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a b s t r a c t
Standard Monte-Carlo simulation may be computationally intractable when the events of interest are
extremely rare. This paper applies the rare-event simulation technique of splitting to the problem of estimating large-scale blackout probabilities. First, a stochastic model of cascading line failures is developed.
Then, a simple network is presented and an analytical solution is derived for the simple network. Exploration of the analytical solution provides some guidance for setting splitting parameters in more complicated networks. In particular, geometrically increasing levels typically give an improvement over equallyspaced levels, due to the cascading nature of blackouts. The splitting methodology is applied to several
different network topologies of varying complexity – a mesh network, a grid network, and the IEEE
118-bus network. Numerical results indicate that splitting has the potential to be effective on problems
for which standard simulation may be infeasible.
Ó 2012 Elsevier Ltd. All rights reserved.

1. Introduction
Monte-Carlo simulation is an important tool in investigating the
reliability of power grids, since it can account for stochastic aspects
of the system (e.g., [10]). However, standard Monte-Carlo simulation may be computationally intractable when the events of interest are extremely rare. This paper adapts a rare-event simulation
methodology, called splitting, to achieve signiﬁcant gains in computational efﬁciency to estimate large-scale blackout probabilities.
To illustrate the problem with standard Monte-Carlo simulation, consider an event that occurs with probability c = 109. On
average, it takes 109 simulation runs to observe a single occurrence
of the rare event. It takes many more runs to estimate the rareevent probability with a tight conﬁdence interval. For example,
to estimate the rare-event probability with a relative error1 of 1%,
1013 replications are required. Supposing that 100,000 simulation
replications can be conducted per second, the complete experiment
would take about 3 years.
There are two main approaches that have been used to improve
the efﬁciency of rare-event simulations: Importance sampling and
splitting (e.g., [21]). The idea of importance sampling (e.g., [13,15])
is to change the sampling distribution so that rare events are more
probable. For example, Bae and Thorp [2] use importance sampling
to study hidden failures in a power grid. Another approach is splitting (see [16,17] for an overview). The basic idea of splitting is to
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The relative error is the standard deviation of the estimator divided by its mean.
The standard estimator is the number of observed rare eventspdivided
by the number
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
n of simulation runs. The relative error for this estimator is cð1  cÞ=n=c  1= nc,
assuming at most one rare event can occur per simulation run.
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create separate copies of the simulation whenever the simulation
gets close to the rare event of interest. Effectively, this multiplies
‘‘promising’’ runs that are more likely to reach the rare event.
One potential advantage of splitting is that (roughly speaking) it
does not require a change to the model itself, while importance
sampling requires going ‘‘inside’’ the model to change the sampling
distributions. Thus, in the context of splitting, the cascading-blackout model can be developed separately and independently of the
rare-event methodology.
Splitting has been used in a number of different application
areas, such as queueing [12] and aviation safety [3], but it has
not been applied to cascading blackouts. The objective of this paper
is to (a) demonstrate that splitting can be effectively used on simple cascading-failure models and (b) gain insight on how splitting
might be applied to more complex cascading-failure models.
The ﬁrst part of this paper develops a stochastic model for cascading transmission-line failures. The model is similar to, and inspired by, a number of models in the literature – for example,
Bae and Thorp [2], Carreras et al. [4], Chen et al. [7], Newman
et al. [20], Wang et al. [26]. While the model is relatively simple,
the spirit is to capture global blackout dynamics through representative behavior of key elements. Like other models in the literature,
the model treats the intermediate failures of transmission lines as
instantaneous events. (This is in contrast to time-based models,
e.g., [1], in which line failures occur over time as a result of gradual
changes in line temperature.) Following the failure of one line, or a
set of lines, the power ﬂows are recalculated, and the subsequent
failures of the remaining lines are determined via a probabilistic
model. The process repeats until there are no new failures, at
which point the blackout ends. Although these models ignore
many complexities, such as transient behavior (e.g., [19]) and the
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distribution network (e.g., [14]), the models are useful in understanding system-level effects. For example, a variety of these models (e.g., [7]) have explained the historically-observed power-law
distribution of blackout size [25, chapter 7] and [5].
The next part of this paper applies the splitting methodology to
several different network topologies of varying complexity. First,
the methodology is applied to a very simple 2-node network connected by a set of identical links. For this simple network, the cascading blackout model can be solved analytically, which makes it
possible to analytically derive the optimal parameters for the splitting methodology. While the network is extremely simple, results
from the simple model give insight into application of splitting for
more complex models.
The splitting methodology is then applied to more complex network structures – a mesh network, a grid network, and the IEEE
118-bus network. Numerical results indicate that splitting has
the potential to be effective on problems for which standard simulation may be infeasible. The results also suggest how splitting
might be applied to more complex models. Because of the cascading nature of blackouts in which line failures tend to accelerate, it
is advantageous to choose levels within the splitting framework
that increase in separation. In the numerical experiments conducted in this paper, geometrically increasing levels give an
improvement over equally-spaced levels. The choice of the level
function may be less critical than the locations of the levels. In
most cases, a modiﬁed-allocation splitting scheme [22] gives an
improvement over a standard equal-allocation splitting scheme.
2. Cascading failure model
This section describes a stochastic model for line failures in a
power grid. The model is similar to, and inspired by, models found
in Chen et al. [7] and Bae and Thorp [2]. One unique contribution of
this model is the stochastic rule for a line failure, which depends
not just on the present load, but also the largest previously observed load on the line (see discussion in Section 2.5).
Fig. 1 shows the basic logic of the cascading line-failure model.
The simulation begins by randomly selecting a line to trip. Then, it
cycles through a loop in which line failures in the previous iteration may lead to line failures in the next iteration. This cascading
effect continues until there are no new line failures. The stochastic
step in this loop is the probabilistic check for new line failures. The
model is implemented in C++ and uses the random number generator from L’Ecuyer et al. [18]. The following sub-sections describe
each part of the model in more detail.
2.1. Network connectivity
When a line fails, it is possible for the network to split into disconnected islands. This step determines the current number of islands and their associated network structures. Initially, there is

only one island, the original network itself. Since disconnected islands are mathematically independent, subsequent steps in the
loop must be repeated once for each island.
Island identiﬁcation is accomplished via the following algorithm, which loops through the set of working lines. It takes the
ﬁrst working line and combines the two associated buses into a
single island. Then it takes the next working line and combines
the two associated buses into a single island. The algorithm continues through all working lines. Theodoro et al. [24] gives an alternate method of island identiﬁcation, based on algebraic-graph
methods.
2.2. Match generated power and load
This step matches total generated power and total load within
each island of the network. In standard power-ﬂow models, matching generation to load is accomplished via a ‘‘slack’’ bus. All other
generators are assumed to have a ﬁxed power output. In the context of cascading blackouts, the network frequently breaks up into
separate islands, in which case a new slack bus must be designated
for each island. Since it may not be obvious how to make this
choice, it is simply assumed that each generator can freely and instantly adjust its generated power between zero and some nodedependent maximum.
There are two cases to consider when matching generation and
load on an island. In the ﬁrst case, when capacity exceeds load, the
model sets the production at each generator. It does this by balancing production among the generators as uniformly as possible subject to capacity constraints. The following simple example
illustrates the algorithm. Suppose the total load on an island is
18 MW and there are three generators with capacities of 4, 8,
and 9 MW. To start, 4 MW of production are assigned to each generator, since 4 MW is the smallest capacity. This gives a total production of 12 MW. An additional 6 MW must be generated. This is
divided evenly between the other two generators, so that generator 1 produces 4 MW; generators 2 and 3 produce 7 MW each.
When load exceeds capacity, the same idea is applied in reverse for load shedding. The following example illustrates. Suppose an island has four buses with loads of 2, 6, 10, and
12 MW (a total of 30 MW). Suppose the generation capacity of
the island is 10 MW. Thus, 20 MW must be shed. It is not possible
to shed load evenly among the buses (20/4 = 5 MW per bus), since
the ﬁrst bus has only 2 MW of load. Instead, 2 MW are initially
shed from each bus, for a total of 8 MW. An additional 12 MW
must be shed. This is divided evenly among the other three buses.
The ﬁnal results are: bus 1 sheds 2 MW; buses 2–4 shed 6 MW
each. Some models in the literature (e.g., [4]) use a linear program to shed load.
2.3. Power-ﬂow equations
The nonlinear power-ﬂow equations are:

Pi ¼
Qi ¼

n
X
jV i jjV k j½g ik cosðhi  hk Þ þ bik sinðhi  hk Þ;
k¼1
n
X

ð1Þ

jV i jjV k j½g ik sinðhi  hk Þ þ bik cosðhi  hk Þ;

k¼1

Fig. 1. Overall logic of cascading line-failure model.

where Pi is the net real power injected into bus i, Qi is the net reactive power injected into bus i, jVij is the root-mean-square voltage at
bus i, hi is the phase angle of the voltage at bus i, and gik and bik are
the real and imaginary parts of element (i, k) of the network admittance matrix. The linear (or DC) power-ﬂow equations are derived
by assuming that hi is small, jVij  1, and gik is small. Then (1) simpliﬁes to:
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Pi ¼

n
X
bik ðhi  hk Þ;

i ¼ 1; . . . ; n:

ð2Þ

k¼1

Without loss of generality, we can assume that h1  0, since the
power angles are relative. Typically, the n unknown variables in (2)
are h2, . . . , hn and P1. Node 1 is assumed to be a ‘‘slack’’ node, and P1
is allowed to vary in order to achieve an exact balance between
P
generated and consumed power (that is, to satisfy
i P i ¼ 0). In
our case, since the Pi have already been set to achieve this balance,
we can remove one equation from (2) and then solve for h2, . . . , hn. If
the network consists of several disconnected islands, the powerﬂow equations are solved separately for each island. The power
ﬂow from bus i to j is

Pij  bij ðhi  hj Þ:

ð3Þ

2.4. Line failure model
Line failures occur according to the following assumptions:
1. Each line j has a random capacity limit Cj chosen according to
some probability distribution Fj.
2. Line j fails (with probability one) as soon as the load on the line
equals or exceeds the capacity Cj. As long as the load remains
below the capacity, the line remains in a working state (with
probability one).
A stochastic model for line capacity (Assumption 1) can be
motivated in several ways. First, line contact with vegetation is
inherently stochastic: Vertical sag depends on stochastic factors
such as wind and ambient temperature, and vertical vegetation
growth can also be considered stochastic (e.g., [8]). Second, protective devices, which may operate correctly or incorrectly, can be a
source of randomness in line capacity (e.g., [2,7], use hidden failures of protective relays as a basis for cascading blackout models).
Finally, what matters is the difference between load and capacity.
Here, capacity is treated as random, which means the difference
is random. Thus, stochastic capacity might also be regarded as a
surrogate for stochastic demand.
One way to implement the stochastic capacity model is to randomly generate all line capacities Cj at the start of each simulation replication. Following the initial trip of a line in the
network, the simulation then evolves deterministically, because
the line capacities Cj are already known. In other words, the stochastic elements are determined in the initial steps of the replication and the ﬁnal outcome follows deterministically (through a
somewhat complicated set of relationships in Fig. 1) from these
initial conditions.
To make use of splitting techniques, we modify the implementation so that the simulation proceeds stochastically through each
loop of Fig. 1. We can accomplish this by treating the excess capacity of a line as an undetermined random variable, conditioned on
the line working in the previous iteration of the loop. That is, if x0j
is the largest previously observed power ﬂow across line j and xj
is the present
power ﬂow
n
o across line j, then line j fails with probability Pr C j 6 xj jC j > x0j .
2.5. Model summary
The
following
implementation:

algorithm

summarizes

the

(b) Assume that Cj P xj for each j. (Line capacities are assumed
sufﬁcient to handle normal operating conditions when all
lines are working.)
(c) Choose a line at random to trip.
2. Repeat:


(a) Set x0j ¼ max xj ; x0j , for each j. (The maximum function
ensures that x0j never decreases from one iteration to the
next.)
(b) Check network connectivity. For each island in the network:
i. Match generated power and load.
ii. Solve the power-ﬂow equations.
(c) Let xj be the new power ﬂow (in magnitude) across line j.
(d) For each working line j such that xj > x0j , trip line j with
probability

 
n
o F j ðxj Þ  F j x0j
  :
Pr C j 6 xj jC j > x0j ¼
1  F j x0j

ð4Þ

(e) Exit loop if there are no new line trips (the blackout ends).
One distinctive feature of this model is that the failure probability of a line depends on both the present load xj and the largest previously observed load x0j . In particular, (4) implies that the overall
survival probability of a line depends on its maximum load, but
not on its intermediate sequence of loads. To illustrate, consider
a line j that is working at a load of 10 MW and then undergoes a
sudden increase in load to 20 MW. Applying (4), the probability
that the line survives to a load of 20 MW is:

PrfC j > 20jC j > 10g ¼ 1  PrfC j 6 20jC j > 10g ¼

1  F j ð20Þ
:
1  F j ð10Þ

Now suppose the line undergoes a different sequence of loads:
10 ? 15 ? 19 ? 20 MW. The starting and ending loads are the
same. The probability that the line survives to a load of 20 MW is
the probability that the line survives each step. Multiplying (4)
three times in succession gives:

1  F j ð15Þ 1  F j ð19Þ 1  F j ð20Þ 1  F j ð20Þ


¼
:
1  F j ð10Þ 1  F j ð15Þ 1  F j ð19Þ 1  F j ð10Þ

ð5Þ

The overall survival probability is the same, independent of the
intermediate steps. In contrast, a model in which the survival probability at each intermediate step depends only on the present load
does not have this property.
In addition to all previously stated assumptions, we note the
following assumptions and limitations: (1) Only line failures are
considered; generator failures are not considered. (2) All generators can adjust output instantaneously within some speciﬁed minimum and maximum range. (3) Load shedding occurs in a reactive
manner (when demand exceeds capacity on an island so the network is forced to shed load), but not in a proactive manner (e.g.,
to reduce the future potential for cascading failures). (4) Line failures occur instantaneously. (5) Loads are deterministic, and there
are no time-of-day ﬂuctuations. While the model is relatively simple, the objective is to see how to best use splitting for less complex
models and then to generalize to more complex models in future
work.

model

1. Initialization:
(a) Set all lines to the working state. Solve the power ﬂow
equations. Let xj be the power ﬂow (in magnitude) across
line j.

3. Splitting
This section gives a basic introduction to splitting in rare-event
simulation. For a more extensive introduction, see Garvels [11],
L’Ecuyer et al. [16], Rubino and Tufﬁn [21], Shortle and L’Ecuyer
[23]. The explanation given here is in the context of power-grid
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blackouts, though the discussion can be generalized to other
applications.
The basic idea of splitting is to generate independent copies of
the simulation whenever it gets near the rare event – here, a major
blackout. In this way, the simulation spends more time on runs
that are more likely to reach the rare event. Let Xt represent the
state of the power grid at time t. Depending on the model, Xt
may include information like whether or not each line is working
or failed, the load shed at each bus, and so forth. {Xt} is assumed
to be a Markov process, so the process can be simulated forward
in time starting from Xt. (This assumption is not restrictive. If past
history is needed, the necessary prior history can be imbedded
within the state space.)
Let h() be a map from the state space to Rþ , denoting some
measure of the size of the blackout. For example, throughout most
of this paper, h(X) is deﬁned as the number of failed transmission
lines when the system is in state X. h() is called the importance
function or level function. A major blackout is deﬁned as the set of
states R whose level is at least as large as some constant l > 0. That
is, R  fX : hðXÞ P lg. The simulation proceeds until either the
rare-event set is reached or the blackout ends. When the blackout
ends, the system is assumed to return to a state such that h(Xt) = 0.
The probability to estimate is

c  PrffX t g reaches R before fhðX t Þg ¼ 0g:
The model in Section 2 starts with the random failure of one
line. Thus, h(X0) = 1. The simulation proceeds until h(Xt) P l or
until there are no new line failures, in which case it is assumed that the blackout ends and all lines are repaired, so
h(Xt) = 0.
To implement splitting, deﬁne a sequence of M levels
0 < l1 <    <lM, where lM  l. Let Dj be the event that {Xt} crosses level lj before the blackout ends – that is {h(Xt)} P lj before
{h(Xt)} = 0. Let p1  Pr{D1} and pj  Pr{DjjDj1} for j = 2, . . . , M.
Roughly speaking, pj is the probability of reaching level j starting
from level j  1. Since DM  DM1      D1,

 Modiﬁed allocation [22]. Following the completion of each stage
run, determine the index j that maximizes:



^j
^ 1 þ nj p
;
nj b
j
^j
1p

j ¼ 1; 2; . . . ; m;

ð6Þ

^j is the
where nj is the number of stage-j runs conducted so far, p
^ is the sample estimate of the time to
sample estimate of pj and b
j
conduct a stage-j run, based on the simulation runs conducted so
far. The maximization is conducted only over indices j for which
Aj is non-empty.
The simulation stops as soon as the computing budget is used.
^j  jAj j=nj , and an unbiased estimaAn unbiased estimator for pj is p
^p
^1 p
^M .
^2    p
tor for the rare-event probability is c
The rule in (6) is an iterative implementation of an optimal
allocation rule given in Shortle et al. [22]. The optimality of the
rule was derived under the assumption that the probability of
advancing from level j  1 to j does not depend on the starting
state in Aj1. This assumption does not hold for the models analyzed here. (To illustrate why, consider two different system
states X1 and X2 such that h(X1) = h(X2), where h(X) is the number
of failed lines in state X. Even though X1 and X2 are states with
equal numbers of failed lines, the failed lines in X1 may be more
‘‘critical’’ than those in X2. Thus, the rare event may be more
likely to result from X1 than from X2, violating the assumption.)
Because (6) is not technically optimal for problems considered
here, this paper refers to the rule as modiﬁed-allocation splitting
rather than optimal splitting. Although the method is not technically optimal, it performs better than the equal-allocation rule for
the examples in this paper (Sections 4 and 5). For other technical
conditions and implementation issues, see Shortle et al. [22]. One
slight modiﬁcation here is that, as a warmup period, an equalallocation scheme is used until at least one occurrence of the
rare-event is observed, then the modiﬁed-allocation scheme is
used. This helps to provide an initial base of samples with which
to estimate pj and bj.

c ¼ PrfDM g ¼ PrfD1 gPrfD2 jD1 g    PrfDM jDM1 g ¼ p1 p2    pM :
The basic idea is to estimate each pj separately, rather than estimating c on its own.
There are a variety of ways to implement splitting. One approach, called ﬁxed-effort splitting, pre-selects the number of runs
at each level. Our implementation is an iterative variation of ﬁxedeffort splitting. It works as follows (see also [22]). Let A0 denote a
set of possible starting states. For the model in Section 2, A0 is a
set corresponding to all possible single-line failures. Draw a state
at random, with replacement, from the set A0. From this starting
point, simulate until either the system crosses level l1 or the blackout ends. If the system crosses level l1, add the terminating state to
the set A1. These states become the starting states for simulating
from level l1 to level l2. More generally, a stage-j run consists of
the following sequence: Draw a state at random, with replacement,
from the set Aj1; from this state, simulate until either the system
crosses level lj or the blackout ends; if the system crosses level lj,
add the terminating state to the set Aj. There may be duplicate copies of states in Aj.
The simulation proceeds by conducting one stage run at a time.
Once a stage run is complete, the simulation must decide which
stage j to simulate next. Two methods are used:
 Equal allocation. Each stage is given an (approximately) equal
number of runs. The simulation conducts one stage-1 run, then
one stage-2 run, and so forth, up to a stage-M run, and then it
repeats. The simulation skips any stage j where Aj1 is empty,
which is necessary in the early phases of the simulation, since
initially A0 is the only non-empty set.

4. A simple network
This section considers a very simple network consisting of a
generator and a load L connected by a set of N identical lines
(Fig. 2). Although this example is extremely simple, the results provide insights for more complicated networks.
For this network, the model in Section 2 can be solved analytically as a Markov chain. The state of the chain is speciﬁed by two
parameters (m, n), where n is the present number of failed lines
and m 6 n is the previous number of failed lines in the most recent
pass through the loop in Fig. 1. Let yn be the load on each working
line when there are n failed lines – that is, yn = L/(N  n), which can
also be obtained from (2) and (3).
To determine the transition probabilities, consider the system
in state (m, n). Each working line is presently carrying a load
yn = L/(N  n); each working line was carrying a load of ym = L/
(N  m) 6 yn in the previous iteration of the algorithm. Thus, the

Fig. 2. Simple network model.
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failure probability of any working line i is Pr{Ci 6 ynjCi > ym} =
[F(yn)  F(ym)]/[1  F(ym)]; see (4). Let pmnj be the single-step
transition probability from state (m, n) to (n, n + j), that is, the
probability that exactly j lines fail in one step starting from state
(m, n). The number of line failures during a single iteration is a
binomial random variable, so

pmnj ¼



Nn
j


j 
Nnj
Fðyn Þ  Fðym Þ
1  Fðyn Þ
;
1  Fðym Þ
1  Fðym Þ

m1
X

r im pi;m;nm ;

0 < m 6 n 6 N:

ð8Þ

i¼0

The probability that the blackout terminates with exactly n failed
lines is rnn. The probability that n or more lines fail in a blackout is

Rn 

N
X
r jj :

ð9Þ

j¼n

In summary, the blackout-size distribution Rn is speciﬁed analytically via (7)–(9), though explicitly writing out the complete
closed-form expression is cumbersome.
Consider a numerical example with N = 100, L = 100 MW, and
exponential capacity distribution F(x) = 1  ekx where k = .3296.
Each line carries 1 MW and the average line capacity is 1/
.3296  3.034 MW. (The parameter k was chosen to yield a ﬁnal
rare-event probability of c  1010.) Fig. 3 shows Rn, calculated
via (7)–(9). For small n, log Rn is roughly linear in n, indicating geometrically decaying probabilities. This means that line failures are
roughly independent and that the failure of one line has a small
impact on the potential failures of other lines. On the other hand,
for large n, there are fewer working lines to carry the overall load,
so the failure of one line is more likely to result in additional failures. This cascading effect accelerates as lines fail. For example, the
failure of 80 lines is virtually guaranteed to result in the failure of
all 100 lines, since Pr{100 lines fail j 80 or more lines fail} = R100/
R80  1.
To apply splitting to this problem, we ﬁrst choose an importance function h(). A natural choice is h(m, n) = n, that is, the number of presently failed lines. The rare-event set is then
R  fðm; nÞ : hðm; nÞ P 100g. Next we choose the number M and
locations lj of the intermediate levels. For the sake of example, let
M = 10. A natural choice for the locations of the levels is to distribute them evenly over [0, 100]. That is,
1
0.1
0.01
0.001
0.0001
1E-05
1E-06
1E-07
1E-08
1E-09
1E-10
0

20

40

60

80

Fig. 3. Distribution of blackout sizes for simple network.

Theoretical
Simulated

0.14
0.12
0.1

pj 0.08
0.06

ð7Þ

where 0 6 m 6 n 6 N and 0 6 j 6 N  n. The blackout ends when
there are no new line failures. In particular, (n, n) is a terminating
state (pnn0 = 1 for each n).
To evaluate this Markov chain, let rmn be the probability that the
system ever reaches state (m, n). By assumption, r01 = 1, since the
system is initialized with all lines working (m = 0) followed by
the failure of a single line (n = 1). More generally, rmn can be computed iteratively via the relation:

r mn ¼

0.16

100

0.04
0.02
0
1

2

3

4

5

6

7

8

9

10

Level j
Fig. 4. Level probabilities pj associated with (10).

levels lj ¼ f10; 20; 30; . . . ; 100g:
An alternate choice is to distribute the levels so that they are
evenly spaced in terms of probability. Here, with c  1010 and 10
levels, the levels should be spaced apart in probability by a factor
of about 101. Fig. 3 shows this graphically. The levels are the values on the x-axis that achieve approximately equal spacing of the
corresponding probabilities on the y-axis (on a log scale). For
example, n = 3 corresponds to Rn  101, n = 6 corresponds to Rn
 102, and so forth (dashed lines in the ﬁgure). The complete
set of levels that achieves approximately equal spacing in terms
of probability is

levels lj ¼ f3; 6; 10; 14; 20; 25; 32; 40; 51; 100g:

ð10Þ

The spacing of the levels gets further and further apart. For example,
the probability of advancing from 3 to 6 line failures is about the
same as the probability of advancing from 51 to 100 line failures
(roughly 101). Fig. 4 shows the actual realized level probabilities.
Since the levels must be integers, it is not possible to exactly achieve
pj = 101. Sample simulated values are also shown, which simply
helps to verify that the simulation experiment is implemented
correctly.
Fig. 5 shows the results of several simulation experiments.
Three different simulation techniques are used: standard simulation, equal-allocation splitting, and modiﬁed-allocation splitting
(see Section 3). Two different level sets are used for splitting, as given previously. Each experiment represents 20 replications with a
computing budget of 5 min per replication (100 min of simulation
time per sample variance given in the ﬁgure). The variance is proportional to the time needed to achieve a given relative error.2
Thus, a variance reduction by a factor of 10 equates to a speed
improvement by a factor of 10.
The ﬁrst observation from the ﬁgure is that standard simulation
is inadequate for this problem. In the allotted simulation time,
standard simulation did not generate any observation of the rare
event. The second observation is that equally spaced levels in terms
of probability (3, 6, . . .) are better than equally spaced levels
(10, 20, . . .). This is particularly true when using equal-allocation
splitting. The third observation is that modiﬁed-allocation splitting
does better than equal-allocation splitting. In theory, if the level
probabilities pj are equal and the simulation-stage costs bj are
equal, then the modiﬁed-allocation rule in (6) reduces to the
equal-allocation scheme. Here, in the case of levels {3, 6, 10, . . .},
the level probabilities are chosen to be as equal as possible, but they
2
^ is inversely proportional to the computing time. This is true for
The variance of c
standard simulation as well as ﬁxed-effort splitting; e.g., see Shortle et al. [22],
Section 5.1. Thus, the computing time to achieve a ﬁxed relative error (standard
^ divided by its mean c) scales with the variance of the
deviation of the estimator c
estimator.
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1.E-17
Levels:10,20,30,...

1.E-18

var [γˆ]

Levels:3,6,10,14,...

1.E-19

1.E-22

Equal-allocation
Splitting

Modified-allocation
Splitting

Fig. 5. Sample variances using splitting.

are not exactly equal (Fig. 4). This illustrates that the modiﬁedallocation rule can still realize a signiﬁcant beneﬁt over an equalallocation rule even when the level-probabilities are near equal.
We now consider an alternate choice for the level function
h(m, n). Choosing a good level function is generally regarded as a
critical problem in splitting [17]. The level function should represent the ‘‘proximity’’ of the system to the rare event, meaning that
the probability of reaching the rare event from any point on the
same level contour should be roughly the same. The analysis so
far has used h(m, n) = n, the number of presently failed lines. One
problem with this choice is that the probability of reaching the rare
event may vary signiﬁcantly across a level contour. For example,
the system is much more likely to reach the rare event from state
(1, 60) than from (59, 60), even though both states correspond to 60
failed lines. This is because, in the ﬁrst case, the system moves
from 1 failed line to 60 failed lines in one step, so the load on
the remaining 40 lines suddenly jumps from 100/99  1.01 to
100/40 = 2.5. In the second case, the load on the remaining 40 lines
moves from 100/41 to 100/40, barely any change. Thus, the failure
probability in (4) is much greater in the ﬁrst case.
It is possible to analytically calculate the level function h(m, n)
that achieves (approximately) equal distance in probability to the
rare event over each level contour. Let qmn be the probability of
reaching the rare event from state (m, n). Then qmn can be calculated iteratively via:

qmn ¼

Equal allocation
7.28
3.37
2.2

22

10
1022

Modiﬁed allocation
3.89
2.29
1.7

1022
1022

N
No
observations
of rare event
Standard
Simulation

N
X

Level function
h(m, n) = n
h(m, n) from Fig. 6
Factor improvement

1.E-20
1.E-21

Table 1
^ observed using different level functions.
Sample variance var½c

pm;n;kn qnk ;

iﬁed-allocation splitting, the variance reduces by a factor of about
1.7. This shows that the new level function provides some variance
reduction over the ‘‘obvious’’ choice of h(m, n) = n, though perhaps
this difference is not as much as might be expected. There are two
reasons that the choice of level function may not be so critical for
this network: (1) The system tends to visit states near the diagonal.
States like (1, 60) are virtually impossible to visit. Thus, the system
acts more like a one-dimensional system in which the proximity to
the rare event is effectively characterized by the second parameter.
Thus, the dependence of the level function on the ﬁrst parameter is
not so important. (2) It is possible for the system to ‘‘skip over’’ a
level contour as it up-crosses into a new level. This means that
the entrance states into a given level do not all lie on the level contour. Thus, no matter what level function is used, it is impossible to
create a scenario in which the probability of advancing from level
j  1 to j is the same for every entrance state into level j  1. This
may reduce the beneﬁt of choosing the level function as above.
Finally, we note that the model given here is similar in spirit to
an analytical model given in Dobson et al. [9]. In both models, the
system state can be described with respect to the number of failed
lines, without regard to the location of those lines within the network. A key difference is that, in Dobson et al. [9], a line failure results in the same load increase on all other lines, regardless of how
many remaining lines are working. Here, the load increase is a
function of the number of remaining working lines. Despite this
difference, the blackout distributions (e.g., Fig. 3) of the two models
have qualitatively similar shapes.
5. Test networks
This section considers a set of test networks of varying complexity. Examples include a mesh network, a grid network, and
the IEEE 118-bus network.

k¼nþ1

where the boundary conditions are qmN = 1 for m 6 N. Fig. 6 shows
the resulting level function h(m, n) that achieves approximately
equal level probabilities, equally spaced in probability by a factor
of 101.
Repeating the same experiment using the modiﬁed levels in
Fig. 6 gives the following results (Table 1): With equal-allocation
splitting, the variance reduces by a factor of about 2.2; with mod-
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40
30
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Generator

Generator

Generator
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Load = L

Level 1

0

20

40
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80

100

m

Load = L
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Fig. 6. Level function that yields approximately equal level probabilities within and
between levels.

Load = L

Fig. 7. 15-bus mesh network with 5 generators and 10 loads.
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Fig. 8. Blackout distribution for 15-bus mesh network with 5 generators and 10
loads.

1.E-11

Evenly spaced levels
Geometrically spaced levels

1.E-12
Noo observatioons

var [γˆ]

We start with a 15-bus mesh network in which each bus is connected to every other bus (Fig. 7), for a total of (152  15)/2 = 105
lines. The network has 5 identical generators and 10 identical loads
as shown. The capacity of each line is assumed to follow a normal
distribution with mean l and standard deviation r. The mean
capacity l is set equal to twice the largest power ﬂow observed
on any line when all lines are working. The standard deviation is
set as r = 0.2l. (The value of 0.2 is somewhat arbitrary. Roughly
speaking, r/l is a ratio of ‘‘noise’’ to rated line capacity. Noise refers here to the variability in the actual capacity of a line, though
it can also be thought of as a surrogate for variability in the load
on a line. When r/l = 0.2, there is roughly a 2.3% chance that line
load exceeds actual line capacity, when the line load is 60% of its
rated capacity, which is two standard deviations below the mean.)
Fig. 8 shows the simulated blackout-size distribution for this
network. Similar to the behavior in Fig. 3, an accelerating or cascading effect is observed. A key difference is that Fig. 8 shows
two ranges in which the blackout accelerates, with a brief ‘‘pause’’
in between. Roughly, what is happening is the following. Consider
one of the load buses. It has 14 lines attached to it. If one of these
14 lines fails, the remaining 13 lines must carry the load of the
failed line in order to meet the demand at that load bus. Thus, this
set of 14 lines behaves somewhat like the simple network discussed in Section 4. That is, once a few of the 14 lines have failed,
it is likely that all 14 lines will fail. Once this happens, the load bus
is disconnected from the network. At this point, the cascade decelerates because the total load on the network drops. But as additional lines fail, the cascade accelerates again.
Fig. 9 shows the sample variance in estimating Pr{50 or more
lines fail}  106. Three different simulation techniques are used
as well as two different sets of 10 levels: Evenly spaced levels
{5, 10, 15, . . . , 50} and geometrically spaced levels {2, 3, 4, 5, 8, 11,
16, 23, 34, 50} (lj = d50j/10e, where de is the ceiling function).
Geometrically spaced levels are motivated as a qualitative approximation to the levels derived in (10) for the simple network. Geometrically spaced levels provide an improvement over evenly
spaced levels, and modiﬁed-allocation splitting provides an
improvement over equal-allocation splitting. Using both improves
efﬁciency by a factor of about 25. Standard simulation is not well
suited for this experiment. It only generates a few observations
of the rare event. (By chance, no observations were observed in
the geometric-level case.) The simulation budget is 8 min, and 60
replications are conducted for each simulation methodology (i.e.,
8 h of computer time for each method).
The next example considered is the grid network in Fig. 10. Each
bus has a load L. There are four generators near the middle of the
grid. Carreras et al. [6] consider similar networks as well as a variety of other simple structures. In the example here, the line capacity parameter l is set according to an ‘‘N  1’’ criterion. Speciﬁcally,

1.E-13

1.E-14

Standard Simulation

Equal-allocation
Splitting

Modified-Allocation
Splitting

Fig. 9. Sample variances observed for 15-bus mesh network.

= Generator

Each node has load L

Fig. 10. Example 5

5 grid network.

l is set equal to twice the largest power ﬂow observed on any line,
considering the set of all single-line failures. All lines have the
same capacity distribution – a normal distribution with mean l
and standard deviation r, where r = 0.2l.
Fig. 11 shows the simulated blackout-size distribution for the
grid network. The left graph shows the distribution with respect
to the number of failed lines. The right graph shows the distribution with respect to the number of buses without power (which
is proportional to shed load, since the buses are assumed to have
identical loads.) A loss of 21 buses represents a maximal system
failure, since 4 buses are directly connected to generators which,
by assumption, do not fail. The key observation from the ﬁgure is
that the two blackout distributions are qualitatively very similar.
This suggests that the number of failed lines may be a good surrogate for the amount of load shed.
One beneﬁt of deﬁning levels with respect to the number of
failed lines is that it provides greater ﬁdelity for splitting in the
early stages of a blackout. If the level function is deﬁned with respect to lost buses, the ﬁrst possible event at which the simulation
can be split is the loss of a single bus. This event occurs with probability 105 in the right graph (somewhat rare). There is no way to
further break this event into intermediate less-rare events. On the
other hand, if the level function depends on the number of failed
lines, then it is possible to split the simulation earlier – say, after
two lines have failed but perhaps prior to the loss of any load. Thus,
there is some efﬁciency beneﬁt in deﬁning levels with respect to
failed lines, though levels can also be deﬁned with respect to shed
load or a combination of failed lines and shed load.
Fig. 12 shows the sample variance in estimating Pr{32 or more
lines fail}  1010. Evenly spaced levels {4, 8, 12, . . . , 32} and geometrically spaced levels {2, 3, 4, 6, 9, 14, 21, 32} (ln = d32n/8e) are considered. The results are similar to those from the mesh network.
Geometrically-spaced levels provide an improvement over evenly
spaced levels (by roughly one order of magnitude), and modiﬁedallocation splitting provides an improvement over equal-allocation
splitting (by roughly one order of magnitude). In the case of stan-
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Fig. 11. Blackout distribution, by failed lines and number of buses without power.
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Fig. 12. Sample variances observed for 15-bus mesh network.

dard simulation, zero instances of the rare event are observed. This
is because the rare-event probability is very low. The computing
budget and replications are the same as before.
The ﬁnal example is the IEEE 118-bus network. The network
topology, bus loads, generator locations, and line parameters (conductance/susceptance) are obtained from http://www.ee.washington.edu/research/pstca/. To set line capacities, all line-capacity
distributions are assumed to follow a normal distribution with
mean l and standard deviation r, where r = 0.2l. The average line
capacity l is set equal to (1/0.85) times the largest power ﬂow observed on any line, considering the set of all single-line failures
(i.e., in the worst-case single failure, no line is operating above
85% of its expected capacity.) Generator failures are not considered
in this paper, so generator capacities are assumed to be sufﬁciently
large to mimic inﬁnite capacity.
Fig. 13 shows sample variances observed. In this experiment,
the simulation budget is 10 min per replication, and 95 replications
are conducted for each of the four cases in the ﬁgure. The rare
event is deﬁned as the failure of 16 or more lines (out of 179) with
a probability on the order of 108. Evenly spaced levels {4, 8, 12, 16}
and geometrically spaced levels {2, 4, 8, 16} are considered. The results are similar to those from the grid network. In particular, geo-

1.E-14

Evenly spaced levels
Geometrically spaced

var [γˆ]

1.E-15

1.E-16

1.E-17
Equal Allocation

Modified Allocation

Fig. 13. Sample variances observed for IEEE network.

metrically-spaced levels provide an improvement over evenly
spaced levels by roughly one order of magnitude.
The modiﬁed-allocation scheme provides a slight beneﬁt over
the equal-allocation scheme, though the beneﬁt is less compared
with the previous examples. There are a couple of possible explanations. First, because of the larger network size, the warmup period for the modiﬁed-allocation scheme takes a relatively larger
percentage of the computing budget (about 60% of the budget on
average for this experiment). This reduces the difference between
the two methods, since the warmup period for the modiﬁed-allocation scheme uses an equal-allocation scheme. Second, the modiﬁed-allocation scheme is not guaranteed to provide a reduction in
variance. The scheme was derived under a simplifying assumption
in which the probability of advancing from one level to the next
does not depend on the starting state from the lower level [22].
This assumption does not hold for the problems in this paper. Network symmetry may help the modiﬁed-allocation scheme, because
symmetry implies that some (but not all) states at a given level are
equivalent in terms of the likelihood of reaching the rare event. The
IEEE 118-bus network has no symmetry, which may reduce the
effectiveness of the modiﬁed-allocation scheme compared with
the earlier examples.
6. Conclusions
This paper applied the rare-event simulation technique of splitting to the problem of estimating large-scale blackout probabilities. First, we developed a stochastic model of cascading line
failures, similar to a number of models in the literature. The model
accounts for network topology, physical line characteristics (capacity, conductance, susceptance), demand at each bus, and generation capacities. Network characteristics outside of these inputs
are ignored.
Second, we presented a very simple network and derived an
analytical solution. Exploration of the analytical solution provided
some guidance for setting splitting parameters in more complicated problems. Ideally, levels should be chosen so that the probabilities of advancing from one level to the next are equal. For the
simple network, this corresponded to choosing levels lj that grew
farther and farther apart with increasing j. This principle translated
well to more complex networks.
For the simple network, we also derived a level function h()
with the property that each contour of the function contains states
that are (approximately) equally likely to reach the rare event. This
is ideal in the sense that equal emphasis is placed on paths that
have the same probability of reaching the rare event. Without this
property, splitting may inadvertently emphasize paths that are unlikely to reach the rare event (e.g., [12]). While this level function
yielded an improvement in efﬁciency over the ‘‘obvious’’ level
function, the improvement was not large. The spacing of the levels
seemed to be more important than the choice of the level function.
This may suggest that the choice of the level function is less critical
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for these types of blackout models compared with other rare-event
applications. This is also a subject for future research.
Third, we applied splitting to a number of different network
topologies – a mesh network, a grid network, and the IEEE 118bus network. Results indicated that splitting has the potential to
be effective on problems for which standard simulation may be
infeasible. In all numerical experiments, geometrically increasing
levels gave an improvement over equally-spaced levels. This is
due to the cascading nature of the blackouts. In some cases, the
improvement in efﬁciency was several orders of magnitude. We
also applied two splitting schemes – an equal-allocation scheme
and a modiﬁed-allocation scheme [22]. The modiﬁed scheme attempts to adjust the number of runs at each stage to account for
differences in the level probabilities. In the examples considered,
the modiﬁed-allocation scheme gave an improvement over the
equal-allocation scheme, though the improvement was sometimes
minor and this result may not universally hold.
To put the results of this paper in the proper context, the underlying blackout model in this paper is relatively simple. Many complexities of real blackouts are ignored. For example, transient
effects are ignored (all computations assume steady state), equipment failures are ignored (only transmission-line failures are considered), generation failures are ignored, human errors and issues
of situational awareness are ignored, and so forth. The objective
here is not to conduct a detailed risk analysis of a real network.
Rather the objective is to demonstrate the potential of using
rare-event techniques on simulating cascading blackouts and to
gain insights on the application of these techniques using simple
models.
Future work may involve application of the concepts in this paper to more complex models to address some of the current limitations. Because the splitting methodology is implemented
independently from the blackout model, more complex blackout
models can be easily integrated with the splitting methodology.
Future work may involve modeling various aspects of a smart grid,
such as an increased presence of renewable energy sources, demand management, and self-healing controls in the grid. The spirit
would be to capture representative behavior of key elements,
rather than low-level complexities, and to understand the resulting
impact on blackout dynamics. Another potential application of the
methodology in this paper is capacity expansion. Consider the
problem of determining the optimal expansion of transmission
lines in order to minimize the probability of a large-scale blackout.
Because the set of potential expansion decisions might be large,
and because each decision requires a separate evaluation of a
rare-event probability, a fast rare-event model is needed to ﬁnd
the best solution. The methodology in this paper can be directly
imbedded within a stochastic optimization framework to address
this problem.
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