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Abstract. The rate of approach (ROA) of a moving observer toward a scene point, as estimated at a given instant,
is proportional to the component of the observer’s instantaneous velocity in the direction of the point. In this
paper we analyze the applicability of Green’s theorem to ROA estimation. We derive a formula which relates three
quantities: the average value of the ROA for a surface patch in the scene; a surface integral that depends on the
surface slant of the patch; and the contour integral of the normal motion field around the image of the boundary of
the patch. We analyze how much larger the ROA on the surface patch can be than the value of the contour integral,
for given assumptions about the variability of the distance to points on the surface patch. We illustrate our analysis
quantitatively using synthetic data, and we also validate it qualitatively on real image sequences.
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1. Introduction

It is well known that the absolute distances of scene
points and the magnitude of translational motion cannot
both be recovered from an image sequence acquired by
a monocular moving observer; only relative distances
and the direction of motion are available (Adiv, 1985;
Bruss and Horn, 1983; Longuet-Higgins and Prazdny,
1980; Nakayama, 1985). However, the time to contact
or collision (TTC) can be found (Lee, 1980) without
explicit knowledge of either absolute distances or rel-
ative velocities. The TTC for a given scene point is
the (apparent) time until (potential) collision of the ob-
server with the point. It is defined as the ratiod/vr ,
whered is the distance of the point from the observer
andvr is the relative velocity of approach of the ob-
server to the point. The inverse of the TTC,vr /d, is
the fraction of the distanced that the observer traverses

in unit time; it can therefore be regarded as a rate of
approach (ROA).

The motion of the observer relative to the scene
induces image changes that can be described by an
image velocity field, or optical flow field. The projec-
tion of the optical flow field onto the field of image
gradient directions is called the normal flow field. Sev-
eral researchers have explored the relationship be-
tween the TTC and the divergence (a measure of
expansion) of the optical flow or normal flow field
(Ancona and Poggio, 1993; Burlina and Chellappa,
1996; Burlina and Chellappa, 1998; Cipolla and Blake,
1992; Francois and Bouthemy, 1990; Maybank, 1987;
Meyer and Bouthemy, 1992; Nelson and Aloimonos,
1989; Subbarao, 1990; Tistarelli and Sandini, 1993).
They found that the divergence can be decomposed
into two terms: one inversely proportional to the TTC
and the other a function of the slope of the viewed
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surface and the angle between the direction of mo-
tion and the viewing direction. In (Koenderink and
Van Doorn, 1975; Longuet-Higgins and Prazdny, 1980;
Subbarao, 1990) it was shown how the divergence can
be computed from the derivatives of the optical flow
field. In (Nelson and Aloimonos, 1989) the directional
divergence was defined and used for obstacle avoid-
ance. It was computed by taking derivatives of a dense
normal flow field obtained from a textured background
and textured objects. In (Tistarelli and Sandini, 1993)
the polar and logpolar mappings were used to estimate
the TTC from normal flow. In (Burlina and Chellappa,
1996) a method of recovering the TTC using spectral
operators derived from Mellin transform analysis was
presented. This was further generalized in (Burlina and
Chellappa, 1998) to detecting the occurrence of, and
predicting the time to elapse before, certain kinematic
events such as collision or synchronization; accelerated
polynomial motion was assumed.

There are potential problems with the stability and
accuracy of methods which require computation of the
derivatives of a flow field. Fortunately, Green’s theo-
rem relates the integral of the optical flow field along
an image contour to the integral of the divergence of
the field on the surface bounded by the contour. The
use of integrals of the field should in principle result in
methods that are more accurate and more stable. Sev-
eral researchers have investigated methods that make
use of such integrals. It was shown in (Maybank, 1987)
that the rate of change of area, divided by the area, for
a small image patch through which the direction of
motion passes, is proportional to the divergence of the
optical flow field. This result has been generalized to
the derivatives of the moments of the patch (Cipolla
and Blake, 1992), and has been used to compute the
TTC. In (Poggio et al., 1991) Green’s theorem was ap-
plied to a linear optical flow field. (The optical flow
field is linear for constant depth if there is no rotational
motion.) The integral of the normal flow along a con-
tour which remains in the center of the visual field and
in the direction of motion (i.e., the contour subtends a
small angle relative to the direction of motion) has also
been used for computation of the TTC (Sharma, 1992).

The accuracy of methods based on integrals of the
optical flow or normal flow field has not been ana-
lyzed. In particular, there has been no attempt to for-
mulate conditions under which Green’s theorem can
be used to compute the TTC or the ROA to within a
given accuracy. It has been shown (Cipolla and Blake,
1992; Maybank, 1987; Nelson and Aloimonos, 1989;

Sharma, 1992) that the divergence of the optical flow is
approximately proportional to the inverse of the TTC
(=the ROA) when the partial derivatives of the dis-
tance are small or when the contour lies in the di-
rection of motion. However, the meaning of “small”
partial derivatives of the distance has not been quanti-
fied, nor has it been shown how the computed values
change when the contour does not lie in the direction of
motion.

In this paper we use Green’s theorem to derive an
equation which relates the integral of the normal motion
field along a closed image contour to the average value
of the ROA on a surface patch whose image is bounded
by the contour and to a surface integral that depends on
the surface slant of the patch. We analyze how much
larger the ROA on the surface patch can be than the
value of the contour integral, for given assumptions
about the variability of the distance to points on the
surface patch. We confirm this analysis experimentally
using synthetic data and we also validate our approach
qualitatively on real image sequences.

2. Preliminaries

The analysis presented in this paper makes use of an
observer-centered coordinate system and a spherical
imaging model. In this section we derive equations for
the image velocity field and its divergence in spherical
coordinates.

2.1. The Spherical Imaging Model

Consider a sphere with the nodal pointO of the cam-
era at its center and with its radius equal to the cam-
era focal lengthf ; without loss of generality we can
set f = 1 so that the sphere is a unit sphere. This
sphere will be called theimage egosphere(IE ) (Albus,
1991). Consider a Cartesian coordinate system with
origin O and with positivez-axis pointing fromO to
the north poleN of the IE . Let 5 be the plane tan-
gent to theIE at N. If the image of the scene is ob-
tained through plane perspective projection, the image
surface is5; if the image is obtained through spherical
projection, the image surface is theIE (see Fig. 1). The
perspective projection image of scene point(x, y, z)
is (ξ, η,1) = (x/z, y/z, 1) and its spherical projec-
tion image (see Ikeuchi, 1984) is(x/R, y/R, z/R) =
(ξ/Rz, η/Rz, 1/Rz), where R =

√
x2+ y2+ z2 and

Rz = R/z=
√
ξ2+ η2+ 1.
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Figure 1. The perspective projection image of scene pointE =
(x, y, z) is F = (ξ, η,1) = (x/z, y/z, 1); the spherical projection
image ofE is P = (x/R, y/R, z/R) = (ξ/Rz, η/Rz, 1/Rz), where
R= ‖Ere‖ andRz = R/z.

Let Ere be a scene point, and letR = ‖Ere‖ be its
distance fromO. ThenEre/R is a unit vectorEr from O
to the surface of theIE. A scene point is defined either
by a vector Ere = (x y z)T in Cartesian coordinates,
or by a triple (ρ, θ, ϕ), in spherical coordinates, where
ρ = R, the latitudeθ is the angle betweenEre and the
z-axis, and the longitudeϕ is the angle between the
x-axis and the projection ofEre onto the planexOy. The
unit orthogonal vectors associated with the spherical
coordinate system areEeθ , Eeϕ , andEeρ .

2.2. The Motion Field and the Optical Flow Field

If the scene is stationary and the observer is moving,
the instantaneous velocitẏEr e of scene pointEre relative
to the observer (where the dot denotes derivative with
respect to time) is given by

Ėr e = − ET − EÄ× Ere (1)

where EÄ is the instantaneous rotational velocity and
ET is the instantaneous translational velocity; the norm
‖ ET‖ of ET will be denoted byv.

The instantaneous velocity of the image pointEr on
the IE is obtained by taking derivatives of both sides
of Er = Ere/R with respect to time, and usingṘ =
Ėr e · Ere/R:

Ėr = 1

R
[− ET + Er ( ET · Er )] − EÄ× Er . (2)

The first term on the r.h.s. is thetranslational motion
field Ėr t , and the second term is therotational motion
field Ėr ω.

We can obtain a simple expression forĖr t in spheri-
cal coordinates by using a coordinate systemOxyzin
which thez-axis is parallel toET , so thatET = (0 0 v)T .
In spherical coordinates,Ėr t then becomes

Ėr t = v

ρ
sinθ Eeθ . (3)

If we choose a directionEnr in the image (at the point
Er ) and call it the normal direction, then thenormal
motion fieldat Er is Ėr n = ( Ėr · Enr )Enr . Enr can be chosen
in various ways; the usual choice is the direction of the
image intensity gradient.

2.3. The Divergence of the Motion Field

The motion field Ėr = Ėr t + Ėr ω is a vector field on
the surface of theIE. The divergence of this field is
(Marsden and Tromba, 1976)

div Ėr t = v

ρ

(
2 cosθ − sinθ

ρ

∂ρ

∂θ

)
, (4)

div Ėr ω = 0. (5)

Green’s theoremstates (Marsden and Tromba, 1976)
that if S is a two-sided surface patch bounded by a
simple closed piecewise smooth curveC, and the vector
field EV is everywhere tangent toSand has continuous
derivatives onS, then∮

C

EV · En dl =
∫∫

S
div EV dS (6)

whereEn is the unit normal toC, dl is an element of
C, anddS is an element ofS; C is traversed in the
positive direction (when an observer walks in this di-
rection alongC, and the observer’s head points along
the positive normal toS, S is on the observer’s left.)

3. Estimating the Rate of Approach
Using Green’s Theorem

Let Sbe a region on theIE which is the image of some
surface patch6 in the scene, and letC be the boundary
of S; thusC is the image of a space curve3 which is
the boundary of6 (see Fig. 2). We assume that6 is
defined by a continuous, single-valued functionρ(θ, ϕ)

which is almost everywhere differentiable with respect
to θ .
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Figure 2. Surface patch6 bounded by contour3 projects onto
image patchSbounded by contourC on theIE.

If we apply (6) toĖr ω, using (5), we have∮
C
Ėr ω · Enr dl =

∫∫
S
div Ėr ω dS= 0.

Hence when we apply (6) tȯEr = Ėr t + Ėr ω and use (4),
we obtain∮

C
Ėr · Enr dl =

∫∫
S

2v

ρ
cosθ dS−

∫∫
S

v sinθ

ρ2

∂ρ

∂θ
dS

(7)

whereEnr is the unit normal toC at Er . If we rewrite
−ρ−2(∂ρ/∂θ) in the second term on the r.h.s. of (7) as
∂(ρ−1)/∂θ and divide both sides of (7) by 2AS, where
AS is the area ofS, we obtain

1

2AS

∮
C
Ėr · Enr dl= 1

AS

∫∫
S

v cosθ

ρ
dS

+ v

2AS

∫∫
S

sinθ
∂

∂θ
(ρ−1) dS. (8)

In what follows we denote the three terms of (8) byIn,
N6 , andD6 , respectively, so that (8) can be written as

In = N6 + D6. (9)

The ROA for a scene pointEre whose spherical coordi-
nates are(ρr , θr , ϕr ) is given byν(Ere) = vr /ρr , where
vr is the norm of the projection of the translational ve-
locity ET onto the viewing directionEr . By our choice
of coordinate system in Section 2.2, the angle between

ET andEr is θr ; hence vr = ‖ ET‖ cosθr = v cosθr (we
recall thatv is the norm ofET), so that

ν(Ere) = v cosθr

ρr
.

Thus the integrand ofN6 in (9) is the ROAν at an
arbitrary scene point;N6 (“ N” for “(rate of) nearing”)
is thus the average value ofν, averaged overS, for all
scene points which project ontoS, i.e., for all scene
points that lie on the surface patch6. N6 can be ei-
ther positive (object approaching) or negative (object
receding). We will assume the former in our analysis,
but the analysis in the reverse case is symmetric.

In in (9) is a contour integral along the image contour
C. However, the integrand ofIn is the normal motion
field (or rather its projection on the contour normalEnr ),
which is not directly observable in the image. To esti-
mate the integrand we can use the normal flow fieldEun

in place of the normal motion fielḋEr n, since as men-
tioned at the end of Section 2.2, we haveEun ≈ Ėr n when
the normal direction is collinear with the image gradi-
ent direction and the magnitude of the image gradient
is large. We will therefore assume here that we can es-
timate In relatively accurately if the image gradient is
high on the contourC and is normal to the direction of
the contour.

D6 in (9) is a surface integral which depends on
the variability ofρ on6. If we can estimate bounds
on D6 , we can determine how much largerν (or N6)
can be than the observable quantityIn; note that large
values ofν correspond to short times to collision. In
Section 4 we will estimate bounds on the ratioν/In for
given constraints on the values ofθ andρ on6.

4. Accuracy of the Estimate

We assume that the direction of motionθ = 0 is
known;1 that6 subtends a relatively small angle (e.g.,
1θ < π/15); and that6 is on a near-collision course
with the observer (e.g.,θ < π/6). We will also assume
below that there are bounds on1ρ/ρmin (the variabil-
ity of ρ relative to the smallestρ on6). Using these
assumptions, we will derive bounds (especially, upper
bounds) onν/In. This will be done in several steps.

In Section 4.1 we will derive an upper bound on
ν(Ere)/N6 for any smooth surface patch6 and any
scene pointEre whose latitude is close to the latitudes
of the points on6. In Section 4.2 we will derive a
lower bound onIn/N6̂ for a special surface patcĥ6
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which has the same boundary curve3 as6. Note that
In does not depend on6, but only on3 (see the next
to last paragraph of Section 3). Hence (9) tells us that
N6 + D6 is the same for all6 that have the same3.
From (9) we haveIn ≥ N6 − |D6| for any such6 so
that (sinceN6 > 0)

In

N6
≥ 1− |D6|

N6
. (10)

In Section 4.2 we construct̂6, derive an expression
for D6̂ , and use it to derive a lower bound onIn/N6̂ .
Finally, in Section 4.3 we use bounds onν(Ere)/N6̂ and
In/N6̂ to determine upper bounds onν(Ere)/In whenEre

is a point on6.

4.1. An Upper Bound onν/N6

We first apply the mean value theorem (Marsden and
Tromba, 1976) to the integral expression (see (8)) for
N6 to obtain

N6 = v

AS

∫∫
S

cosθ

ρ
dS= v

ASρσ

∫∫
S

cosθ dS

whereρσ is the distance to some point on6. The re-
maining integral

∫∫
S cosθ dSis the areaASp of the pro-

jection of S onto the equatorial plane of theIE. By
applying the mean value theorem to this integral we
obtainASp = AS cosθs whereθs is the latitude of some
point onS. Hence we have

N6 = v

ρσ
· ASp

AS
= v cosθs

ρσ
. (11)

In what follows we will use both of these expressions
for N6 .

Let us compute the difference betweenN6 , which is
the average value ofν on6, andν at an arbitrary point
Ere (not necessarily lying on6, but for whichθr is close
to θs). Let the direction to pointEre be(θr , ϕr ) and the
distance beρr . Then

ν(Ere)− N6 ≡ v cosθr

ρr
− v cosθs

ρσ
. (12)

The Taylor series expansion of cosθr in the neighbor-
hood ofθs is given by

cosθr = cosθs− (θr − θs) sinθs− 0.5(θr − θs)
2 cosθi

whereθi is an angle betweenθs andθr . Using this ex-
pansion of cosθs, (11), and (12) and rearranging we
obtain

ν(Ere)

N6
= ρσ

ρr

[
1− (θr −θs) tanθs− 1

2
(θr −θs)

2 cosθi

cosθs

]
.

For anyθ < π/2 (the observer is moving towards
the surface) we have cosθi , cosθs ≥ 0, so that the
third term inside the square brackets is always negative;
hence

ν(Ere)

N6
<
ρσ

ρr
(1+ |θr − θs| tanθs). (13)

This is our desired upper bound onν/N6 . Note that
in deriving this bound we used only the mean value
theorem (which requires only that6 be continuous)
and the assumption thatθr is close toθs and both are
< π/2 (at the beginning of Section 4 we in fact assumed
θ < π/6). Hence we can apply (13) to any surface patch
6 and any pointEre that satisfy these assumptions. In
particular, in Section 4.3 we will apply it to the surface
patch6̂ that will be constructed in Section 4.2, and to
a pointEre of 6.

4.2. A Lower Bound on In/N6̂

In this section we construct the special surface patch6̂

and derive a lower bound onIn/N6̂ . In Section 4.2.1
we construct6̂, in Section 4.2.2 we evaluateD6̂ , and
in Section 4.2.3 we use (10) to derive the desired lower
bound.

4.2.1. The Surface PatcĥΣ . In this section we con-
struct a surface patcĥ6, having the given boundary
curve3, on whichρ−1 is linear inθ . Specifically,6̂will
be constructed out of arcs of the formρ−1= aθ + b
wherea andb are constants.

In order to define the arcs from whicĥ6 will be
constructed, we first segment the contourC into parts
C+ andC− for which the projections of the normal
motion field onto the contour normal (i.e.,Ėr n · Enr ) are
positive and negative, respectively. For simplicity we
assume that, as shown in Fig. 3(a), bothC+ andC−

are connected, and thatθ is a one-valued function of
ϕ on bothC+ andC−; we denote these functions by
θ+(ϕ) andθ−(ϕ) respectively. Henceρ is also a one-
valued function ofϕ on C+ andC−; we denote these
functions byρ+(ϕ) andρ−(ϕ). Figure 3(a) shows a
case in which the direction of motion (which we recall
is the directionθ = 0, i.e., the north poleN of the IE )
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Figure 3. (a) ContourC in a case where the direction of motion
θ = 0 (the north poleN of the IE) is outsideC. The projection of
the normal motion field onto the contour normals is positive along
C+ and negative alongC−. (b) A case where the direction of motion
is insideC; hereC = C+.

(a) (b)

Figure 4. Construction of6̂. (a) N is insideS. (b) N is outsideS.

is outsideC; in this caseϕ varies over a range [φ1, φ2]
on bothC+ andC−. If N is insideC, we haveC = C+

andϕ ∈ [0, 2π ] on C+ (see Fig. 3(b)).
Let 5ϕ be a half-plane bounded by thez-axis; on

any such half-plane,ϕ has constant value (i.e., the half-
plane cuts theIE in the meridian of longitudeϕ). We
have just assumed that each5ϕ intersectsS in at most
one connected arc (so that it intersectsC (and3) in
at most two points, the endpoints of this arc). IfN
is insideC the arcs all pass through a common point,
which we denote byN ′ in Fig. 4(a). IfN is outsideC,
the arcs do not intersect, as shown in Fig. 4(b).

Suppose first thatN is insideC (Fig. 4(a)); then we
construct6̂ by choosing a pointN ′ = (ρn, 0, 0) on the
positivez-axis and joining it to the points of3 by arcs
of the form

1

ρ
= 1

ρn
+
(

1

ρ+(ϕ)
− 1

ρn

)
θ

θ+(ϕ)
. (14)

By our assumptions about6 (and hence about3), these
arcs change continuously asϕ changes; thus the arcs

sweep out a surface patch6̂ whose boundary is3 and
which is continuous everywhere except possibly atN ′.

If N is outsideC (Fig. 4(b)) we construct6̂ by
joining pairs of points on3. Let 5ϕ intersect3 at
the points(ρ−(ϕ), θ−(ϕ), ϕ) and (ρ+(ϕ), θ+(ϕ), ϕ);
then the arc joining these points is of the form

1

ρ
= 1

ρ−(ϕ)
+
(

1

ρ+(ϕ)
− 1

ρ−(ϕ)

)
θ − θ−(ϕ)

θ+(ϕ)− θ−(ϕ) .
(15)

By our assumptions about6 and3, these arcs change
continuously asϕ changes; thus the arcs sweep out a
continuous surface patcĥ6 whose boundary is3.

4.2.2. Evaluation of D̂Σ . We recall from (8) thatD6

(and in particular,D6̂) is given by the integral expres-
sion

v

2AS

∫∫
S

sinθ
∂

∂θ
(ρ−1) dS

where forD6̂ , ρ−1 is given by (14) or (15).
In the case ofN insideC, whereρ−1 is given by

(14), we shall now show that there exists aρn in the
range of values ofρ+(ϕ) such thatD6̂ = 0. Indeed,
in this case we have from (14)

D6̂ =
v

2AS

∫∫
S

(
1

ρ+(ϕ)
− 1

ρn

)
sinθ

θ+(ϕ)
dS

= v

2AS

∫ 2π

0

(
1

ρ+(ϕ)
− 1

ρn

)

× 1

θ+(ϕ)

∫ θ+(ϕ)

0
sin2 θ dθ dϕ

Let

s̄(ϕ) = 1

θ+(ϕ)

∫ θ+(ϕ)

0
sin2 θ dϕ;

then

D6̂ =
v

2AS

∫ 2π

0

(
1

ρ+(ϕ)
− 1

ρn

)
s̄(ϕ) dϕ

= v

2AS

(∫ 2π

0

s̄(ϕ)

ρ+(ϕ)
dϕ − 1

ρn

∫ 2π

0
s̄(ϕ) dϕ

)
.

Thus we can setD6̂ = 0 and solve forρn, obtaining

ρn =
(∫ 2π

0
s̄(ϕ) dϕ

)
·
(∫ 2π

0

s̄(ϕ)

ρ+(ϕ)
dϕ

)−1

.
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If we apply the mean value theorem to the second
integral on the r.h.s. of this expression2 we obtain
ρn = ρ+(ϕ0) for someϕ0 ∈ [0, 2π ]. This shows
that theρn for which D6̂ = 0 is indeed in the range of
values ofρ+(ϕ).

In the case ofN outsideC, ρ−1 is given by (15), and
we similarly have

D6̂=
v

2AS

∫ φ2

φ1

(
1

ρ+(ϕ)
− 1

ρ−(ϕ)

)
× 1

θ+(ϕ)− θ−(ϕ)
∫ θ+(ϕ)

θ−(ϕ)
sin2 θ dθ dϕ. (16)

Let

s̃(ϕ) = 1

θ+(ϕ)− θ−(ϕ)
∫ θ+(ϕ)

θ−(ϕ)
sin2 θ dθ.

If we use

sin2 θ−(ϕ)
∫ θ+(ϕ)

θ−(ϕ)
dθ ≤

∫ θ+(ϕ)

θ−(ϕ)
sin2 θ dθ

≤ sin2 θ+(ϕ)
∫ θ+(ϕ)

θ−(ϕ)
dθ

we obtain

0< sin2 θ−(ϕ) ≤ s̃(ϕ) ≤ sin2 θ+(ϕ).

If we apply the mean value theorem to the integral on
the r.h.s. of (16) we obtain

D6̂ =
v

AS

(
1

ρ+(ϕ1)
− 1

ρ−(ϕ1)

)
· 1

2

∫ φ2

φ1

s̃(ϕ) dϕ

for someϕ1 ∈ [φ1, φ2]. To evaluate the integral in
this expression, consider the regionS1 (S2) on the IE
bounded by the curveC1 (C2) whose equation isθ =
θ−(ϕ) (θ = θ+(ϕ)) and by the meridians of longitude
φ1 andφ2. Let Sp

1 (Sp
2 ) be the projection ofS1 (S2)

onto the equatorial plane of theIE. Thus Sp
1 (Sp

2 ) is
the region bounded by the rays in directionsϕ = φ1

andφ2 and by the curve whose radius in directionϕ is
sinθ−(ϕ) (sinθ+(ϕ)) (see Fig. 5).

Therefore, using the standard formula for area in
polar coordinates, the area ofSp

1 is given by

ASp
1
= 1

2

∫ φ2

φ1

sin2 θ−(ϕ) dϕ. (17)

Figure 5. Let P = (1, θ, ϕ) be any point on theIE; then arcNP
projects onto the line segmentOP′ in the equatorial plane, where
|OP′| = sinθ .

We thus have

D6̂ = v ·
ρ−(ϕ1)− ρ+(ϕ1)

ρ−(ϕ1)ρ+(ϕ1)
· AS̃p

AS
(18)

for someAS̃p such thatASp
1
≤ AS̃p ≤ ASp

2
.

4.2.3. The Lower Bound on In/NΣ̂ . From (11) (ap-
plied to6̂; see the end of Section 4.1) we have

N6̂ =
v

ρ̂
· ASp

AS
= v cosθs

ρ̂
(19)

whereρ̂ is the distance to some point on̂6; note that
by our construction it is also the distance to some point
on3. In the case ofN insideC we haveD6̂ = 0 and
thereforeIn ≡ N6̂ ; in this case we know the value of
In/N6̂ (=1) and have no need for a lower bound.

In the case ofN outsideC we have from (18) and (19)

D6̂

N6̂
= ρ̂ · ρ

−(ϕ1)− ρ+(ϕ1)

ρ−(ϕ1)ρ+(ϕ1)
· AS̃p

ASp
. (20)

From (20) and the fact thatASp
1
≤ AS̃p ≤ ASp

2
we thus

obtain

|D6̂|
N6̂

< ρ̂ · |ρ
−(ϕ1)− ρ+(ϕ1)|
ρ−(ϕ1)ρ+(ϕ1)

· ASp
2

ASp
.

Substituting this into (10) gives the desired lower bound
on In/N6̂ :

In

N6̂
> 1− ρ̂ · |ρ

−(ϕ1)− ρ+(ϕ1)|
ρ−(ϕ1)ρ+(ϕ1)

· ASp
2

ASp
. (21)

4.3. How Accurate is In as an Estimate ofν for
Points on6?

In the case where the direction of motion is insideC,
we can now use the results of Sections 4.1 and 4.2 to
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compute an upper bound onν(Ere)/In. Indeed, in this
case, as already pointed out,In = N6̂ . Moreover, since
(13) holds forEre and6̂ (see the end of Section 4.1), we
can write

ν(Ere)

In
= ν(Ere)

N6̂
<
ρ̂

ρr
(1+ |θr − θs| tanθs) (22)

whereθr andρr are the latitude and distance ofEre; θs

is the latitude of some point ofS; and ρ̂ is the dis-
tance of some point on̂6. (Note that since the direc-
tion of motion θ = 0 is insideC, our assumption
that1θ < π/15 also implies thatθ < π/15. Thus
θs < π/15 and|θr − θs| < π/15; henceν(Ere)/In <

[1+ (π/15) tan(π/15)]ρ̂/ρr < 1.045ρ̂/ρr .)
We now assume that the relative distance1ρ of any

two points on6 is much smaller than the minimal
distanceρmin of 6, say|1ρ| < αρmin whereα ¿ 1.
This assumption also holds for̂6, since the range of
distances to points on̂6 is the same as the range of
distances to points on3 (see Section 4.2), and3 is
a subset of6. We assume that it also holds for the
point Ere—e.g., this is true ifEre lies on6. We then
haveρ̂ ≡ ρmin + 1ρ ≤ ρr + |1ρ| < ρr + αρmin ≤
ρr +αρr = (1+α)ρr ; in other words, ifρ can vary
only byα, the amount by whichν(Ere) can exceedIn is
also on the order ofα. (For example, ifα = 0.1, we
haveν(Ere)/In < (1.045)(1.1) < 1.15; in other words,
if ρ varies by at most 10% on6 and we useIn to
estimateν, the actual (maximum) value ofν exceeds
the estimate by less than 15%.)

The situation is more complicated in the case where
the direction of motion is outsideC. Here (13) still
gives us an upper bound onν(Ere)/N6̂ , and (21) gives
us a lower bound onIn/N6̂ , but we cannot simply di-
vide the first bound by the second to obtain an upper
bound onν/In, because the second bound may be neg-
ative. On the other hand, we can show that this bound
is positive unless the ratio of areasASp

2
/ASp is quite

large. Indeed, our assumption that1ρ < αρmin im-
plies that the expression involvingρ’s on the r.h.s. of
(21) is less thanα. [Proof: Without loss of generality,
letρ−(ϕ1) = a, ρ+(ϕ1) = a+δ, whereδ ≥ 0; then the
expression becomeŝρδ/a(a + δ). Evidently, for any
δ, δ/a(a+ δ) takes on its largest possible value when
a = ρmin. Moreover, for anya, δ/a(a+ δ) takes on its
largest possible value whenδ is as large as possible; by
our assumptions aboutρ, we haveδ ≤ 1ρ < αρmin.
Finally, ρ̂ ≤ ρmin + 1ρ < ρmin(1+ α). Hence the
expression< ρmin(1+α)αρmin/ρmin(ρmin+αρmin) =
α.] Thus the r.h.s. of (21) will be positive unless

ASp
2
/ASp > 1/α. As we see from Fig. 3(a), this can

only happen when regionS is small and lies relatively
far from the direction of motion. [Ifα = 0.1, we are
safe as long asASp

2
/ASp < 10. Actually, we could even

use anα smaller than 0.1, since the variability ofρ on
6̂ (which is the same as the variability on3) should
be less than its variability on6 (because6 may have
internal “bulges” that do not affect its boundary curve
3). If we useα = 0.05 instead ofα = 0.1, we are safe
as long asASp

2
/ASp < 20—a very large ratio.]

The actual bounds onθ and1θ , and the actual size
of ASp

2
/ASp , are observable from the image, and so is

cosθs = ASp/AS. Thus in general, we can judge how
good In is as an estimate ofν, for given assumptions
about the variability ofρ on6 and on3, by examining
the image. If we denote the variabilities ofρ on6 and
3 by ασ andαλ, respectively, then when the direction
of motion is insideC, (22) gives us

ν(Ere)

In
< (1+ ασ ) · (1+1θm tanθs) (23)

(where1θm is the maximum of latitude difference
|θr − θs| on S); and when it is outsideC, (21) and
(22) give us

ν(Ere)

In
<

1+ ασ
1− αλ · ASp

2
/ASp

· (1+1θm tanθs). (24)

These formulas provide upper bounds on the ratio
ν(Ere)/In as functions of theA’s andθ ’s for the given
image contour, and of theα’s (the assumed distance
variabilities) for the space curve and surface patch. In
the next section we will give numerical examples that
illustrate the behavior of these bounds.

5. Numerical Examples and Discussion

In this section we examine the behavior ofν(Ere)/In

and of the bounds in (23–24) using a set of numerical
examples. In all of these examples6 is a planar patch,
say in the plane56 , and3 is a circle (see Fig. 6). Let
the rayOZ to the center of3meet theIE at(θz, ϕz); in
our examples we use 0◦ ≤ θz ≤ 30◦ and (arbitrarily)
ϕz = 0. 3 is then determined by its radius and by the
orientation of56 . We consider two sets of cases:

1. The normalEnσ to56 at Z is in the plane50 of the
great circleϕ = 0, and makes angleψz with the ray
OZ; in our examples we useψz = 0◦,±30◦,±45◦,
and±60◦.
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Figure 6. 3 is a circle centered at the pointZ and embedded in
the plane56 . The normalEnσ of 56 lies either in the plane50

(ODA0ZB0) or in the plane51 (OA1ZB1) orthogonal to50.

2. The normalEnσ is in the plane51 containingOZ
and perpendicular to50, and makes angle 30◦, 45◦,
or 60◦ with OZ (here, by symmetry, the sign of the
angle does not matter).

Whenψz = 0, C is a circle; in our examples, we use
circles that subtend angles 2◦, 6◦, and 12◦ at O, giv-
ing us a total of 30 cases (three for each of the ten
choices ofψz). For the nonzero values ofψz, C be-
comes increasingly elongated. Note that in all cases,
the direction of motion is insideC whenθz = 0, but is
outsideC whenθz is sufficiently large.

For each case, and for any value ofθz, we can gene-
rate the normal motion field (for any speedv; we use
v = 1 here) and computeIn; and we can also com-
pute the maximum valueνm of ν(Ere) (corresponding
to the minimum TTC). In Figs. 7–9 we plot the ratio
R = νm/In, as a function ofθz, for each of our 30
cases. Figures 7 and 8 show the cases in which the
normal Enσ of 6 is in 50 (with ψz positive and nega-
tive, respectively), and Fig. 9 shows the cases in which
it is in 51; for ease of comparison, the common cases
ψz = 0 are plotted in all three figures. The numbers 1,
3, 6 represent the subtended half-angles 1◦, 3◦, and 6◦.

We see from Figs. 7–9 that forψz = 0, R in-
creases very slowly withθz, and remains in the in-
terval [1, 1.06]; in other words, whenψz = 0, In

Figure 7. The ratioR= νm/In for nonnegative values ofψz in the
plane50. The groups of curves labeled 1, 3, 6, from bottom to top,
are forψz = 0◦, 30◦, 45◦, and 60◦.

Figure 8. The ratioR= νm/In for nonpositive values ofψz in the
plane50. The groups of curves labeled 1, 3, 6, from top to bottom,
are forψz = 0◦,−30◦,−45◦, and−60◦.

Figure 9. The ratioR= νm/In for ψz’s in the plane51. The four
curves labeled 6, from bottom to top, are forψz = 0◦, 30◦, 45◦, and
60◦, and similarly for the curves labeled 3 and 1.
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is a very good estimate ofνm. This is because3 is
not on a slanted surface, which implies thatD6 (in
Eqs. (8) and (9)) is approximately 0. Figure 9 shows
thatRalso remains quite small (in the interval [1, 1.1])
when3 is slanted “sideways”; this is becauseD6 is
still small, since the distance to6 does not change
rapidly with θ . In these casesR increases signifi-
cantly with θz, becauseνm does increase as the slant
increases, butIn does not change greatly; the slant
causes the magnitude of the normal motion field to
increase where3 is closer toO and decrease where it
is further away, but the increases and decreases occur
about equally for the positive and negative parts of the
field (see Fig. 3(a)). Thus in all of these cases,In is quite
a good estimate ofνm; it is always an underestimate,
butνm can be at most 10% bigger thanIn in our set of
cases.

In Fig. 7, the increase ofR with θz becomes much
larger for larger values ofψz. This is because for these
ψz’s the part of3 for which the normal motion field
is negative is closer toO, so that the negative part
of the field has increased magnitude; this causesIn

to decrease, andR to increase, more rapidly withθz

for larger values ofψz. Here again,In is always an
underestimate ofνm; andνm can be bigger thanIn by
as much as 75%. In Fig. 8, on the other hand, the slant
causes the positive part of the field to have increased
magnitude, so thatIn increases rapidly, especially for
larger values ofψz; this causesR to decrease, and to
actually become less than 1, asθz increases. In other
words, for these casesIn becomes an overestimate of
νm; butνm can be at most 25% smaller thanIn.

We now examine the bounds onRgiven by Eqs. (23)
and (24). These bounds depend on the quantities tanθs,
1θm, andASp

2
/ASp , as well asασ andαλ. Hereθs is the

latitude of a point onS, and has value cos−1(ASp/AS)

(see Eq. (11)); in our examples it is nearly equal toθz.
The quantity1θm is the maximum of the difference
in latitude betweenθs (≈θz) and any point onS (see
Eq. (13)).

As regardsασ (αλ), the variation in the distance to
the points on6 (3), let the perpendicular fromO to
56 meet56 at Q, and letψp be the angle between
the raysOP andOQ, whereP is an arbitrary point of
6; note thatψp < π/2. Then the distanceρp to P is
|OP| = |OQ| secψp. If Q is inside3, the distance to
a point on6 varies between|OQ| and|OQ| secψmax,
whereψmax is the maximum ofψ for all points on3;
henceασ = secψmax− 1 (note thatαλ may be smaller
than this). If Q is outside3, the distance varies be-

Table 1. ασ for different combinations
of |ψz| and circle size.

Contour size

|ψz| 1 3 6

0◦ 0.0002 0.0014 0.0055

30◦ 0.0176 0.0537 0.1100

45◦ 0.0250 0.0769 0.1596

60◦ 0.0307 0.0950 0.1996

tween |OQ| secψmin and |OQ| secψmax, whereψmin

is the minimum ofψ for all points on3; hence
ασ = αλ = secψmax/secψmin − 1. Note that the dis-
tance|OQ| to56 does not affect theαs; they depend
only on the orientation of56 . Table 1shows the value
of ασ for |ψz| = 0◦, 30◦, 45◦, and 60◦ and for the
three circle sizes. Note that the values for 0◦ are much
smaller than the other values, since for a nonslanted
contour, the distance is nearly constant.

We compute the values of1θm, ASp
2
/ASp , andασ

(see Table 1) directly; we then compute the bounds on
the right hand sides of (23) and (24) as functions of
θz for the various cases. In each case, the bound in
(23) is used for smallθz’s (such that the direction of
motion lies insideC), and the bound in (24) for large
θz’s. In what follows, we denote the bound in (23)
(=the numerator of the bound in (24)) byB, and the
bound in (24) byBD−1.

In Fig. 10 we compareB (≡BD−1) to R forψz = 0◦.
As might be expected, the bound is quite tight for the
smallest circle, and increasingly loose for the larger cir-
cles (though even for the largest circle,B overestimates

Figure 10. Comparison ofB (≡BD−1) to R for ψz = 0◦. (R is the
lower curve of each pair.)
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Figure 11. B andBD−1 compared toR for ψz = ±30◦ in 50.
The curves correspond, bottom to top, toR for ψz = −30◦; R for
ψz = 30◦; andB andBD−1.

Figure 12. B andBD−1 compared toR (the lower set of curves)
for ψz = 30◦ in 51.

R by at most 1/3). The overestimate is due to the fact
that B has(1+ ασ ) as a factor, andασ is a worst-case
estimate of the variability ofρ on6; In actually esti-
matesν at some mean value point of6 whose distance
from O is (usually) much less than the distance to the
points on3 (=the maximum of the distances to the
points on6).

Figure 11 comparesB andBD−1 to R forψz =±30◦

in 50. Figure 12 compares them forψz = 30◦ in 51.
In Fig. 11 we see that for the positiveψz’s theB curves
roughly approximate theR curves, this is because for
theseψz’s, In is an underestimate ofνm, so thatR is
greater than 1. For the negativeψz’s, on the other hand,
as remarked in connection with Fig. 8,R is less than
1, and similarly in Fig. 11, as remarked in connection
with Fig. 9,R is approximately 1; thus in these two sets
of cases, the bounds are very loose. Again, this is not
surprising, because the bounds are based on worst-case

assumptions about the variability ofρ on6 (and3).
The discontinuities in the graphs (cf. Figs. 11 and 12)
are due to the fact that the FOE moves from inside to
outside the contour, so that different bounds must be
used.

6. Experiments

This section shows how our methods can be applied to
planar images of real motion sequences.

6.1. Planar and Spherical Normal Flow

Let I (x, y, t) be the plane image intensity function.
The time derivative ofI can be written as

dI

dt
= ∇ I · Ėr + It

where∇ I is the image gradient and the subscripts de-
note partial derivatives.

If we assumedI/dt = 0, i.e., that the image intensity
does not vary with time, then we have∇ I · Eu + It =
0. The vector fieldEu in this expression is called the
optical flow. The component ofEu in the image gradient
directionEnr ≡∇ I /‖∇ I ‖ is

Eun = (Eu · Enr )Enr = −It∇ I

‖∇ I ‖2 (25)

and is called thenormal flow.
It was shown in (Verri and Poggio, 1987) that the

magnitude of the difference betweenEun and the normal
motion fieldErn is inversely proportional to the magni-
tude of the image gradient. HenceĖr n ≈ Eun when‖∇ I ‖
is large. Equation (25) thus provides an approximate
relationship between the 3-D motion and the image
derivatives at points where‖∇ I ‖ is large. We use this
approximation in this paper.

Since we have used spherical coordinates in this
paper we now show how the spherical perspective
normal flow can be computed from the plane per-
spective normal flow. Assuming that the focal length
is unity and that the image center is at(0, 0), for
every pointx = cosϕ tanθ , y = sinϕ tanθ we have
I (x, y, t) = I s(θ, ϕ, t) (I s is the spherical image) and
∂ I s/∂t = ∂ I /∂t ; also

∂ I s

∂θ
= ∂ I

∂x
· ∂x

∂θ
+ ∂ I

∂y
· ∂y

∂θ

∂ I s

∂ϕ
= ∂ I

∂x
· ∂x

∂ϕ
+ ∂ I

∂y
· ∂y

∂ϕ
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which gives us
∂ I s

∂θ

1

sinθ

∂ I s

∂ϕ

 =


cosϕ

cos2 θ

sinϕ

cos2 θ

− sinϕ

cosθ

cosϕ

cosθ

 ·

∂ I

∂x

∂ I

∂y

 .
(26)

[If the focal length is not unity or the image center is not
at(0, 0) the image coordinates must be transformed. If
(i, j ) are pixel coordinates in the planar image, the im-
age coordinates arex = (i − i c)/ f , y = ( j − jc)/ f ,
where f is the focal length in pixels and(i c, jc) are the
pixel coordinates of the optical center of the image.]
From Eq. (26) we see how the spatial derivatives in
the spherical image can be computed from those in the
planar image. The temporal derivatives are the same at
corresponding points of the planar and the spherical im-
ages. We can thus compute the spherical normal flow
from (25) by substituting the spherical image deriva-
tives for the planar image derivatives. [Alternatively,
we could compute the spherical normal flow from the
plane image normal flow by using the matrix inverse
of the Jacobian on the r.h.s. of (26).]

6.2. Finding and Tracking Contours

We extracted contours from the planar images using
the following procedure:

1. Image gradients were computed, and thresholding
was applied to remove the points with small gradient
magnitudes.

2. A few “seed” points with high values of the gradient
magnitude were selected.

3. A dynamic programming algorithm was applied to
connect the seed points and thus obtain closed con-
tours. The cost function used was inversely propor-
tional to the gradient magnitude, and was also pro-
portional to the cosine of the angle between the edge
direction and the image gradient direction, so that
the edge directions orthogonal to the local gradient
direction were assigned low costs.

The contours were converted to the spherical projection
using the equations at the beginning of Section 2.1.

The contours were tracked in successive frames
(plane images) using the following procedure:

1. Normal flow values were computed for the contour
points.

2. Based on normal flow values candidate “successor”
points were determined for each contour point; all
possible successors were marked.

3. A directed acyclic graph (DAG) was created by con-
necting the candidate contour points based on their
gradient directions.

4. The maximum magnitude path was found in this
DAG; the magnitude of each edge in the DAG was
the average of the gradient magnitudes at the two
ends of the edge.

6.3. Experiment 1: Indoor Sequence

This sequence was provided by NASA Ames Research
Center; it consists of 151 frames, each 512× 512
pixels. The motion is forward translation (EÄ ≈ E0)
and theFOE is at (232, 248), on the coke can at the
center of the images. Figure 13 displays several frames
from this sequence. Five contoursC1, C2, C3, C4, and
C5 (see Fig. 14) were extracted from the first frame and

Figure 13. Frames 0, 40, and 80 of the indoor sequence.

Figure 14. The normal flow for the five contours extracted from
the first frame of the indoor sequence.
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Figure 15. Areas enclosed by the five contours.

tracked using the procedures described in Section 6.2.
ContoursC4 and C5 were tracked in the first thirty
frames only since they are not fully visible in the later
frames. The areas of the five contours are plotted (as
functions of frame number) in Fig. 15. As can be seen,
these areas increase approximately linearly.

We computed the normal flow in spherical coor-
dinates using Eqs. (25) and (26); we then computed
the integral

∫
C undl of the normal flow around each

contour, and divided it by 2AS to obtain In which is
used as an estimate of the ROA. The results for the five
contours are shown in Figs. 16 and 17.

The time interval between frames was taken as unity
so that the ROA is measured as the fraction of the
object-camera distance traveled between each frame
and the next. The sequence was collected in a stop-and-
shoot mode, and the steps were apparently not equal,
so that the motion was not smooth. This is confirmed
by our experiments which show consistent variability
in the values ofIn, computed from each set of contours
(C1, C2, C3 andC4, C5).

No information about the 3-D positions of the objects
in the scene was provided. ContoursC1, C2 andC3

arise from the “pencil” and “ring” shapes on the back

Figure 16. The ROA results for contoursC1, C2, andC3 of the
indoor sequence.

Figure 17. The ROA results for contoursC4 andC5 of the indoor
sequence.

wall. It appears that the wall surface is slightly slanted
so that its upper part is slightly more distant from the
camera than its lower part. However, the objects giving
rise toC1, C2, andC3 are thick, and the contours are
occluding contours. In the case of contourC2 this
compensates for the slant of the wall, so thatC2 is
approximately fronto-parallel; this makesIn a good
estimate of the ROA. In the case ofC1, the right side of
the contour (the side with the inward pointing normal
flow) is more distant from the camera than the left side
so thatD6̂ (see Eq. (18)) is positive. Furthermore, the
ratio ASp

1
/ASp is very large (see Table 2) and thusD6̂ is

very large too. As a consequence, although one might
think that the ROA forC1 should be smaller than the
ROA for C2 (becauseC1 is angularly farther thanC2
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Table 2. Values ofAS, ASp
1
/ASp , ASp

2
/ASp , θs, and1θm com-

puted for the five contours from the spherical images at frame 20.

Contour AS ASp
1
/ASp ASp

2
/ASp θs(deg) 1θm(deg)

C1 0.0015 16.7 17.7 19.2◦ 1.54◦

C2 0.0062 1.3 2.3 13.1◦ 2.63◦

C3 0.0021 2.6 3.6 13.1◦ 1.58◦

C4 0.0036 3.3 4.3 26.1◦ 3.02◦

C5 0.0083 2.8 3.8 21.5◦ 3.03◦

from the FOE, and the pencil is farther from the camera
than the ring), in fact, it varies more and is larger almost
everywhere. In the case ofC3 the occluding contour
increases (rather than canceling, as it did forC2) the
slant of the wall. As a consequenceD6̂ is negative so
that it lowers the value of the ROA. Since the value of
ASp

1
/ASp is higher than forC2 the computed value of

In varies more in the case ofC3 than in the case ofC2,
as can be seen from Fig. 16. Furthermore, becauseD6̂

has opposite signs for the two contours,In varies in
opposite ways.

Figure 18. Frames 5, 10, 15, 20, 25, 30, 35, 40, 45, and 50 of the outdoor sequence. The second and fourth rows contain corresponding normal
flow images.

In the case ofC4 andC5 the estimated ROA for the
two contours is approximately the same, but somewhat
smaller forC4 because of its greater distance from the
camera and higher value ofθs. (For both of these con-
tours the occluding contour effect reinforces the slant
of the table top.) However, the greater variability of
the distance, and consequently the higher value ofαλ,
in the case ofC5 make the estimated ROA vary more
for C5 than forC4. Note that the pieces of these two
contours for which the normal flow is negative are more
distant from the camera than the pieces for which the
normal flow is positive. ThusD6̂ is positive and large,
and as a consequenceIn overestimates the ROA.

6.4. Experiment 2: Outdoor Sequence

This sequence was provided by IRISA and Thomson
LER Cesson-Sevign´e. It consists of 66 frames, each
288× 332 pixels. The camera is carried by a mov-
ing vehicle which follows a van. Figure 18 displays
several frames from this sequence. Two contours
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Figure 19. The ROA results for the outdoor sequence. The solid
line corresponds to the left window of the van and the dashed line cor-
responds to the right window. The ROA decreases steadily between
frames 7 and 37; it becomes negative at frame 20.

corresponding to the left and right back windows of the
van (see Fig. 18) were extracted from the fifth frame
and tracked in the next 45 frames by the procedures
described in Section 6.2. Figure 19 displays the esti-
mated ROAs (in units of fraction of distance per sec-
ond) for these contours, which are angularly close to
the FOE and approximately frontal. As can be seen
from Fig. 18 the van is getting closer to the camera at
first, but then it starts moving away. At frame 19 the
relative speed is zero; afterwards, the van pulls away
from the vehicle carrying the camera. We obtain very
similar results for the two windows except at frames 27
and 28 when a shadow passes over the right window
of the van. However, our program recovers from this
event and continues to track the contours.

7. Conclusions

We have used Green’s theorem and the mean value the-
orem to derive Eq. (8), which relates the average value
of ν (the rate of approach, ROA), and the integral of the
partial derivative (with respect toθ ) of the distance of
a 3-D surface patch6, to the integralIn of the normal
motion field along the boundaryC of the spherical im-
age of6 (Section 3). We have derived upper bounds
on R= ν/In (Section 4), and have quantitatively stud-
ied the behavior ofR and these bounds for a class of
examples (Section 5). We have also verified our
analysis qualitatively for two real image sequences
(Section 6). This paper illustrates how it is possible
to derive bounds on the estimates of quantities such as

the ROA under given assumptions about the geometry
of the scene. In this paper we have derived only upper
bounds, which are the critical bounds as regards obsta-
cle avoidance; but a similar analysis could have been
used to derive lower bounds. Our experiments using
real data show that contour integrals in an image are
a useful source of information about the ROA, which
can in turn be used for looming detection and obstacle
avoidance.

Now that there exist a substantial number of algo-
rithms that compute the ROA and the TTC, it would
be interesting to compare them on common data sets.
However, since most of the other papers on the sub-
ject present results only on a few images, while others
require substantial motion between frames, or make
other assumptions about the type of motion, it was not
feasible to present a comparative analysis in this paper.
The comparison of various methods of computing the
ROA is one of our future research goals.

Notes

1. It can be computed using the method described in (Aloimonos
and Duric, 1994).

2. This can be done sincēs(ϕ) ≥ 0.
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