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Dynamic Programming

Jyh-Ming Lien

some materials here are based on Prof. Shehu, and Prof. Wang’s past lecture notes



Intro



Intro
• what kind of problems can be solved using 

dynamic programming?

- optimization problems

- the optimal solution can be obtained from 
the optimal solutions of the subproblems

- overlapping subproblems (i.e., the same 
subproblem may appear many times)



Intro
• How to solve dynamic programming 

problems?

- define what your “sub-problem”

- solve the sub-problems recursively 

- store solutions to the sub-problems (and 
use them later)



Intro
• matrix chain multiplication 

compute A1 ×A2 ×A3 ×A4



LCS
• Longest common sequence (LCS)

• example:

• Brute force time complexity?

Given two sequences x[1 . . . m] and y[1 . . . n], find a longest subsequence com-
mon to them both

X = [A, B,C, B, D,A, B]
Y = [B, D,C, A, D, A]



LCS
• Dynamic programming

- sub-problem

- define (and solve) recursively 

c[i, j] = |LCS(x[1 . . . i], y[1 . . . j])|

c[i, j] =
{

c[i− 1, j − 1] + 1 if x[i] = y[j]
max{c[i− 1, j], c[i, j − 1]} otherwise



LCS
• example:

X = [A, B,C, B, D,A, B]
Y = [B, D,C, A, D, A]

{i, j} 1 2 3 4 5 6 7
1
2
3
4
5
6



Matrix multiplication



Matrix multiplication
• a pair of parentheses group two matrices

• The final matrix represents the root

• Ex: (((AB)C)D) and ((AB)(CD))



Matrix multiplication

• Example:

- subproblems

‣ with two matrices

‣ with three matrices

‣ with four matrices

A[50× 20], B[20× 1], C[1× 10], D[10× 100]
compute A×B × C ×D



Matrix multiplication
• Sub-problem

- cost of multiplying matrix i to j
C(i, j) = min

i≤k<j
{C(i, k) + C(k + 1, j) + mi−1 · mk · mj}



Matrix multiplication
• example: A[50× 20], B[20× 1], C[1× 10], D[10× 100]

0 j = 1 j = 2 j = 3 j = 4
i = 1 0
i = 2 0
i = 3 0
i = 4 0



Optimal BST
• problem:

• example:

• What is the time complexity of a brute force algorithm?

Given a list of sorted values (associated with probabilities), find a binary
search tree (BST) whose total weight is minimized

A (0.1), B (0.2), C (0.4), D (0.3)



Optimal BST
• sub-problem

- cost of a tree with values from i to j

C[i, j] = min
i≤k≤j

{C[i, k − 1] + C[k + 1, j]} +
j∑

s=i

ps



Optimal BST
• example: 

{i, j} 0 1 2 3 4
1
2
3
4
5

A (0.1), B (0.2), C (0.4), D (0.3)



Optimal BST

Algorithm 0.1: OptBST(A[1 · · ·n])

for i← {1 · · ·n}

do
{

C[i, i− 1]← 0
C[i, i]← A[i]

for d← {1 · · ·n− 1}

do






for i← 1 · · ·n− d

do






j ← i + d
min←∞
for k ← {i · · · j}

do
{
if C[i, k − 1] + C[k + 1, j] < min
then min← C[i, k − 1] + C[k + 1, j]

C[i, j]← min +
∑j

s=i A[s]



Assembly Line
• schedule an optimal assembly

each number is a circle represent delay 



Assembly Line
• sub-problems

-  

- define the sub-problem recursively

‣  

‣  

- Final solution

‣  

C(i, j) is the optimal solution up to the station Si,j

C(1, j) = min{C(1, j − 1), C(2, j − 1) + t2,j} + a1,j

C(2, j) = min{C(2, j − 1), C(1, j − 1) + t1,j} + a2,j

C = min{C(1, n) + x1, C(2, n) + x2}



Assembly Line
• Example

• C = min{ , } =

j = 1 2 3 4 5 6
C(1, j)
C(2, j)


