, is obtained we update the v by formula v: = v + t{,. The step-size t is chosen
in the same manner as in the primal MBF method. We continue to perform Newton's
method until t=1,v+*'=v+t{, eV, and |{J<e. Then we update the lLagrange
multipliers (primal variables) x* by formula (17) l;sing the approximate solution v**! of

(16) instead of v*+'.

The stopping criteria for the dual MBF is based on the indicator function

oy, k) = v(v, %, k) = max{lqg — A A”'(v, KIxl, max{ =0}, D, 151 %)

i=1

which measures primal and dual infeasibility and complementarity.

The structure of the dual Newton MBF method is similar to the primal Newton MBF
structure. The normal system of equations (19), however, is quite different from the
primal system (10) and leads to much more stable behavior of the dual Newton MBF

method. The dual method is outlined in the flowchart (see Figure | on page 9).
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Figure 1.

Flowchart for the Dual Modificd Barrier Method




6. Numerical Aspects of the Newton MBF Method

The crucial part of the primal Newton MBF is the Newton step. To (ind the Newton
direction one has to solve system (10). By taking C = A A(x, k)U-" one can rewrite the
left hand side of (10) as C C'. Thus if C is a full rank matrix (i.e. rank C = m), then there
exists a very well developed linear algebraic technique for solving such types of systems
(see Forrest and Tomlin, 1992, Marsten et al., 1990). In our case, in spite of the fact that
matrix A is a full rank matrix (i.e. rank A = m) the matrix C C™ might be nearly rank
deficient at the solution of a linear program even in the case wheﬁ?the dual pair is
nondegenerate. In other words, even in the case where the set of colx;mns of matrix A
defining the primal optimal face has a full ra;lk, system (10) might be very unstable. In
fact, when the process approaches the solution, the diagonal elements A#(x, u)u;! thét

correspond to x;i > 0 becomes unbounded because u, = uj = (p — v'‘A); = 0.

Even for a moderate k >0, x,> 0 and ur! > 0 the diagonal elements of A¥x, k)U-!
may become very large and the system becomc.&numerically unstable. For example with
k=104 x; = 103, u; = 10-¢ we have A}(x, k)ur'=10®. At the same time other diagonal
elements may. be substantially smaller. Therefore, after scaling the matrix A by
A(x, k)U” the normal system C CTv= C(U"A(x, k)p — U"”e) may be practically rank

deficient.

When the problem is primal dégenerate, this effect is exaggerated because the number
of positive x; is r < m and the number of zero u; is n — r > n — m. Moreover in this case
it i sometimes difficult to distinguish between the diagonal elements A?#(x, k)ui !, which
correspond to x; > 0 and those for which u} = x; =0 in some optimal solution because

for the last ones A¥(x, kK)ur' = ui ' = co.



Due to these difficulties, we may face some severe numerical problems when the
process approaches the solution. In particular, we have difficulties in [inding the

Newton direction which is in the null space {{: A{ = 0}.

The numerical problems can start at the point when the relative gap
((ps X) - (qv V))

max{l, | (p, x) |}
V(x, v) = 10-* — 10-%. For some problems these numerical difTiculties made it impossible

V(x, v)=| | ( assuming (p,x)#0) is quite large, i.ec.
to decrease the gap. It is also very hard for some problems to drive down the

infeasibilities because of the fact that normally the infeasibilities decrease substantially

-
%

only when the gap is small enough.

Our implementation of the dual MBF approach is much more successful and allows
us to obtain much better numerical results than the implemehtation of the primal MBI
approach. The main difference between the primal and dual approaches lies in the
normal system of equations. The dual normal system of equation (19) remains more
stable than the primal system (10) when thi process approaches the solution. We note
that the same numerical properties could be obtained for the primal method at the
expense of solving an (n — m) x (n = m) linear system at each iteration. The equality

form of our primal problem implies that m < n

Let us consider system (19) at the primal-dual solution. If the dual pair of LP is

nondegenerate, then taking into account

A; 2(V‘, k) Ol'l -mm

m Om,m -m lm.m

AV, k) =

and

) Oﬂ“m,u—m On—m.m
X = mn-—m *
0 X,



we obtain
AA A, RX AT =B X BT

In the nondegenerate case B and X; are f{ull rank matrices. So B X BT is a {ull rank

matrix too and system (19) is quite stable in the neighborhood of (v*, x).

System (19) is stable (in a sense) even when we have only r < m non zero components
of the vector X' =(xi,...,Xs). In such a case the matrix A A-v', k)X' AT=B X; BT

becomes rank deficient when the process approaches the solution.

In that case the dual solution v* is not unique. To (ind one of the optimal dual
solutions we can fix (m —r) dual variables and simultaneously taking special care of
(m —r) redundant primal equality constraints. Then the dual pair of LP becomes
nondegenerate and at the same time the number of primal linear independent constraints
and basic dual variables is r <m. This motivites the following procedure. When both
the diagonal elements of A-3(v,k) and the cc;rresponding right hand side element of
(g — A A-'(v, k)x) are close to zero, we consider the equations Ax = q as redundant for

»

the current itcration.

Thus by setting for example {,, = 0 for each redundant row i, we obtain from (19) a
nondegenerate normal system of equations {rom which we dctermine the rest of the

components for the Newton direction (..

In the next sections we discuss some preliminary results obtained by the Dual

Newton ABF method.





