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The Modified Barrier Functions (MBF) have elements of both Classical Lagrangians
(CL) and Classical Barrier Functions (CBF). The MBF methods find an unconstrained
minimizer of some smooth barrier function in primal space and then update the
Lagrange multipliers, while the barrier parameter either remains fixed or can be updated
at each step. The numerical realization of the MBF method leads to the Newton MBF
method, where the primal minimizer is found by using Newton’s method. This
minimizer is then used to update the Lagrange muitipliers. In this paper, we examine
the Newton MBF method for the Quadratic Programming (QP) problem. It will be
shown that under standard second-qrder optimality conditions, there is a ball around
the primal solution and a cut cone In the dual space such that for a set of Lagrange
multipliers in this cut cone, the method converges quadratically to the primal minimizer
from any point in the aforementioned ball, and continues to do so after each Lagrange
multiplier update. The Lagrange multipliers remain within the cut cone and converge
linearly to their optimal values. Any point in this ball will be called a “hot start”.
Starting at such a “hot start”, at most O(ln In £') Newton steps are sufficient to
perform the primal minimization which is necessary for the Lagrange multiplier update.
Here, £> 0 is the desired accuracy. Because of the linear convergence of the Lagrange
multipliers, this means that only O(ln € Ho(In In ') Newton steps are required to
reach an e-approximation to the solution from any “hot start”. In order to reach the
“hot start”, one has to perform 0(«/; In C) Newton steps, where m characterizes the
size of the problem and C> 0 is the condition number of the QP problem. This
condition number will be characterized explicitly in terms of key parameters of the
QP problem, which in turn depend on the input data and the size of the problem.
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1. Introduction

The most remarkable property of the Classical Barrier Functions (CBFs) is
their self-concordance (see [19]). This guarantees for each Newton step, starting
from a “warm start”, i.e., a point “close” to the central path (see {11]), the decrease
of the duality gap by a factor which depends only on the size of the problem (see
[11,19] and bibliography in it). Every new approximation is again “well defined”
(see [31)) for the CBF when the barrier parameter is decreased by a factor, which
depends only on the size of the problem.

In other words, a “careful” barrier parameter update allows us to stay in the
Newton area, starting from the first “warm start” up to the end of the process. It
guarantees that every Newton step reduces the duality gap by a constant factor.
In the case of linear programming (LP) (see [28]), this factor is given by
(1 - (41¥m)~!) (recently Smale and Shub [32] proved that this factor can be
improved to (1 - (13vm)~1)). This means that ©(~/m) Newton steps are required
to reduce the duality gap by a factor of two. A more drastic barrier parameter update
does not lead to any improvements in the complexity bound. The so-called long step
interior point methods (see [11,30]) do not have better complexity bounds, although
their practical performance is better. In this paper, we will estimate the complexity
of the Newton Modified Barrier Function (MBF) method for quadratic programming
(QP) problems.

In contrast to CBF methods (see [7,9]), the MBF method for QP converges
for a fixed positive barrier parameter, whether the constrained optimization problem
is degenerate or not (see [15,26]). Note that in the LP case, the convergence of the
MBF method is R-linear (see [27]).

In the case of nondegenerate constrained optimization, the primal and dual
MBEF sequences converge at least linearly (see [24]), at a rate which can be made
as small as one wants by choosing a fixed but sufficiently small barrier parameter.

We will consider the MBF method with a fixed barrier parameter, determined
by the condition of the QP problem. We will show that from a certain point on, the
Newton MBF method converges such that, after every Lagrange multiplier update,
the current primal iterate is “well defined” (see [31]) for the next MBPF, while the
barrier parameter is fixed.

This means that from this point on, the “warm start” turns into a ‘hot start”,
i.e., with £> 0 the desired accuracy, only O(In In £7!) Newton steps are necessary
to compute the current primal minimizer and to update the dual variables, which
leads to an improvement of the primal and dual approximation by a given factor
0 < y< 1. Moreover, the number of Newton steps is decreasing from one Lagrange
multiplier update to another until finally only one Newton step suffices for the
multiplier update.

We will characterize the “hot start” through the condition number C > 0 of
the constrained optimization problem, which was introduced in [24] (see also [25]
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for LP). The condition number is in turn characterized through the basic parameters
of the QP problem, which depend on the input data and the size of the problem.

In order to reach the “ hot start”, one can use any Interior Point Method.
Numerical results with MBF methods for both linear and nonlinear programming
problems (see [2,3,14,18]) strongly corroborate the theory of the “hot start”
phenomenon.

The fundamental difference between the MBF approach from the: interior
point methods based on CBF is the convergence of the MBF method for fixed
positive barrier parameter. It contributes to the stability of both the condition number
of the MBF Hessian and the area where Newton’s method is “well defined”, i.e.,
where the convergence is of quadratic order. It makes the Newton MBF method
numerically stable and causes the aforementioned “hot start” phenomenon.

The paper is organized as follows. After the statement of the problem, we
introduce some basic facts about the MBF theory for QP problems. We then describe
the Newton MBF method for QP in more detail and prove some basic properties
concerning this method. Based on these properties, we will prove the existence of
the “hot start” and estimate the complexity of the Newton MBF method for non-
degenerate QP.

2. Statement of the problem and the MBF Yor qQr

We assume that @ € R™" is a symmetric positive semidefinite matrix, that
a € R", that the feasible set Q = {x|r;(x) 20, i=1,...,m} is bounded and that

int Q# 3, (1)

where r;(x) =afx-b;; x, 4, €ER"; b;€R and ||q;]| = 1.
We consider the following QP problem:

x* =argmin{f0(x)=%xTQx—aTx|er}. (2)
Let k> 0. We then consider the extended feasible set
Q, ={xlnx) 22—k, i=1....,m}. ' 3)

The MBF for problem (2) is given by the following expression (see [24]):

F(x,uk) = fo(x) - k™! i u; In(kr; (x) + 1), (4)

i=1

and ‘assuming that for <0, In¢ = —oo. Taking into account that

Q={x|rx)20,i=1..,m}={x|k n(kr,(x) +1) 20, i =1,...,m},
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we see that the MBF F(x, u, k) is a classical Lagrangian for an equivalent problem.
In view of (1), there exists a vector u* = (u{,...,u,) € R, such that

Ox* —a= Au”, (5
and
wr(x*)=0 i=1,..,m. (6)

Here, A is an n X m matrix whose columns are given by gq;.

Let I={1,...,r} = {i: ri(x*) =0}, with r <n<m, be the active constraints
set and let J={r+1,...,m} = {i: r,(x*) >0} be the passive constraints set. We
define the matrices A, € R™’, the columns of which are given by the a;’s, i € I, and
the matrix A,,_, € R™™’, the columns of which are given by the vectors a;, i €J.
We also define the vectors u_ = (u1,...,4,), Ul _ry= (Uy41,..., Uy) and a diagonal
matrix U, = [diag(x;)]/_; with entries u;. It will be assumed that

rank A, =r and u,y €RI,. @)

Let L(x,u) = fo(x) - 2;';1 u;r; (x) be the Classical Lagrangian for the original
problem, then V2, L(x,u) = Q. We will also assume that there exists 7> 0 such that
>
1%

@y.y)2t(3y) Vy:ATy=0. ®)

Expressions (7) and (8) comprise the second-order optimality conditions and the
primal and dual nondegeneracy for the QP problem (2).

From the definition of F(x, u, k) and in view of (5)—(8), we obtain for k> 0
the following MBF properties:

(P1) F(x*,u*,k) = fo(x*).

P2) V. F(x*,u*',k)=0x"-a-Au" =Qx* ~a—Au} =0.

(P3) VLF(x*,u*,k)=Q+kAU/AT, where U; = [diag(u})]]_,.

(P4) There exists a k> 0, such that for any fixed k = k;, one has:
mineigenval V2, F(x*,u*, k) = mineigenval {Q + kA, U AT} 2 2 > 0;
maxeigenval V2, F(x*, u*, k) = maxeigenval {Q + kA, U AT} S A < oo.

(PS) There exists a ko > 0, such that for any fixed k 2 ko, x* = argmin {F(x, u®, k)|
x €R"}.

Here, [diag(w;)]’_, stands for the p X p diagonal matrix with the (i, i)th
element equal to w;. Due to (7), we have that 8" = min{x’|i €1} >0 and, due to
(1), p* = max{u;|i €I} < co. We will assume that 6= min{r,(x*)|i €J} > 0.
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3. Basic MBF theorem for the QP problem

We will reformulate the basic theorem from [24] (see also [22,23]) for the
QP problem.
Given €, 8, ky> 0, u* €R’, and 0< e<min{u]|i €I}, we define for i €I

D;(-) = Dy(u* ko, 8, ) = {(ui, k) € R?|u; 2 &,|u; — uf| < Sk, k = ko),
and forieJ:
D;(-) = D;(u* ko, 8,€) = {(u;, k) ER?|0 < u; < 8k, k 2 k). ~

D; (u*, ko,S,€) = Di(-)

O<e

Ko Igisr
Di(u*,k°.8,5)=Di(-)

l{l
ITTTR SO TN T IR s A s e e LA A

Ko

>

D(u* ko, 8,€)=D(-)=D(")®...® O (") @...® D)
U=UL ®...0ul®. oul

Figure 1. The sets D;(u’, ko, &, €) and U}.

The sets D;(-) are in fact cut cones and are represented in figure 1. The set
D(-) is defined as the direct product of the sets D;(-):
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D(-)=Di(-)® Dy(-)®...®8 D, ().

We also consider the set Uy =U} ® U? ® ... ® U (see figure 1), where, for
i=1,.,r:
Ul = {u; :u} — 8k Su; Suf + 8k, k 2 ko is fixed}

and fori=r+1,...,m:
Ul ={u; : 0 < u; <8k, k 2 ko is fixed}.

The set U, will also be denoted later on by Uy, with m = 1/k.
We define, whenever they exist:

#(u, k) = arg min{F(x, u, k)| x € R"}, 9)
f(u, k) = [diag(kr; (%) + 171" | u. (10)

We are now ready for the “Basic Theorem”, which is a restatement of a part
of the Basic Theorem in [24].

THEOREM 3.1 ‘t

(1) If Q'={x € Q|f(x)= f(x*)} is compact, then for any (u, k) €R", x R,,,
there exist X = X(u, k) and & = it(u, k) such that V, F(X,u, k) = 0, that is,

(2) x(u*,k) = x" and a(u*,k) = u* for any k>0, i.e. u* is a fixed point of the
map u — u(u, k).

(3) If (5)—(8) are satisfied, then there exist §> 0, £> 0 and ky > 0 such that for
any (u, k) € D(-), there exist vectors X = ¥(u, k) € Q; and & = u(u, k) such
that V, L(X,4) = 0 and

A E ] A * C * *
max{|| % - x*|l.,ll4 — u*ll.} < ;Ilu—u . <yllu-u*l,, (11)

with the constant C independent of (u, k) € D(-).

(4) For any fixed k 2 kg and any pair (X, u) € Q; x U, there exist 1 and A such
that:

mineigenval(V2, F(%,u,k)) 2 1 > 0, 12)
maxeigenval(V2, F(%, u, k)) < A < oo, (13)
0O
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The important result, which will be used throughout this paper, is the
expression for the rate of convergence (11). It states that for any (u, k) € D(-), the
new minimizer X = X(u, k), as well as the new Lagrange multipliers & = fi(y, k),
are closer to the solution by a factor of y= C/k. Therefore, if y< 1, then u € U,
= it € Uy. In order to characterize the value of C, we first introduce two parameters,
which depend on k> 0:

o = max{(r(x")+ k) Mi=r+1,...,m and B =lI®;'Rl..,

where the matrices @, and R, (see [24]) are given by:

o [ @ —A, _ (0™~ A, [diag(r (x") + k~H)1m,
oAl -k ) o otrm=n ’

r

and Q = VL L(x*,u*), U = [diag(u; )]/_,. Furthermore, I, is the p X p identity
matrix and 0% is the p x s null matrix, We shall use this notation throughout the
paper.

The following assertion is a consequence of the Basic Theorem in [24].

?
ASSERTION 3.1

If the second-order optimality conditions (7)—(8) are satisfied, then there
exists a kg > 0 such that for any k 2 k; the following inequalities hold:

(247 SO'_I and ﬁk < ¢p,
where o and ¢, are independent of k 2 k.

An upper bound on ¢, is computed in appendix A.

DEFINITION 3.1

The condition of the QP problem (2) is defined as

C = max{o~!,¢p}.

We would like to emphasize that the condition number C not only does not
depend -on k 2 ky, it is also invariant to scaling of the input data (||a;|| =1 for all
i=1,...,m). It can also be made independent of the monotone transformation, which
is used to transform the initial problem to an equivalent one (in our case, the
transformation is given by In(1 + ¢)). The condition number depends on the input
data and the size of the problem. It is an important component in our further
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analysis. In particular, the value C is critical for the complexity bound of the
Newton MBF methods. The larger it is, the larger k has to be to achieve a given
rate of convergence, and the longer one has to follow the shifted barrier trajectory
before reaching the “hot start”.

An upper bound on C in terms of the QP problem parameters can be found
in appendix A.

We conclude this section with the following optimality criterion by con-
sidering a “merit function” v(x, u, k):

v(x,u,k) = maX{—lgun ri (), VF(x,u, kll, Zu,lr,(x)l}
i=1
It is easy to see that for any k> O:
vix,u,k)=0 iff x=x" and u=u". 14)
Also, there exists an L > 0 such that for any £ > 0,
v(w, k) - v(w*, k) < Lilw - w*ll, (15)

with v(w, k) = v(x, u, k). From (15) we have that for any sequence {w°}, converging
to w*, the rate of convergence of the merit function to zero can be estimated by the
rate of convergence of w®=(x*, u’) to w*=(x", u”).

4, The modified barrier method for QP
First, we will rewrite the MBF function
1,7 r._1 <
Fx,u,k)=3x"Qx—a'x— = Y, u; In(kr;(x) + 1)

i=1
as follows:

m
1xTQx —a%x - '112 2 (ln(r,(x)+ ,lc) +1nk). (16)
Setting p = 1/k, we obtain Q,=Q,, = {x|r;(x) 2 -}, and (16) becomes:

%xTQx—aTx—u Zu,- In(n(x)+ )+ puny Zui.

i=1 i=1

Dividing this last expression by g and dropping the last term, we formulate the
following definition:
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DEFINITION 4.1
The Modified Barrier Function for QP is defined as

OCx,u, 1) & %(% xTQx - a"x) - i u; In(r; (x) + ).
i=1

The reason for this definition is one of convenience only. It makes no
difference whether we minimize the original MBF or ¢(x, u, y) with respect to x,
since they differ only by a constant and a factor, both independent of x. The update
formula for the Lagrange multipliers remains of course the same, and we shall
therefore obtain the same iterates as with the original MBF. Therefore, all previous
results continue to hold for ¢(x, u, u). \

The first and second order derivatives of @¢(x, u, i) with respect to x are given
by

m
Ox —a _ 2 , a

u —t
oo () +u

Vx¢(xsu’l‘l') =g(x,u,pu)=g()=

T

U
2 = = D) = 2 3 _a’al—
Viad(x,u, p) = H(x,u, p) = H(-) ) 7 * Z;u' (r(x) + w2

The following assertion holds:

ASSERTION 4.1

(1) The MBF Hessian H(x, u, 1) is positive definite in x for any u € R7, and
u>0 if:
(a) Q is positive definite
or
(b) Q positive semidefinite and €2 is bounded.

(2) If the second-order optimality conditions are fulfilled, then the MBF Hessian
H(x, u, ) is positive definite in a neighborhood of x = x(u, u) for any
(u, w) €D(-).

Proof
Part (1a) of the assertion is obvious, part (1b) is proved in [13], and part (2)

is a consequence of the Debreu theorem (see [20]) and the basic theorem in [24].
O

Let us now consider the dual problem for (2) (Wolfe duality, see [33]):

w* = (x*,u*) = argmax{L(w)|w € W}, an
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where
W={w=(x,u)|V,L(x,u) = Qx —a— Au=0,u € RT}.

Let x° €intQ and Q° = {x € Q| fo(x) < fo(x%)}. In view of (1), the existence of x*
leads to the existence of u* € R? such that f;(x*) = L(w"). We will now describe the
MBF method for the simultaneous solution of problems (2) and (17).

To start, we choose g > 0, x° €Q, and u®=(,...,1) eR™ Let x* €2, and
u® € R™, have been found already. The next approximation x**! and u**! are
computed by: -
x5*! = arg min{@(x, u°, w)| x € R"}, ' (18)

m

u'tl = y[diag(n(x‘*l) + u)_l]‘ us. (19)

The following theorem holds [15]:

THEOREM 4.1

If Q° and W are nonempty and bounded, then for any u > 0, we have:
(1) fo(x*)>...> Lw™* )y > Lw®) > ... > LwP);
@) lim,. (x°,uf, @) = lim, . fo(x*) = lim, o LW*) = fo(x*);
(3) max{u,r,(x*)}>0,i=1,...,m, ie., strict complementarity holds;
@) I™ ufn(x*) = O(pay)'’?), where lim,_,., oy = 0. O

In other words, the MBF method generates primal and dual sequences, which
converge, respectively, to the primal and dual solutions in value (recently, Polyak
and Teboulle (see [26]) proved that the dual sequence {u°} itself converges to u*),
for any positive barrier parameter u, whether the primal and dual problems have
unique solutions or not.

The method (18)—(19) requires an infinite number of operations at each step.
To make this method executable, we have to change the infinite procedure of
finding the primal minimizer by a finite procedure, while keeping estimation (11).
Such a modification can be carried out in the following way. Let us consider a
positive number 7 and a pair (x,%) € R" x RY,, with

1V, ¢(x, u, )|l < Tl pldiag(r (%) + )~ lu - ull, (20)
7 = pldiag(r (%) + p)™" Ju. @1

If conditions (7)—(8) are satisfied, then for any 7> 0 there exists y > 0 such that
for any (u, i) € D(-) the following estimate holds:

max{|| X - x*||,[|# —ull} < CQA+ D)pellu —w?|l. (22)



