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Abstract— Though motion planning has been studied extensively for rigid and articulated robots, motion planning for
deformable objects is an area that has received far less attention.
In this paper we present a framework for planning paths
in completely deformable, elastic environments. We apply a
deformable model to the robot and obstacles in the environment
and present a kinodynamic planning algorithm suited for this
type of deformable motion planning. The planning algorithm
is based on the Rapidly-Exploring Random Tree (RRT) path
planning algorithm. To the best of our knowledge, this is the
first work that plans paths in totally deformable environments.

I. I NTRODUCTION
The type of deformable motion planning addressed here
involves planning paths in environments where the robot and
obstacles are extremely flexible. Many situations arise where
the environment can consist of elastically deformable objects.
Examples of this type of planning could range from planning
a path to move a mattress in a house or surgical applications.
Motion planning for highly deformable objects is a problem
that has received very little attention although it is important
to be able to solve these problems.
Flexible representations are needed for problems that require
robots to have large deformations and for problems that
require not only the robot but the obstacles in the environment
to be deformable. Deformable motion planning involves the
planning of feasible paths for objects that can completely
change their shape depending on the interaction with the
environment. Examples of this include planning for elastic or
air-filled objects, metal sheets or long flexible tubes. Moreover,
for several cases, such as virtual surgery applications, it is
important to be able to model environments that include
both rigid objects, which could include bones and surgical
instruments, and deformable objects, which could include soft
tissue, flexible cartilage or flexible tubes.
Other applications of deformable motion planning include
computer graphics and games. Motion of deformable objects
in these areas is mostly generated using simulation because
manually generating natural-looking deformation is extremely
difficult and time consuming. On the other hand, it is also
difficult to control the trajectory and the final resting location
of a simulated deformable object. Naturally deformable motion
planning can provide an intuitive and interactive tool to control
the motion of deformable objects by allowing the users to set
start and (intermediate) goal configurations.
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Fig. 1. Barriers Environment. Both the robot (the cube) and the obstacles
(the plate barriers) in this environment are deformable. This image sequence
is shown from left to right and from top to bottom.

Issues. One problem facing motion planning for deformable
objects is having a (deformation) model that accurately reflects
the physical properties of objects while maintaining the efficiency of the planner. As we have seen from the previously
proposed methods, it is a difficult problem to maintain both
properties. For example, a planner that uses a physically
correct deformation model can be very slow [1] and a planner
that uses only geometric deformations can result in unnatural
motion [3]. The concept of visually plausible deformation
has been used in planning motion for deformable objects to
accelerate the speed of the planner [3], [5]. An aspect of
visually plausible deformation that has not been addressed
is how well a deformable model preserves the volume of an
object undergoing deformation. Another issue that should be
considered when selecting a deformable model is how the
model handles varying material properties.
The workspaces studied in most previous work generally
include only static and rigid obstacles. While problems with
dynamic workspace have been addressed before, e.g., [8], [12],
to the best of our knowledge, there is no previous work that
plans paths in totally dynamic and deformable environments,
such as under water environments or the internal body.
Our approach. As outlined above, there is a need for
motion planning that can efficiently generate natural motion
for deformable robots to maneuver among obstacles that can
be either rigid or deformable themselves.
In this work, we address this problem and study motion planning problems in highly deformable workspaces.
We represent deformable objects (robots and/or obstacles),
as tetrahedral meshes and the dynamics of these tetrahedral
meshes are modeled using a Finite Element Method [19] that
includes volume preservation.

planning for models using physically correct deformations. fPRM uses a variation of a mass-spring system that attempts
volume preservation by minimizing the energy in a deformed
state. Due to expensive operations for solving mechanical
models and generating collision detection data structures, their
planner is not suitable for real-time use and has so far only
been applied to simple objects.
A PRM-based method for path planning using geometric
deformation is proposed in [3]. In this work a more efficient
planner has been proposed by considering only geometric
deformation that does not require volume preservation. The
problem with this approach is that it could result in unrealistic
deformation and hence, simulated paths that would not make
sense in the real world.
Another attempt at motion planning for deformable robots
in a static environment was presented in [5]. The planning
was done using PRMs with a point robot and the deformation
model was a variation of mass-spring systems. The scheme
presented for volume preservation is not suitable for large
deformations which would be apparent in situations where the
robot is required to fold or bend dramatically. Analysis of the
volume preservation scheme was not presented.

The proposed method plans a path for the robot by iteratively applying manipulation forces to the the robot until it
reaches a configuration near the goal configuration. While we
only apply forces to the robot, obstacles that are deformable
will receive external forces through contact with the robot and
other obstacles. Thus, each state of the problem space consists
of the position and velocity of the robot and the obstacles
as well. Figure 1 shows a sequence of images illustrating a
solution path found by our planner in a highly deformable
environment. As far as we are aware, this is the first work
that plans paths in this type of environments.
Outline. This paper is organized as follows. In Section II we
discuss related work. An overview of our method is described
in Section III. The deformable model we use is described in
Section IV, planning is discussed in Section V and finally we
will close with results and discussion.
II. R ELATED W ORK
There have been a number of deformable models developed. The goal of studying these models is to obtain a
deformable model that can accurately reflect objects with
varying properties. In this section we will give an overview of
some deformable models that have been developed, mostly
in computer graphics. We will then discuss some previous
attempts at planning motion for deformable objects.

III. OVERVIEW
The motion planning problems that we are interested in for
this work can typically be stated as follows: given a workspace,
the objective is to find a sequence of forces to move a
deformable object (robot) from its start configuration to its
goal configuration among a set of rigid or deformable obstacles
without introducing unrealistic deformations. In addition to
the manipulation forces generated by the motion planner, the
motion planner has to deal with other forces that are defined by
the system, e.g., gravity, and those that are introduced by deformations and interactions among robots and obstacles, e.g.,
volume preservation and collision response forces. Figure 2(a)
illustrates 5 types of forces that can be applied to deformable
robots and obstacles. It is these forces that bring the state of
the system forward. Details of the deformable model and how
these forces can be generated are discussed in Section IV.

A. Deformable Models
Deformations which do not address physical properties include functional deformations (scale, bend, twist) [2] and freeform deformation [18]. Mass-spring and finite element methods (FEMs) are among the most commonly used strategies for
building deformable objects with physical properties. Details
of these methods are described below. While it is impossible
for us to provide a complete review of work on modeling
deformable objects here, several surveys are available on this
topic [6], [17].
Mass-spring. Mass-spring systems are one of the most
common forms of deformable models. In mass-spring systems,
objects are modeled as interconnected points connected to each
other by springs [6]. These springs can either be modeled as
linear or nonlinear springs for varying material effects. This
type of system often results in “stiff” equations causing stable
numerical integration to be difficult.
FEM based systems. In recent years, several FEM-based
deformation models have been developed [9], [16], [19]. Using
an FEM-based system, objects are divided into a set of discrete
geometric elements in order to approximate the volumetric
structure of the object. Various deformation models can be
applied to these meshes that are used with the finite element
method. A strength of FEM based deformation is that they can
handle large deformations.
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Fig. 2. (a) Forces that can be applied to both robots and obstacles. FV , FD ,
Fpf , FM and G are volume and distance preservation, collision response,
manipulation, and gravity forces, resp. FM is always zero for obstacles. (b)
Illustrations of how an RRT expands during planning. A state S(t) is brought
toward a randomly sampled point x by applying forces F(t) to robots and
obstacles for a certain amount of time dT1 .

Because both robots and obstacles can be deformable in
our system, a state S(t) of the system at time t contains
the position and velocity of all movable vertices. These states
are organized in a tree T as shown in Figure 2(b). We say
that a motion planning problem is solved when the tree T
can be connected to the goal configuration. More precisely,
T is constructed using the Rapidly-Exploring Random Tree
(RRT) [14] approach by iteratively sampling a random position

B. Deformable Motion Planning
Motion planning for deformable objects is not new. The
methods described below all require the environment to be
static and are all extensions of the Probabilistic Roadmap
Method (PRMs) [11], which sample and connect random
configurations in the (reduced) configuration space of the
robot. The f-PRM framework [1], [13] has been proposed for
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considered and the force computed will restore the volume of
a deformed tetrahedron. This force will also work to restore
the volume for inverted tetrahedra [19].
EV (pi , pj , pk , pl ) =

x in workspace and manipulating the state with the robot
closest to x towards x for a certain amount of time. Details
of our planning method are discussed in Section V.
By kinodynamic planning using an RRT, we are able to
accurately plan paths in these dynamically deformable environments. The PRM framework that has been used in all
previous work, described in Section II-B, is generally not
suitable for representing and handling the dynamic nature of
deformable objects. This is because the current shape of the
objects not only depends on the current state of the system
but also depends on previous system states.

kV
2

(4)

B. Integration
We use Verlet Integration as our numerical integration
scheme as described in [19]. This method was shown to be
stable and fast. The speed comes from only having to compute
the forces F(t) once per time step. F(t) is the sum of FD (t),
FV (t) and any additional external forces which could include
gravity, manipulation forces or collision forces.

A. Model
The model [19] considers constraints on tetrahedral meshes.
These constraints are of the form C(p0 , . . . , pn−1 ) where pi
are mass points in the tetrahedral mesh. Forces are derived
from the energy constraints that are of the form

C. Collision Detection and Response
Collision detection for deformable objects is particularly
difficult since the size and shape of the objects are continuously changing [21]. In our motion planning library for
deformable objects, we use the collision detection algorithm
presented in [20]. This algorithm can quickly determine collisions for deformable objects relying on spatially dividing
objects and restricting more expensive collision detection calls
between objects that are in areas that are spatially close. This
process is done at each time step of the simulation.
First in [20], vertices and tetrahedra are spatially hashed.
Vertices are only spatially hashed to one hash cell by the
vertex position. Tetrahedra can be hashed to multiple hash
cells depending on which cells the axis-aligned bounding
box (AABB) of the tetrahedron possibly overlaps. Intersection
tests between vertices and tetrahedra can then be done using
barycentric-coordinate tests. In this way vertices can be labeled
as being either collision free or in collision.
The kind of collision response employed computes penalty
forces which are based on the penetration depth of colliding
vertices. Although we will give an overview of the system, the
reader can refer to [7] for a more detailed description.
The first step assumes it has been determined whether or
not a vertex is in collision. Based on these colliding vertices,
intersecting edges can be found. Intersecting edges are edges
that come from the tetrahedral mesh which contain one vertex
that is in collision and one vertex that is not in collision. The
intersecting edges are used to find the intersection point and a
normal to the penetrated surface. Next, the penetration depth
and direction of all intersecting vertices is computed. We use
a linear response function for colliding vertices based on the
penetration depth and direction.

1 2
kC
(1)
2
where k is the stiffness coefficient for the given constraint C.
A force Fi , for a given mass point pi and constraint C, is
derived from the energy constraint resulting in
E(p0 , . . . , pn−1 ) =

∂
∂C
E = −kC
∂pi
∂pi


2
pj − pi · ((pk − pi ) × (pl − pi )) − V0
.
V02

The forces presented to preserve distance and volume of a
tetrahedral mesh will work on deformed tetrahedral meshes in
order to restore the tetrahedral mesh to the original shape. By
varying parameters kD and kV , various material properties
can be simulated. The complexity of the tetrahedral meshes
determines if the deformable model can be used in real-time.

IV. T HE D EFORMABLE M ODEL
The deformable model that we have chosen to work with
comes from [19]. This is an FEM-based system that considers
energies that the model uses in order to stabilize the system.
Objects in the environment are represented in the form of
tetrahedral meshes. More information for this model, collision
detection [20] and response systems [7] will be described in
the following section.

Fi (p0 , . . . , pn−1 ) = −

1
6

(2)

At each time step the forces on each mass point are found
and used for numerical integration, which is described in
Section IV-B. Although three constraints were described in
[19], we will only describe the distance and volume preserving
forces used in our model. Surface area preserving forces
are omitted since they are most useful for planar tetrahedral
meshes, which we do not use.
Distance Preserving Forces. A distance preserving potential
energy ED is used to maintain distances between connected
mass points in the tetrahedral mesh. The distance preserving
potential energy uses the distance between neighboring mass
points at a given time and the distance in the undeformed state
to compute the potential energy at that time. This energy is
given by
2

|pj − pi | − D0
1
(3)
ED (pi , pj ) = kD
2
D0
The purpose of this force is to restore the distances of
deformed links to their original lengths. Damping, which
greatly improves the numerical integration, is also used for
the distance preserving forces, as described in [19].
Volume Preserving Forces. Volume preservation forces are
computed in a manner similar to distance preservation forces.
The energy constraint for each tetrahedron is given by Equation 4. V0 is the initial volume of the tetrahedron being

V. K INODYNAMIC P LANNING
Using kinodynamic planning, we are interested in finding a
path from some start state s to a goal state g. States in this
3

framework can be considered to be of the form


x(t)
S(t) =
,
v(t)

the vector between the random position x in the environment
and the current robot’s center of mass (COM) in Snear . The
magnitude of the body force applied is selected at random
such that the force is less than a predefined maximum force.
This type of force is useful in pushing the object to various
locations in the environment and when changes in orientation
are not needed to move through a given area.
Control Point manipulation forces are applied only to
certain vertices. A control point vertex for a robot’s tetrahedral
mesh is selected at random. The control point, along with
any other mesh vertices within a predefined radius, have a
manipulation force applied to it that is generated in a way
similar to the body forces. This type of force is useful in
changing the orientation of the object as a whole. By applying
a force to only certain vertices, the object will rotate causing
the change in the body’s orientation.
Interpolation can be used to get from one state in the tree to
another state. Although in a general framework this force could
be used to transition between any two states in a roadmap, we
only use the interpolation forces to move from a state in the
tree to the goal state g. This type of force will help to quickly
get from the current configuration to a state near the goal state.

where x(t) and v(t) are lists of the object’s positions and
velocities at time t. During the simulation, forces F(t), are
used to manipulate the deformable object, restore the deformed
object to its original shape and ensure the deformed objects are
collision free. Manipulation forces are used to move the object
through the environment. Forces used to restore the shape and
the collision-free state of the deformable objects are FD (t),
FV (t) and Fpf (t) as previously described.
Our general path planning algorithm for completely deformable environments is shown in Algorithm 1. The manipulation forces are used to move the object through the
environment, thus exploring the environment. It is important
to note that in line 12 we store the state of the deformed robot
as well as the deformed state of any deformable obstacles in
the environment. This makes the complexity of the planning
much more difficult, but enable us to obtain paths that look
much more physically realistic. We can avoid storing states
of objects that are not deforming. These deformed states for
the robot and obstacles are restored at each iteration which
prevents discontinuities in the path.
The step size used at each iteration dT should not be
confused with the time step, h, used during numerical integration. h is usually much smaller than dT which allows the
manipulation force FM (t) to be applied for many time steps.
In this way, we can grow a tree from a start state s to a state
that is within a certain distance of the goal state g.

B. Query
During the query phase, the tree is searched for a robot state
that is within a certain threshold of the goal state. Although
our current implementation uses Euclidean distance between
the center of mass of the states in the tree and the goal state, a
more precise distance metric could be used. This might involve
averaging the distances between each vertex of the states in
question. When simulating the path, an interpolation force is
applied at the end of the path to allow the robot to come to
rest near the goal state.

Algorithm 1 Kinodynamic Planning for Deformable Environments
Require: a tree T , total iterations I, minimum time step Tmin , and
maximum time step Tmax
1: for i ∈ {0, 1, · · · , I} do
2:
x = a random point in bounding box or the goal position
3:
Snear = Nearest neighbor to robot COM in T to x
4:
FM (t) = GetManipulationForce(Snear ,x)
5:
Let dT be a random time step, where Tmin < dT < Tmax
6:
Scur = Snear
7:
for k ∈ {0, 1, · · · , dT } do
8:
Fpf (t) = Calculate Penetration Forces
9:
Snew = Scur .UpdateState(Fpf (t), FM (t), FD (t), FV (t))
10:
Scur = Snew
11:
end for
12:
add Scur to T and add an edge between Scur and Snear
13: end for
14: return T

VI. D ETAILS AND E XPERIMENTAL R ESULTS
In this section, we will discuss some of the implementation
details of our framework and present the performance and
flexibility of the proposed motion planner for deformable
objects under various situations.
A. Implementation Details
We generate a tetrahedral mesh of a given boundary represented geometry (i.e., polygonal mesh) by first using convex
decomposition and then computing a Delaunay triangulation
on each component of the decomposition [4], [10]. Although
our base planner can efficiently handle an environment with
2500 tetrahedra, more interesting and realistic shapes can
easily have tens of thousands of tetrahedra which become a
bottleneck of the planner’s efficiency.
In order to handle more complex geometries, we use
hierarchical deformation. Hierarchical deformation has been
shown to perform efficiently using bounding boxes for motion planning [3]. Instead of using bounding boxes, we use
convex shells that can tightly approximate the target shape
to produce more natural deformations. More precisely, we
first approximate a shape using several disjoint convex shells
[15]. Tetrahedral meshes are then generated from these convex
shells. Deformations applied to the tetrahedral meshes are
indirectly applied to the enclosed geometry using Free Form

A. Manipulation Forces
Manipulation forces are selected at random depending on
the weight assigned by the user to that manipulation force.
Selecting a manipulation force to apply for a given time dT
corresponds to the function GetManipulationForce(Snear ,x) in
line 4 in Algorithm 1. For example, we can assign higher
weights to the manipulation forces we think will help more in
the planning phase. In the following we describe the types of
manipulation forces used during our planning.
Body manipulation forces are applied to each vertex in the
tetrahedral mesh. The forces result in translating the robot by
a given force vector. The direction of the force is given by
4

Deformation (FFD) [18] (which computes the global coordinates of each vertex x of the geometry at every simulation
time step using the Barycentric coordinates of x in x’s
enclosing tetrahedron). An illustration of this process is shown
in Figure 3.

workspace that the robot travels through is the same in both
environments. Barriers 2 is one of the more computationally
complex environments tested due to the number of tetrahedra.
As shown in Figure 4, the volume of the objects in the
environment remains relatively stable even during the times
the obstacles undergo large deformation. We noticed similar
results in the Barriers 1 environment with volume change less
than three percent for all objects.
Robot

1. input and mesh

2. deform mesh

% volume change

10

3. deformed input

5
0
−5
−10

Hierarchical deformation. First, convex shells are built from
the input model. Next, a tetrahedral mesh is built from the convex
shell. Then, the input model is bound to the tetrahedral mesh. Finally,
deformations that are applied to the tetrahedral mesh can be indirectly
applied to the input model.
Fig. 3.

% volume change

B. Experiment Setup
We test our deformable planner with the environments
shown in Figures 1, 6, 7, and a human body model. Using
these examples, we will show that the proposed planner can
efficiently handle large deformations, and highly dynamic
situations in complex environments with a large number of
tetrahedra and triangles and with both deformable and rigid
obstacles. Details of these test sets are presented in Table I.
All of our experimental results are obtained using a notebook
computer with a 1.7 GHz CPU with 1 Gb memory. Animations
and more detailed results are available at our website‡ .
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Fig. 4. Barriers Environment. Volume differences of robot and obstacles
from their rest shape during path traversal.

D. Experiment 2: Windows
The robot in this environment has several ways to reach its
goal. The environment consists of four chambers connected
through passages of varying sizes. The passage way from the
start chamber to the goal chamber is smaller than all of the
other passage ways connecting neighboring chambers. Also,
some points of the obstacle are held fixed during the simulation
to allow the obstacle or passage-ways to maintain its same
basic structure. During the simulation and planning phases,
the passage ways have gravity as an external force. We allow
the robot (sphere) to be much more flexible as it has to squeeze
through each passage way from one chamber to another. The
path obtained shows the robot taking a path that requires less
deformation and so, is energetically more feasible.
The volume difference for the obstacle during the simulation
of the path remains fairly constant. As shown in Figure 5,
the robot, which is very flexible, usually maintains a volume
difference that is less than six percent. However, there are
times when the volume difference reaches ten percent.

TABLE I
Environment Properties and Experimental Results.
Obstacles
types
deformable
deformable
deformable
deformable
rigid/deformable

1000

5

−10

Environment
names
Barriers 1
Barriers 2
Windows
Falling Objects
Body Parts

0

10

Sol.
Time (min)
10:34
44:14
63:10
16:00
14:09

Total Tetra shows the number of tetrahedra in the environment including a
robot and obstacles. Sol. Iteration and Sol. Time are the number of iterations
to expand the tree and the time (in minutes) to solve the problem, resp.

C. Experiment 1: Barriers
Paths in the barriers environment result in large deformation; see Figure 1. The obstacles in the environment are the
two plates positioned on opposite walls. The obstacles do not
have an external gravity force applied to them and so the
deformation occurs as a result of collision. The goal state of
the robot (cube) is on the opposite side of the plates from
the start state. The large deformation occurs as the robot
maneuvers through the plates, in the process causing large
deformations.
Barriers 1 environment is a simplified version of Barriers 2
environment. The simplification comes from Barriers 1 having
less tetrahedra to represent the same obstacles. The actual

E. Experiment 3: Falling Objects
In the falling objects environment, the objects are free to fall
given gravity as an external force. The robot has to maneuver
through the opening in the falling plate before it reaches the
ground. The goal state of the robot (bunny) is above the plate.
The other falling object in the environment is a dragon. This is
a highly dynamic environment as the robot has to plan the path
as objects are falling, making planning much more difficult.
The volume change for the falling plate remains close to
constant throughout the simulation. Although the volumes for
the robot and the other obstacle in the environment vary, they

‡ http://parasol.tamu.edu/
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Fig. 7. Falling Objects Environment. Both the robot (the bunny) and the
obstacle (the dragon and the wall with a hole) in this environment are
deformable and free flying. This image sequence is shown from left to right.

Obstacle 1

10

% volume change

3000
4000
Step in simulation
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and obstacles) are well preserved, within ten percent of their
rest shape. The proposed planner is a tree-based planner that
constructs a tree in the state space of the system until a state
in the tree approaches the goal state. Our experimental results
show that our planner can efficiently handle complex and
dynamic environments with thousands of tetrahedra.

Fig. 5. Windows Environment. Volume differences of robot and obstacles
from their rest shape during path traversal.
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Fig. 6. Windows Environment. Both the robot (the sphere) and the obstacle
(the wall with windows) in this environment are deformable. This image
sequence is shown from left to right and from top to bottom.

remain within ten percent of their initial volume. This is a
good result given the amount of collision and external forces
applied to all objects.
F. Experiment 4: Human Body Model
This environment, shown on the
right, is a simplified model of the human body consisting of a heart, lungs
and a liver which are all deformable
objects. The spine is modeled as a
rigid body. In this environment, the
robot is the heart and has to reach a
goal state in front of the lungs and
liver. The lungs and liver both have
fixed points that prevent them from
moving too much in the environment
although these objects do deform. The
deformation of these high resolution meshes is done using FFD
as previously described.
We are able to obtain a path for the heart that slides between
the lungs. The percent of volume change for all the deformable
objects in this environment is typically within five percent.
Given the interaction needed between the robot (heart) and
obstacles (lungs, liver and spine), the amount of deformation
obtained is reasonable.
VII. C ONCLUSION
In this paper, we proposed a motion planning method that
finds paths for deformable robots in completely deformable
environments. To generate realistic motion, our deformable
model considers volume preservation and our results show
that the volumes of all deformable object (including robots
6

