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Abstract. The rate of approach (ROA) of a moving observer toward a scene point, as estimated at a given instant,
is proportional to the component of the observer’s instantaneous velocity in the direction of the point. In this
paper we analyze the applicability of Green’s theorem to ROA estimation. We derive a formula which relates three
quantities; the average value of the ROA for a surface patch in the scene; a surface integral that depends on the
surface slant of the patch; and the contour integral of the normal motion field around the image of the boundary of
the patch. We analyze how much larger the ROA on the surface patch can be than the value of the contour integral,
for given assumptions about the variability of the distance to points on the surface patch. We illustrate our analysis
quantitatively using synthetic data, and we also validate it qualitatively on real image sequences.
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in unit time; it can therefore be regarded as a rate of
approach (ROA).

It is well known that the absolute distances of scene  The motion of the observer relative to the scene
points and the magnitude of translational motion cannot induces image changes that can be described by an
both be recovered from an image sequence acquired byimage velocity field, or optical flow field. The projec-

a monocular moving observer; only relative distances tion of the optical flow field onto the field of image
and the direction of motion are available (Adiv, 1985; gradient directions is called the normal flow field. Sev-
Bruss and Horn, 1983; Longuet-Higgins and Prazdny, eral researchers have explored the relationship be-
1980; Nakayama, 1985). However, the time to contact tween the TTC and the divergence (a measure of

1. Introduction

or collision (TTC) can be found (Lee, 1980) without
explicit knowledge of either absolute distances or rel-
ative velocities. The TTC for a given scene point is
the (apparent) time until (potential) collision of the ob-
server with the point. It is defined as the ratigy,,
whered is the distance of the point from the observer
and v, is the relative velocity of approach of the ob-
server to the point. The inverse of the TT&/d, is
the fraction of the distanagthat the observer traverses

expansion) of the optical flow or normal flow field
(Ancona and Poggio, 1993; Burlina and Chellappa,
1996; Burlina and Chellappa, 1998; Cipolla and Blake,
1992; Francois and Bouthemy, 1990; Maybank, 1987;
Meyer and Bouthemy, 1992; Nelson and Aloimonos,
1989; Subbarao, 1990; Tistarelli and Sandini, 1993).
They found that the divergence can be decomposed
into two terms: one inversely proportional to the TTC
and the other a function of the slope of the viewed
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surface and the angle between the direction of mo- Sharma, 1992) that the divergence of the optical flow is
tion and the viewing direction. In (Koenderink and approximately proportional to the inverse of the TTC
Van Doorn, 1975; Longuet-Higgins and Prazdny, 1980; (=the ROA) when the partial derivatives of the dis-
Subbarao, 1990) it was shown how the divergence cantance are small or when the contour lies in the di-
be computed from the derivatives of the optical flow rection of motion. However, the meaning of “small”
field. In (Nelson and Aloimonos, 1989) the directional partial derivatives of the distance has not been quanti-
divergence was defined and used for obstacle avoid-fied, nor has it been shown how the computed values
ance. It was computed by taking derivatives of a dense change when the contour does not lie in the direction of
normal flow field obtained from a textured background motion.
and textured objects. In (Tistarelli and Sandini, 1993) In this paper we use Green’s theorem to derive an
the polar and logpolar mappings were used to estimate equation which relates the integral of the normal motion
the TTC from normal flow. In (Burlina and Chellappa, field along a closed image contour to the average value
1996) a method of recovering the TTC using spectral of the ROA on a surface patch whose image is bounded
operators derived from Mellin transform analysis was by the contour and to a surface integral that depends on
presented. Thiswas further generalized in (Burlinaand the surface slant of the patch. We analyze how much
Chellappa, 1998) to detecting the occurrence of, and larger the ROA on the surface patch can be than the
predicting the time to elapse before, certain kinematic value of the contour integral, for given assumptions
events such as collision or synchronization; accelerated about the variability of the distance to points on the
polynomial motion was assumed. surface patch. We confirm this analysis experimentally

There are potential problems with the stability and using synthetic data and we also validate our approach
accuracy of methods which require computation of the qualitatively on real image sequences.
derivatives of a flow field. Fortunately, Green'’s theo-
rem relates the integral of the optical flow field along Lo

: : . 2. Preliminaries

an image contour to the integral of the divergence of

the field on the surface bounded by the contour. The . S
: . S0 .~ The analysis presented in this paper makes use of an
use of integrals of the field should in principle result in . .
observer-centered coordinate system and a spherical
methods that are more accurate and more stable. Sev- . . . . i
imaging model. In this section we derive equations for
Ghe image velocity field and its divergence in spherical

use of suchintegrals. Itwas shown in (Maybank, 1987) coordinates

that the rate of change of area, divided by the area, for
a small image patch through which the direction of
motion passes, is proportional to the divergence of the 2.1. The Spherical Imaging Model
optical flow field. This result has been generalized to
the derivatives of the moments of the patch (Cipolla Consider a sphere with the nodal po®tof the cam-
and Blake, 1992), and has been used to compute theera at its center and with its radius equal to the cam-
TTC. In (Poggio et al., 1991) Green’s theorem was ap- era focal lengthf; without loss of generality we can
plied to a linear optical flow field. (The optical flow setf = 1 so that the sphere is a unit sphere. This
field is linear for constant depth if there is no rotational sphere will be called thisnage egospher@E ) (Albus,
motion.) The integral of the normal flow along a con- 1991). Consider a Cartesian coordinate system with
tour which remains in the center of the visual field and origin O and with positivez-axis pointing fromO to
in the direction of motion (i.e., the contour subtends a the north poleN of the IE. Let IT be the plane tan-
small angle relative to the direction of motion) has also gent to thelE at N. If the image of the scene is ob-
been used for computation of the TTC (Sharma, 1992). tained through plane perspective projection, the image
The accuracy of methods based on integrals of the surface idT; if the image is obtained through spherical
optical flow or normal flow field has not been ana- projection, the image surface is the (see Fig. 1). The
lyzed. In particular, there has been no attempt to for- perspective projection image of scene poirt y, z)
mulate conditions under which Green’s theorem can is (§,7n,1) = (X/z,¥/z, 1) and its spherical projec-
be used to compute the TTC or the ROA to within a tion image (see lkeuchi, 1984) (g/R, y/R, z/R) =
given accuracy. It has been shown (Cipolla and Blake, (¢§/R;, n/R;, 1/R,), where R = /x2 + y2 4+ 72 and
1992; Maybank, 1987; Nelson and Aloimonos, 1989; R, = R/z= /£2+n2+ 1.
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Figure L The perspective projection image of scene pdint=
(X,¥,2) is F = (&§,n,1) = (x/z,y/z, 1); the spherical projection
imageofEis P = (x/R, ¥/R,z/R) = (§/Rz, n/Rz, 1/R;), where
R = |fe] andR; = R/z

Let fe be a scene point, and I&® = ||fe| be its
distance fromO. Thenrs/R is a unit vector from O
to the surface of thiE. A scene point is defined either
by avectorfe = (x y 2" in Cartesian coordinates,
or by atriple (p, 8, ¢), in spherical coordinates, where
o = R, the latituded is the angle betweern, and the
z-axis, and the longitude is the angle between the
x-axis and the projection @t onto the planeOy. The
unit orthogonal vectors associated with the spherical
coordinate system ag, &,, ande,.

2.2. The Motion Field and the Optical Flow Field

If the scene is stationary and the observer is moving,
the instantaneous velocity, of scene poini, relative
to the observer (where the dot denotes derivative with
respect to time) is given by
Fo=—T —Q xTe (1)
vyherefz is the instantaneous rotational velocity and
T is the instantaneous translational velocity; the norm
T of T will be denoted by.
The instantaneous velocity of the image pairdn
the IE is obtained by taking derivatives of both sides
of I = Fe/R with respect to time, and usingR =
Fe * Fe/ R:
s 1 = - >
rzﬁ[—T+r(T~r)]—§2xr. 2
The first term on the r.h.s. is thenslational motion

field Ft and the second term is thetational motion
field .
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We can obtain a simple expression fqrin spheri-
cal coordinates by using a coordinate syst@myzin
whichthez-axis is parallel td', sothafl = (0 0 0T,
In spherical coordinates; then becomes

2 v
i = —sinoe,. 3)
0

If we choose a directioni, in the image (at the point
r) and call it the normal direction, then thermal
motion fieldati is r, = (7 - i;)ii,. N, can be chosen
in various ways; the usual choice is the direction of the
image intensity gradient.

2.3. The Divergence of the Motion Field

The motion field = i+, is a vector field on
the surface of thdE. The divergence of this field is
(Marsden and Tromba, 1976)

divry = E(200
0

divr, = 0. (5)

Greeris theorenstates (Marsden and Tromba, 1976)
that if S is a two-sided surface patch bounded by a
simple closed piecewise smooth cuvgand the vector
field V is everywhere tangent t8and has continuous
derivatives orS, then

fv.ﬁm:f/div\?ds
(] S

whereii is the unit normal taC, dl is an element of
C, anddSis an element ofS; C is traversed in the
positive direction (when an observer walks in this di-
rection alongC, and the observer’s head points along
the positive normal t&, Sis on the observer’s left.)

(6)

3. Estimating the Rate of Approach
Using Green’s Theorem

Let Sbe a region on thiéE which is the image of some
surface patclx in the scene, and I€ be the boundary
of S; thusC is the image of a space curvewhich is
the boundary ot (see Fig. 2). We assume thatis
defined by a continuous, single-valued functiqf, ¢)
which is almost everywhere differentiable with respect
toé.
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Figure 2 Surface patclE bounded by contoun projects onto
image patcts bounded by contou€ on thelE.

If we apply (6) tof ,,, using (5), we have

yg?w-ﬁrou:/ div r,, dS= 0.
C S

Hence when we apply (6) to = r¢ + r,, and use (4),

we obtain
sing 9
f By dl = //—cos@ds //” ”
s P S
(1)
wheren, is the unit normal taC atr. If we rewrite

—p~2(3p/80) in the second term on the r.h.s. of (7) as
3(p~1) /86 and divide both sides of (7) byA%, where
As is the area of5, we obtain

1 . 1
e Cr~nrdl_—//
9 1
2As// sme (,o )dS (8)

In what follows we denote the three terms of (8)lhy
Ng, andDg, respectively, so that (8) can be written as

Ccosh
v ds

In = Ng + Ds. 9)
The ROA for a scene poing whose spherical coordi-

nates arépr, 0r, @) is given byv(fe) = vy /o, Where

ur is the norm of the projection of the translational ve-

locity T onto the viewing directio. By our choice

T andf is 6;; hence v, = l|f|| cosf; = v cosh, (we
recall thatv is the norm ofT), so that

R v COSH;
V re == .
Pr

Thus the integrand oNg in (9) is the ROAv at an
arbitrary scene poinfis (“N” for “(rate of) nearing”)

is thus the average value of averaged oves, for all
scene points which project ont§ i.e., for all scene
points that lie on the surface patéh Ny can be ei-
ther positive (object approaching) or negative (object
receding). We will assume the former in our analysis,
but the analysis in the reverse case is symmetric.

I, in (9)is acontourintegral along the image contour
C. However, the integrand df, is the normal motion
field (or rather its projection on the contour normig),
which is not directly observable in the image. To esti-
mate the integrand we can use the normal flow figld
in place of the normal motion field,,, since as men-
tioned at the end of Section 2.2, we haye~ r, when
the normal direction is collinear with the image gradi-
ent direction and the magnitude of the image gradient
is large. We will therefore assume here that we can es-
timatel, relatively accurately if the image gradient is
high on the contou€ and is normal to the direction of
the contour.

Dy in (9) is a surface integral which depends on
the variability ofp on . If we can estimate bounds
on Dy, we can determine how much largefor Nx)
can be than the observable quantity note that large
values ofv correspond to short times to collision. In
Section 4 we will estimate bounds on the ratjd,, for
given constraints on the values@findp on X.

4. Accuracy of the Estimate

We assume that the direction of motigh=0 is
known thatX subtends a relatively small angle (e.g.,
A6 < 7/15); and tha is on a near-collision course
with the observer (e.g, < 7/6). We will also assume
below that there are bounds @/ pmin (the variabil-
ity of p relative to the smallest on X). Using these
assumptions, we will derive bounds (especially, upper
bounds) on/1,. This will be done in several steps.

In Section 4.1 we will derive an upper bound on
v(fe)/Ns for any smooth surface patch and any
scene poinf. whose latitude is close to the latitudes
of the points onZ. In Section 4.2 we will derive a

of coordinate system in Section 2.2, the angle between lower bound onl,/Ny, for a special surface patch



which has the same boundary cuwveasX. Note that

I, does not depend oR, but only onA (see the next

to last paragraph of Section 3). Hence (9) tells us that
Ny + Dy is the same for alE that have the sama&.
From (9) we havd,, > Ny — |Dx| for any suchz so
that (sinceNyg > 0)

o _,_ 1Dzl
Nx

Ny =

(10)

In Section 4.2 we construct, derive an expression
for Dy, and use it to derive a lower bound &y Ns..
Finally, in Section 4.3 we use boundsoffie) /Ny and
In/Ns to determine upper bounds offe) /I, whenre
is a point onx.

4.1. An Upper Bound on/ Ny

We first apply the mean value theorem (Marsden and
Tromba, 1976) to the integral expression (see (8)) for

Ns to obtain
cosd
szi//—dsz f/cos@ds
As)Js p s

wherep, is the distance to some point @h The re-
maining integralff5 cost dSis the areaAs» of the pro-
jection of S onto the equatorial plane of thiE. By
applying the mean value theorem to this integral we
obtainAsr = AsC0SOs whereds is the latitude of some
point onS. Hence we have

v
AS;OJ

v Asp

v COSHs
Po '

Po

N

(11)

As

In what follows we will use both of these expressions
for Nx.

Let us compute the difference betweady, which is
the average value ofon X, andv at an arbitrary point
f'e (Not necessarily lying o, but for whiché; is close
to 6s). Let the direction to poini. be (4;, ¢;) and the
distance bey. Then

v COSH;

v COSHs
Pr -

v(fe) — Ny =

(12)

o

The Taylor series expansion of agsn the neighbor-
hood ofés is given by

cost; = coshs — (6; — Bs) Sinfs — 0.5(6; — Bs)? oS,
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whereg; is an angle betweefy andd,. Using this ex-
pansion of coss, (11), and (12) and rearranging we
obtain

v (Fe) _ Po
Ns Pr

1 ,COS;
1— (6, —6s) tands — > 6 —0s)°—— |.

COSHg

For any® < 7/2 (the observer is moving towards
the surface) we have c6és cosfds > 0, so that the
third term inside the square brackets is always negative;
hence

f -
o) _ Lo 1 116 — bdtandy),

= Lr

(13)

This is our desired upper bound ofiNs. Note that

in deriving this bound we used only the mean value
theorem (which requires only that be continuous)
and the assumption théat is close tods and both are

< 7 /2 (atthe beginning of Section 4 we infactassumed
0 < m/6).Hence we canapply (13)to any surface patch
¥ and any poinf that satisfy these assumptions. In
particular, in Section 4.3 we will apply it to the surface
patchs that will be constructed in Section 4.2, and to
a pointre of X.

4.2. AlLower Bound o) Ng

In this section we construct the special surface patch
and derive a lower bound di /Ng. In Section 4.2.1
we construcB, in Section 4.2.2 we evaluaf;, and

in Section 4.2.3 we use (10) to derive the desired lower
bound.

4.2.1. The Surface PatcB . In this section we con-
struct a surface patch, having the given boundary
curveA, onwhichp~tislinearing. Specifically,s: will
be constructed out of arcs of the fopml= ad +b
wherea andb are constants.

In order to define the arcs from which will be
constructed, we first segment the contQuinto parts
C* andC~ for which the projections of the normal
motion field onto the contour normal (i.€%, - ii;) are
positive and negative, respectively. For simplicity we
assume that, as shown in Fig. 3(a), b&th andC~
are connected, and théatis a one-valued function of
@ on bothC* andC~; we denote these functions by
01 (p) andd () respectively. Hence is also a one-
valued function ofp on C* andC~; we denote these
functions byp™ (¢) andp~(¢). Figure 3(a) shows a
case in which the direction of motion (which we recall
is the directioré = 0, i.e., the north pol&l of the IE)
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sweep out a surface patehwhose boundary is and

3 which is continuous everywhere except possibliat
If N is outsideC (Fig. 4(b)) we construct by

joining pairs of points omA. Let IT, intersectA at

the points(p~(¢), 0~ (¢), ¢) and (o*(¢), 67 (¢), );
then the arc joining these points is of the form

(a) (b) 1 1 ( 1 1 ) 0 —0~ (¢)

Figure 3 (a) ContourC in a case where the direction of motion P r(p) P (9) p=(9) ) 0% (p) — 0~ (¢)

6 = 0 (the north poleN of the IE) is outsideC. The projection of (15)

the normal motion field onto the contour normals is positive along

C* and negative alonG . (b) A case where the direction of motion By our assumptions abodi and A, these arcs change
is insideC; hereC = C*. continuously asg changes; thus the arcs sweep out a
continuous surface patch whose boundary ig..

4.2.2. Evaluationof ;. We recall from (8) thaDy
(and in particularDy ) is given by the integral expres-

sion
// siné i( -1 ds
2As 0 "

where forDs, p~1 is given by (14) or (15).

In the case oiN inside C, wherep~! is given by
(14), we shall now show that there existain the
range of values 0p*(¢) such thatDy = 0. Indeed,
in this case we have from (14)

(b)

sing
Figure 4 Construction of. (a) N is insideS. (b) N is outsideS. i ZASf/ <,0+(<,0) on ) 9+—(@
is outsideC; in this casep varies over a rangep|, ¢2] < 1 )
onbothC* andC~. If N isinsideC, we haveC = C* 2As o \pt@ pn
andg € [0, 2r] on C* (see Fig. 3(b)). 0+ (0)
Let I1, be a half-plane bounded by tlzeaxis; on X m/ Sirf 6 do do
®) Jo

any such half-planegg has constant value (i.e., the half-
plane cuts thdE in the meridian of longitude). We Let

have just assumed that eaid}) intersectsSin at most 6+ 0)

one connected arc (so that it interse€tgand A) in S(p) = 1 / wsinzé dg:
at most two points, the endpoints of this arc). Nf 0+ (p)

is insideC the arcs all pass through a common point,

which we denote b\’ in Fig. 4(a). IfN is outsideC, then

the arcs do not intersect, as shown in Fig. 4(b). v 2 1 1)

Suppose first thal is insideC (Fig. 4(@)); thenwe Pz =54 | ( 5y — 5, JS@de
construct® by choosing a poinl’ = (pp, 0, 0) on the o = -
positivez-axis and joining it to the points ot by arcs - v / S(¢) de — i S(p)dy |.
of the form 2As\ Jo pt(p) Pn

1 1 1 1\ 0 Thus we can seb;, = 0 and solve fop,, obtaining
—=— — = —. (14) P
P Pn pt(@)  pn/) Ot ()

_ -1
By our assumptions abobit(and hence about), these _ 7 do - () d

. Pn = S(p) de .~ ad¢
arcs change continuously aschanges; thus the arcs 0 pT(p)



If we apply the mean value theorem to the second
integral on the r.h.s. of this expressforwe obtain
on = pT(pg) for somegy € [0,2r]. This shows
that thep, for which D¢ = O'is indeed in the range of
values ofo™ (¢).

In the case oN outsideC, p~tis given by (15), and
we similarly have

DoV 4’2( 1 1 )
¥ 2As )y, \pt (@) p(9)
1 0" (p)

X — sif 6 do do.
0 (@) —0-(9) Jo-o) v

(16)

Let
1 0% (p)

—_—— sir 6 do.
0% (9) — 0~ (¢)

S(p) =
0~ (p)

6% (p)
de < /
0~ (¢)

< sirf 6% (p)

If we use

0% ()

St 6~ (¢) sin 6 do

0= (p)
0% ()

do

0=(9)

we obtain
0 < sif 8 (p) < () < si o™ (p).

If we apply the mean value theorem to the integral on

the r.h.s. of (16) we obtain
v 1 1 1 (%
o= 2o ) 2
As\pT(p1) p(p1)/) 2 /4
for someg; € [¢1, $2]. To evaluate the integral in
this expression, consider the regiBn($;) on the IE
bounded by the curv€; (C,) whose equation i8 =
0~ (p) (8 = 67 (¢)) and by the meridians of longitude
¢1 andg,. Let S (S)) be the projection of5; (S)
onto the equatorial plane of thiE. Thus S} (S}) is
the region bounded by the rays in directians= ¢,
and¢, and by the curve whose radius in directipis
sind~ () (sind*(p)) (see Fig. 5).
Therefore, using the standard formula for area in
polar coordinates, the areaﬁﬂ’ is given by

S(p) do

1 [%2 .
Ag = 5/ Si 6~ (¢) de. (17)

1
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Figure 5 Let P = (1,6, ¢) be any point on thdE; then arcNP
projects onto the line segme®’ in the equatorial plane, where
|OP| = sing.

We thus have

P (1) — T (1) As

De =
= p~(ppT(p1)  As

(18)

for someAg; such thatAgr < Ag, < Agp.

4.2.3. The Lower Bound ond/Ny .  From (11) (ap-
plied toT; see the end of Section 4.1) we have

v Ag v COSHs

Ng = —

p As P

(19)

wherej is the distance to some point diy note that

by our construction itis also the distance to some point

on A. Inthe case oN insideC we haveDs = 0 and

thereforel, = Ng; in this case we know the value of

In/Ng (=1) and have no need for a lower bound.
Inthe case oN outsideC we have from (18) and (19)

D¢ R
28 _ 5.
N

P (p) —p'(p1) As

. . 20
p~(p)pt(p1)  Asp (20)

From (20) and the fact tha#igp < Agy < Ag we thus
obtain

|Ds|

L e (p0) —pT (@) A
Ng '

<p — ~
p~(pDpT(p1)  Asp

Substituting thisinto (10) gives the desired lower bound
onln/Ng:

In

N

(e — ot (@)l A
P (Dot (p) A

(21)

4.3. How Accurate ispylas an Estimate of for
Points onX?

In the case where the direction of motion is insf@le
we can now use the results of Sections 4.1 and 4.2 to
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compute an upper bound orire)/1,. Indeed, in this
case, as already pointed olt,= N.. Moreover, since
(13) holds forf, andX. (see the end of Section 4.1), we
can write

v(Te) _ v(Te)
= N

<La+16 —6tanss)  (22)
Pr

In

whered, andp, are the latitude and distanceGf 65
is the latitude of some point db; and p is the dis-
tance of some point oi. (Note that since the direc-
tion of motion® = 0 is insideC, our assumption
that A6 < /15 also implies tha? < 7/15. Thus
0s < w/15 and|6, — 65| < m/15; hencev(Fe)/1 <
[1+ (w/19tan(x/15]p/pr < 1.0450/pr.)

We now assume that the relative distangeof any
two points onX is much smaller than the minimal
distancepmin of X, say|Ap| < apomin Wherea <« 1.
This assumption also holds fat, since the range of
distances to points o& is the same as the range of
distances to points oA (see Section 4.2), and is
a subset ofx. We assume that it also holds for the
point ife—e.g., this is true iffe lies on . We then
havep = pmin + Ap < pr + |Ap| < pr + apmin <
or +apr = (1+a)pr; in other words, ifp can vary
only by «, the amount by which (Fe) can exceed, is
also on the order of. (For example, ilx = 0.1, we
havev(fe)/In < (1.045(1.1) < 1.15; in other words,
if p varies by at most 10% olx and we usel, to
estimatey, the actual (maximum) value of exceeds
the estimate by less than 15%.)

The situation is more complicated in the case where
the direction of motion is outsid€. Here (13) still
gives us an upper bound orire) /Ny, and (21) gives
us a lower bound o, /Ny, but we cannot simply di-
vide the first bound by the second to obtain an upper

Ag/As > 1/a. As we see from Fig. 3(a), this can
only happen when regio&is small and lies relatively
far from the direction of motion. [Ifx = 0.1, we are
safe aslong abgy/As < 10. Actually, we could even
use anx smaller than (., since the variability op on

3 (which is the same as the variability a¥) should
be less than its variability oR (because: may have
internal “bulges” that do not affect its boundary curve
A). Ifwe usex = 0.05 instead ofr = 0.1, we are safe
as long asAgp /Asr < 20—a very large ratio.]

The actual bounds ahand A#, and the actual size
of Ag/Asp, are observable from the image, and so is
cosfs = Asp/As. Thus in general, we can judge how
good |, is as an estimate of, for given assumptions
about the variability op on < and onA, by examining
the image. If we denote the variabilities@bn X and
A by a, anday, respectively, then when the direction
of motion is insideC, (22) gives us

I(§S)
— < (14 ay) - (14 AbBytands)

In

(23)

(where A6y, is the maximum of latitude difference

|6 — 65| on S); and when it is outsid€, (21) and

(22) give us
V(Te)

In

1+ a,
1_(1)\<.ASZP/ASP

- (14 Abmtanés). (24)

These formulas provide upper bounds on the ratio
v(fe)/1n as functions of theA's andé’s for the given
image contour, and of the’s (the assumed distance
variabilities) for the space curve and surface patch. In
the next section we will give numerical examples that
illustrate the behavior of these bounds.

bound orw/1,,, because the second bound may be neg- 5-  Numerical Examples and Discussion

ative. On the other hand, we can show that this bound

is positive unless the ratio of aredsy/Ase is quite
large. Indeed, our assumption th@p < apmin iM-
plies that the expression involvings on the r.h.s. of
(21) is less thaw. [Proof: Without loss of generality,
letp~(¢1) = a, pt(p1) = a+8, wheres > 0; then the
expression becomess/a(a + §). Evidently, for any
3, 8/a(a + J) takes on its largest possible value when
a = pmin. Moreover, for anya, §/a(a + §) takes on its
largest possible value whérns as large as possible; by
our assumptions abouyt we haves < Ap < apmin
Finally, 6 < pmin + Ap < pmin(1 + ). Hence the
expression< pmin(1+ a)atpmin/ Omin(Omin + &Pmin) =
a.] Thus the r.h.s. of (21) will be positive unless

In this section we examine the behaviorafe) /I
and of the bounds in (23—-24) using a set of numerical
examples. In all of these examplEss a planar patch,
say in the planély, andA is a circle (see Fig. 6). Let
the rayOZto the center oi\ meet thdE at (0;, ¢,); in

our examples we use (< 6, < 30° and (arbitrarily)

¢, = 0. A is then determined by its radius and by the
orientation ofl1s. We consider two sets of cases:

1. The normah, to ITy at Z is in the plandl, of the
great circlep = 0, and makes anghg, with the ray
OZ in our examples we usg, = 0°, £30°, +45°,
and+60°.
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Figure 7. TheratioR = v/, for nonnegative values af; in the
planellp. The groups of curves labeled 1, 3, 6, from bottom to top,
are fory, = 0°, 30, 45°, and 60.

Figure 6. A is a circle centered at the poidt and embedded in
the planelly. The normalii, of ITx lies either in the plandly
(ODAGZBy) or in the plandl; (OA1ZB;) orthogonal tdllg.

2. The normali, is in the planell; containingOZ
and perpendicular tblp, and makes angle 3045,
or 60 with OZ (here, by symmetry, the sign of the
angle does not matter).

Whenvy, = 0, C is a circle; in our examples, we use "o 3 0 15 20 P

circles that subtend angle$,26°, and 12 at O, giv-

ing us a total of 30 cases (three for each of the ten Figure 8 The ratioR = v/ I for nonpositive values of; in the

choices ofy;). For the nonzero values af;, C be- 2';’}902;2 lh;?r_oé‘oﬂf Ez‘gfyr‘;isd'fgg'fd 1,3, 6, from top to bottom,

comes increasingly elongated. Note that in all cases,

the direction of motion is insid€ whend, = 0, but is

outsideC whené, is sufficiently large. .
For each case, and for any valuggfwe can gene-

rate the normal motion field (for any speegwe use

v = 1 here) and computk,; and we can also com-

pute the maximum value,, of v(fe) (corresponding

to the minimum TTC). InFigs. 7-9 we plot the ratio

R = vn/lIn, as a function ob,, for each of our 30

cases. Figures 7 and 8 show the cases in which the

normali, of ¥ is in Iy (with v, positive and nega-

tive, respectively), and Fig. 9 shows the cases in which

it is in ITy; for ease of comparison, the common cases

¥, = 0 are plotted in all three figures. The numbers 1, -

3, 6 represent the subtended half-angles1, and 6. ) 8,
We see from FIgS. 7-9 that prZ = 0, Rin- Figure 9 The ratioR = vy /Iy, for ¥;'s in the planell;. The four

creases very slowly witl#;, and remains in the in-  cyrves labeled 6, from bottom to top, are for = 0°, 30°, 45", and
terval [1, 1.06]; in other words, wheny, = 0, I, 60°, and similarly for the curves labeled 3 and 1.
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is a very good estimate of,,. This is because\ is Table 1 o, for different combinations
not on a slanted surface, which implies thag (in of 2| and circle size.
Egs. (8) and (9)) is approximately 0. Figure 9 shows Contour size
thatR also remains quite small (in the interval fiL1])

i s e ape : [¥] 1 3 6
when A is slanted “sideways”; this is becauBs; is
still small, since the distance tB& does not change 0° 0.0002  0.0014  0.0055
rapidly with 6. In these case®R increases signifi- 300 00176 0.0537  0.1100
cantly with 6,, becausey,, does increase as the slant 45 0.0250 0.0769  0.1596
increases, but, does not change greatly; the slant 60° 00307 00950 01996

causes the magnitude of the normal motion field to
increase wherda\ is closer toO and decrease where it
is further away, but the increases and decreases occur
about equally for the positive and negative parts of the tWeen|OQ| secymin and |OQ| S€C¥max, Where ymin
field (see Fig. 3(a)). Thus in all of these cadgss quite is the minimum ofy for all points on A; hence
a good estimate ofin; it is always an underestimate, % = @ = S€C¥max/S€C¥min — 1. Note that the dis-
but v can be at most 10% bigger thanin our setof ~ tance|OQ| to Iy does not affect thers; they depend
cases. only on the orientation ofly. Table 1shows the value

In Fig. 7, the increase oR with 6, becomes much ~ Of @ for [¢z| = 0°, 30", 45, and 60 and for the
larger for larger values af,. This is because for these ~three circle sizes. Note that the values for@e much
¥,’s the part ofA for which the normal motion field ~ Smaller than the other values, since for a nonslanted

is negative is closer t®, so that the negative part contour, the distance is nearly constant.

of the field has increased magnitude; this causes We compute the values af6m, Agp/Ase, anda,

to decrease, an® to increase, more rapidly with, (see _Table 1) dlr_ectly; we then compute the bom_mds on
for larger values of,. Here again/, is always an the right hanc_j sides of (23) and (24) as functions o_f
underestimate ofi,,; andvy, can be bigger thaty, by 6, for the various cases. In each case, the bound in

as much as 75%. In Fig. 8, on the other hand, the slant (23) is used for smak,’s (such that the direction of
causes the positive part of the field to have increased Motion lies insideC), and the bound in (24) for large
magnitude, so thatt, increases rapidly, especially for  2'S- In what follows, we denote the bound in (23)
larger values off; this causeR to decrease, and to  (=the numerator of the bound in (24)) 8, and the
actually become less than 1, @sincreases. In other bound_ in (24) byBD .

words, for these casds becomes an overestimate of In Fig. 10 we compar8 (=BD™*) to Rfor y, = 0°.

vm: but vy, can be at most 25% smaller than As might be expected, the bound is quite tight for the

We now examine the bounds &given by Egs. (23) smallestcircle, and increasingly Iqose forthe !arger cir-
and (24). These bounds depend on the quantitie tan cles (though even for the largest circBepverestimates
ABpm, andA%p/Asp, as well asx, ando; . Hereds is the
latitude of a point or5, and has value co$(Asp/As) 1
(see Eg. (11)); in our examples it is nearly equat o BRI
The quantityA6y, is the maximum of the difference
in latitude betweems (~6,) and any point orS (see
Eq. (13)).

As regardsy, (o), the variation in the distance to
the points onz (A), let the perpendicular from® to
[Ty meetlly at Q, and lety, be the angle between
the raysOP andOQ, whereP is an arbitrary point of
¥, note thaty, < /2. Then the distance, to P is
|OP| = |OQ] secyp. If Q is insideA, the distance to
a point onX varies betweefOQ| and|OQ| seC¥max;
whereymax is the maximum of for all points onA; 6.

henCEbzf, = SeC‘_ﬁmax_ 1 (note thab‘_/\ may be smaller Figure 10 Comparison oB (=BD™1) to R for ¥, = 0°. (Ris the
than this). If Q is outsideA, the distance varies be-  lower curve of each pair.)
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Figure 11 B andBD~! compared toR for v, = +30° in Io.
The curves correspond, bottom to top,Rdor v, = —30°; R for
¥, = 30°; andB andBD 1.
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Figure 12 B andBD~! compared toR (the lower set of curves)
for Y, = 30° in I3.

R by at most ¥3). The overestimate is due to the fact
thatB has(1 + «,) as a factor, and,, is a worst-case
estimate of the variability op on Z; |, actually esti-
matesy at some mean value point Bfwhose distance
from O is (usually) much less than the distance to the
points onA (=the maximum of the distances to the
points onx).

Figure 11 compareB andBD~* to Rfor v, = £30°
in TTy. Figure 12 compares them fgr, = 30° in I1;.
In Fig. 11 we see that for the positive’s the B curves
roughly approximate th& curves, this is because for
thesey,’s, |, is an underestimate aof,, so thatR is
greaterthan 1. For the negatiye's, on the other hand,
as remarked in connection with Fig. B,is less than
1, and similarly in Fig. 11, as remarked in connection
with Fig. 9, Ris approximately 1; thus in these two sets
of cases, the bounds are very loose. Again, this is not

surprising, because the bounds are based on worst-case
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assumptions about the variability pfon X (and A).

The discontinuities in the graphs (cf. Figs. 11 and 12)
are due to the fact that the FOE moves from inside to
outside the contour, so that different bounds must be
used.

6. Experiments

This section shows how our methods can be applied to
planar images of real motion sequences.

6.1. Planar and Spherical Normal Flow
Let I (x, y,t) be the plane image intensity function.
The time derivative of can be written as

dl vl
dt
whereV 1 is the image gradient and the subscripts de-
note partial derivatives.
If we assumell /dt = 0, i.e., that the image intensity
does not vary with time, then we ha¥d - i + Iy =
0. The vector fieldi in this expression is called the
optical flow The component ai in the image gradient
directionii, =V 1 /||V1] is

T+ 1

—1VI
Vi

-

Un = (U-Ap)Ay =

(25)

and is called th@ormal flow

It was shown in (Verri and Poggio, 1987) that the
magnitude of the difference betwegnand the normal
motion fieldfy, is inversely proportional to the magni-
tude of the image gradient. Hentg ~ G, when|| V1 ||
is large. Equation (25) thus provides an approximate
relationship between the 3-D motion and the image
derivatives at points whelgvV 1 || is large. We use this
approximation in this paper.

Since we have used spherical coordinates in this
paper we now show how the spherical perspective
normal flow can be computed from the plane per-
spective normal flow. Assuming that the focal length
is unity and that the image center is @ 0), for
every pointx = cosg tané, y = sing tané we have
I (x,y,t) =150, ¢, t) (I%is the spherical image) and
a15/0t = 9l /dt; also

als al ax al ay
90 ox 90 T ay 90
als 3l ax a3l ay
g ox d¢ 9y dg
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which gives us 2. Based on normal flow values candidate “successor”
points were determined for each contour point; all
ﬂs cosp  sing al possible successors were marked.
00 co2h cogh ax 3. Adirected acyclic graph (DAG) was created by con-
1 a1s | = sing cosp 1 ar |- necting the candidate contour points based on their

gradient directions.
(26) 4. The maximum magnitude path was found in this
DAG,; the magnitude of each edge in the DAG was
the average of the gradient magnitudes at the two
ends of the edge.

sind dg " cosd cosf ay

[If the focal length is not unity or the image center is not
at(0, 0) the image coordinates must be transformed. If
@i, j) are pixel coordinates in the planar image, the im-
age coordinates ave= (i —ic)/f,y = (j — jo)/f,
wheref is the focal length in pixels and, jc) are the

pixel coordinates of the optical center of the image.] . .
From Eqg. (26) we see how the spatial derivatives in This sequence was provided by NASA Ames Research
Center; it consists of 151 frames, each 51212

the spherical image can be computed from those in the

planar image. The temporal derivatives are the same atPX€lS.  The motion is forward translatio2(~ 0)
corresponding points of the planar and the spherical im- and theFOE is at (232 248), on the coke can at the

ages. We can thus compute the spherical normal flow centerqfthe images. Eigure 13 displays several frames
from (25) by substituting the spherical image deriva- 70 this sequence. Five contouts, Cz, Cs, C4, and
tives for the planar image derivatives. [Alternatively, Cs (see Fig. 14) were extracted from the first frame and
we could compute the spherical normal flow from the
plane image normal flow by using the matrix inverse
of the Jacobian on the r.h.s. of (26).]

6.3. Experiment 1: Indoor Sequence

6.2. Finding and Tracking Contours

We extracted contours from the planar images using
the following procedure: Figure 13 Frames 0, 40, and 80 of the indoor sequence.

1. Image gradients were computed, and thresholding
was applied to remove the points with small gradient
magnitudes.

2. Afew “seed” points with high values of the gradient

magnitude were selected.

3. A dynamic programming algorithm was applied to
connect the seed points and thus obtain closed con-
tours. The cost function used was inversely propor-
tional to the gradient magnitude, and was also pro-
portional to the cosine of the angle between the edge
direction and the image gradient direction, so that
the edge directions orthogonal to the local gradient
direction were assigned low costs.

The contours were converted to the spherical projection
using the equations at the beginning of Section 2.1. %7
The contours were tracked in successive frames

(plane images) using the following procedure:

1. Normal flow values were computed for the contour Figure 14 The normal flow for the five contours extracted from
points. the first frame of the indoor sequence.
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Figure 16 The ROA results for contour€;, C, andCj3 of the
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Figure 15 Areas enclosed by the five contours.

tracked using the procedures described in Section 6.2.
ContoursC4 and Cs were tracked in the first thirty
frames only since they are not fully visible in the later
frames. The areas of the five contours are plotted (as
functions of frame number) in Fig. 15. As canbe seen, -1 L - - - = -
these areas increase approximately linearly. frame number

_We Com_pUted the normal flow in spherical coor- Figure 17 The ROA results for contoutS, andCs of the indoor
dinates using Egs. (25) and (26); we then computed sequence.
the integral /. u,dl of the normal flow around each
contour, and divided it by s to obtain |, which is wall. It appears that the wall surface is slightly slanted
used as an estimate of the ROA. The results for the five so that its upper part is slightly more distant from the
contours are shown in Figs. 16 and 17. camerathan its lower part. However, the objects giving

The time interval between frames was taken as unity rise toC;, C,, andCjs are thick, and the contours are
so that the ROA is measured as the fraction of the occluding contours. In the case of contdDs this
object-camera distance traveled between each framecompensates for the slant of the wall, so t@atis
and the next. The sequence was collected in a stop-and-approximately fronto-parallel; this makds a good
shoot mode, and the steps were apparently not equal,estimate of the ROA. In the case®f{, the right side of
so that the motion was not smooth. This is confirmed the contour (the side with the inward pointing normal
by our experiments which show consistent variability flow) is more distant from the camera than the left side
in the values of,, computed from each set of contours  so thatD, (see Eq. (18)) is positive. Furthermore, the
(C4, Cy, C3 andCy, Cs). ratio Asp/ Asp is very large (see Table 2) and thiDg is

No information about the 3-D positions of the objects very large too. As a consequence, although one might
in the scene was provided. Conto@s, C, andCs think that the ROA forC, should be smaller than the
arise from the “pencil” and “ring” shapes on the back ROA for C, (becauseC; is angularly farther thak,
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Table 2 Values ofAs, Acp/Asp, Acp/Asp, 05, andAfm com-
) S SIS TS,
puted for the five contours from the spherical images at frame 20.

Contour As Asf /Asp Asf/ Asp  6s(deg) Abm(deg)
Cy 0.0015 16.7 17.7 19° 1.54
C 0.0062 1.3 2.3 13° 263
Cs 0.0021 2.6 3.6 13° 158
Cs 0.0036 33 4.3 28° 3.0
Cs 0.0083 2.8 3.8 25° 3.03

from the FOE, and the pencil is farther from the camera
thanthering), infact, it varies more and is larger almost
everywhere. In the case @f; the occluding contour
increases (rather than canceling, as it did@gj the
slant of the wall. As a consequenBs, is negative so
that it lowers the value of the ROA. Since the value of
As/As» is higher than folC; the computed value of

I,, varies more in the case €% than in the case o,

as can be seen from Fig. 16. Furthermore, bec@yse
has opposite signs for the two contoutg,varies in
opposite ways.

In the case o€, andCs the estimated ROA for the
two contours is approximately the same, but somewhat
smaller forC4 because of its greater distance from the
camera and higher value @f. (For both of these con-
tours the occluding contour effect reinforces the slant
of the table top.) However, the greater variability of
the distance, and consequently the higher valug pf
in the case oCs make the estimated ROA vary more
for Cs than forC,4. Note that the pieces of these two
contours for which the normal flow is negative are more
distant from the camera than the pieces for which the
normal flow is positive. Thu® is positive and large,
and as a consequenbgoverestimates the ROA.

6.4. Experiment 2: Outdoor Sequence

This sequence was provided by IRISA and Thomson
LER Cesson-Sevign’ It consists of 66 frames, each
288 x 332 pixels. The camera is carried by a mov-
ing vehicle which follows a van. Figure 18 displays
several frames from this sequence. Two contours

00

Figure 18 Frames5, 10, 15, 20, 25, 30, 35, 40, 45, and 50 of the outdoor sequence. The second and fourth rows contain corresponding normal

flow images.
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the ROA under given assumptions about the geometry
of the scene. In this paper we have derived only upper
bounds, which are the critical bounds as regards obsta-
cle avoidance; but a similar analysis could have been
used to derive lower bounds. Our experiments using
real data show that contour integrals in an image are
a useful source of information about the ROA, which
can in turn be used for looming detection and obstacle
avoidance.

Now that there exist a substantial number of algo-
rithms that compute the ROA and the TTC, it would
be interesting to compare them on common data sets.
, ‘ However, since most of the other papers on the sub-

. U« R ject present results only on a few images, while others
require substantial motion between frames, or make
line corresponds Fo the !eft window of the van and the dash_ed line cor- ?etg::b?:fg g]rgtécél:]? szgumt;zsa;Y\?:;;;yﬁls :’]n’ ;Lgabsaggtl’
responds to the right window. The ROA decreases steadily between . . -
frames 7 and 37; it becomes negative at frame 20. The comparison of various methods of computing the
ROA is one of our future research goals.

Figure 19 The ROA results for the outdoor sequence. The solid

corresponding to the left and right back windows of the
van (see Fig. 18) were extracted from the fifth frame Notes
and tracked in the next 45 frames by the procedures
described in Section 6.2. Figure 19 displays the esti- 1. It can be computed using the method described in (Aloimonos
mated ROAs (in units of fraction of distance per sec- _ and Duric, 1994).

. 2. This can be done sinsgp) > 0.
ond) for these contours, which are angularly close to
the FOE and approximately frontal. As can be seen
from Fig. 18 the van is getting closer to the camera at
first, but then it starts moving away. At frame 19 the
relative spee_d IS Zero.; afterwards, the van pull_s away Adiv, G. 1985. Determining three-dimensional motion and struc-
from the vehicle carrying the camera. We obtain very ture from optical flow generated by several moving objects.
similar results for the two windows except at frames 27  |EEE Transactions on Pattern Analysis and Machine Intelligence
and 28 when a shadow passes over the right window 7:384-401.
of the van. However, our program recovers from this Albus, J.S. 1991. Outline for a theory of intelligen¢EEE Tran-

: sactions On Systems, Man, and Cybernefds473-509.
event and continues to track the contours. Aloimonos, Y. and Duric, Z. 1994. Estimating the heading direc-

tion using normal flomnternational Journal of Computer Vision

7. Conclusions 13:33-56.
Ancona, N. and Poggio, T. 1993. Optical flow from 1D correlation:

, Application to a simple time-to-crash detector. Pnoc. ARPA
We have used Green'’s theorem and the mean value the- Image Understanding Workshap. 673-682.

orem to derive Eq. (8), which relates the average value atkinson, K.E. 1989An Introduction to Numerical Analysidohn
of v (the rate of approach, ROA), and the integral of the  Wiley and Sons: New York.

partial derivative (with respect ) of the distance of ~ Bruss, A. and Horn, B.K.P. 1983. Passive navigatidomputer Vi-
a 3-D surface patcl, to the integral, of the normal sion, Graphics, and Image Processir#]:3-20. _

. . . . Burlina, P. and Chellappa, R. 1996. Analyzing looming motion com-
motion field alqng the boundagy of t_he spherical im- ponents from their spatiotemporal spectral signai#€E Trans-
age ofx (Section 3). We have derived upper bounds  actions on Pattern Analysis and Machine Intelligent8:1029—
onR = v/l (Section 4), and have quantitatively stud-  1034.
ied the behavior oR and these bounds for a class of Burlina, P. and Chellappa, R. 1998. Temporal analysis of motion in
examples (Section 5)_ We have also verified our video sequences through predictive operataternational Jour-

analysis qualitatively for two real image sequences nal of Computer Vision28:175-192.
Yy q Yy 9 a Cipolla, R. and Blake, A. 1992. Surface orientation and time to con-

(SeCtipn 6). This paper i"U_StrateS how it 'S possible  tact from image divergence and deformationPoc. European
to derive bounds on the estimates of quantities such as Conference on Computer Visigop. 187—202.
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