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- pinhole camera
- perspective projection 
- coordinate frames (world, camera, sensor)
- thin lens model, field of view, depth of field
- radial distortion



Image Formation

• If the object is our lens the refracted light causes the images 

• How to integrate the information from all the 
rays being reflected from the single point
on the surface ? 

• Depending in their angle of incidence, some are 
more refracted then others – refracted rays all 
meet at the point – basic principles of lenses

• Also light from different surface points may hit the same lens 
point but they are refracted differently  - Kepler’s 
retinal theory 





Let’s design a camera

• Idea 1:  put a piece of film in front of an object
• Do we get a reasonable image?

Slide by Steve Seitz



Pinhole camera

• Add a barrier to block off most of the rays
– This reduces blurring
– The opening is known as the aperture

Slide by Steve Seitz



Pinhole camera model

• Pinhole model:
– Captures pencil of rays – all rays through a single point
– The point is called Center of Projection (focal point)
– The image is formed on the Image Plane

Slide by Steve Seitz



Camera Obscura

• Basic principle known to 
Mozi (470-390 BCE), 
Aristotle (384-322 BCE)

• Drawing aid for artists: 
described by Leonardo da 
Vinci (1452-1519) 

Gemma Frisius, 1558

Source: A. Efros



Pinhole Camera Model

Pinhole



Pinhole Camera Model

Frontal
pinhole

Note for the image plane moved in front of the center of 
projection (aperture) – the image will not be flipped 



perspective projection
X
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Pinhole Camera Model

image plane sensor

By similarity of triangles

solve for x

origin of the camera
coordinate frame
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Pinhole Camera Model 
Homogeneous coordinates  

Homogenous coordinates in 2D – add dimension  
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Divide by 3rd coordinate
What if w = 0 ?     

Image coordinates are nonlinear function of coordinates
In the camera coordinate frame

x =
fX

Z
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Physical points



Points and lines  

Homogeneous coordinates of a point are equivalent 
If they are proportional
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Advantage of homogenous coordinates – line equation

General equation of a line 

𝒍𝑻𝒙 = 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0
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Homogeneous coordinates of a point are equivalent 
If they are proportional
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Advantage of homogenous coordinates – line equation

General equation of a line in 2D 

𝒍𝑻𝒙 = 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0

set of all points x that satisfy 
the equation 
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Points and lines  



Image of a line – homogeneous representation

Homogeneous representation of and 2D image of a line

𝑙

Is plane normal spanned by 𝐶, 𝒙!, 𝒙"

𝐶

𝑥"

𝑥#

Equation of a line that goes through two 
points 𝒙!, 𝒙"

𝒍 = 𝒙𝟏 × 𝒙𝟐

Intersection of two lines 𝒍,𝒎 𝑖𝑠 𝑎 𝑝𝑜𝑖𝑛𝑡

𝒑 = 𝒍 ×𝒎

cro



What’s the intersection?
0x + 1y - 2 = 0

1x + 0y - 1 = 0

[0,1,-2] x [1,0,-1] = [-1,-2,-1]
Converting back (divide by -1)

(1,2)

2D lines – homogeneous representation
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y = mx+ b

<latexit sha1_base64="+9wJHLhsuiR2UntkBwjp9b4Dayw=">AAACCnicbVDLSgMxFM3UV62vUZduokUQhDIjvjZC0Y3LCvYBnaFk0rQNzWSG5I5Yhq7d+CtuXCji1i9w59+YtiNo64ELJ+fcS+49QSy4Bsf5snJz8wuLS/nlwsrq2vqGvblV01GiKKvSSESqERDNBJesChwEa8SKkTAQrB70r0Z+/Y4pzSN5C4OY+SHpSt7hlICRWvbuPfZopLEHPQYEH+IB9jSXP+8L3G7ZRafkjIFniZuRIspQadmfXjuiScgkUEG0brpODH5KFHAq2LDgJZrFhPZJlzUNlSRk2k/HpwzxvlHauBMpUxLwWP09kZJQ60EYmM6QQE9PeyPxP6+ZQOfcT7mME2CSTj7qJAJDhEe54DZXjIIYGEKo4mZXTHtEEQomvYIJwZ0+eZbUjkruaenk5rhYvsziyKMdtIcOkIvOUBldowqqIooe0BN6Qa/Wo/VsvVnvk9aclc1soz+wPr4BibOY5w==</latexit>

x cos ✓ + y sin ✓ = d

𝑑

𝑥

𝑦

θ

Slope and intercept representation

Polar line representation

𝑎, 𝑏, 𝑐 𝑥, 𝑦, 1 $ = 0
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• Cross product between two vectors in 

where

Recall Vector (cross) Product

<latexit sha1_base64="bYYyII375Xx4K+lgn7vosIXVS8Y="></latexit>

c = a⇥ b = âb =

2

4
0 �a3 a2
a3 0 �a1
�a2 a1 0

3

5

2

4
b1
b2
b3

3

5



0x + 1y - 2 = 0

1x + 0y - 1 = 0

[0,1,-2] x [1,0,-1] = [-1,-2,-1]
Converting back (divide by -1)

(1,2)

2D lines – homogeneous representation

<latexit sha1_base64="t0ZsOvOlJNXFYdk1CIj3bgrjwQQ="></latexit>

c = [0, 1,�2]⇥ [1, 0,�1] = âb =

2

4
0 0 1
0 0 2
�1 �2 0

3

5

2

4
1
0
�1

3

5 =

2

4
�1
�2
�1

3

5

Cross product above: 



0x + 1y - 2 = 0

[0,1,-2] x [0,1,-1] = [1,0,0]
Third coordinate is zero – point at infinity

2D lines – homogeneous representation

0x + 1y - 1 = 0



Pinhole Camera Model 

2-D coordinates

Perspective projection in homogeneous coordinates

• Image coordinates are nonlinear function of world coordinates
• Relationship between coordinates in the camera frame and sensor plane

x =
fX

Z

<latexit sha1_base64="Z2tobDQNYifJCruc7v+cdfiuIHY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkRS9C0YvHCvYD21A22027dLMJu5tiCfknXjwo4tV/4s1/47bNQVsfDDzem2Fmnh9zprTjfFuFtfWNza3idmlnd2//wD48aqkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH9/O/PaESsUi8aCnMfVCPBQsYARrI/Vt+wldo14gMUmDTpY+Zn277FScOdAqcXNShhyNvv3VG0QkCanQhGOluq4Tay/FUjPCaVbqJYrGmIzxkHYNFTikykvnl2fozCgDFETSlNBorv6eSHGo1DT0TWeI9UgtezPxP6+b6ODKS5mIE00FWSwKEo50hGYxoAGTlGg+NQQTycytiIywiUGbsEomBHf55VXSuqi41Urtvlqu3+RxFOEETuEcXLiEOtxBA5pAYALP8ApvVmq9WO/Wx6K1YOUzx/AH1ucPBRKTSA==</latexit>

same as
<latexit sha1_base64="016u7eOWB/qwvHea0VDPl3iRPxA=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclUR8bYSiG5cV7EPbUCbTSTt0Mgkzk0II+RM3LhRx65+482+ctllo64ELh3Pu5d57/JgzpR3n21paXlldWy9tlDe3tnd27b39pooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80e3Eb42pVCwSDzqNqRfigWABI1gbqWfbKbpG3UBikgWPefaU9+yKU3WmQIvELUgFCtR79le3H5EkpEITjpXquE6svQxLzQinebmbKBpjMsID2jFU4JAqL5tenqNjo/RREElTQqOp+nsiw6FSaeibzhDroZr3JuJ/XifRwZWXMREnmgoyWxQkHOkITWJAfSYp0Tw1BBPJzK2IDLGJQZuwyiYEd/7lRdI8rboX1fP7s0rtpoijBIdwBCfgwiXU4A7q0AACY3iGV3izMuvFerc+Zq1LVjFzAH9gff4ACNWTTA==</latexit>

y =
fY

Z

divide by 3rd coordinate



Pinhole Camera Model 

2-D coordinates

• Image coordinates are nonlinear function of world coordinates
• Relationship between coordinates in the camera frame and sensor plane

In the matrix form: each matrix represents stage of the projection 



Image Coordinates

pixel
coordinates

Linear transformation

metric
coordinates

• Relationship between coordinates in the sensor plane and image



Calibration Matrix and Camera Model

Pinhole camera Pixel coordinates

Calibration matrix
(intrinsic parameters)

Projection matrix

Camera model

• Relationship between coordinates in the camera frame and image



perspective projection
X

<latexit sha1_base64="9ad5iLbbEpYqkPCt+/1dIGu5KEg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuFGM5A==</latexit>

Z

<latexit sha1_base64="UAeo+R0BkzuoZI5SL5eWLwPwkhI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALtZjOY=</latexit>

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

f

<latexit sha1_base64="JIPSKlqv1b4lmIl5tAGpYQSiSfw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzYmM8g==</latexit>

X

Z
=

x

f

<latexit sha1_base64="6G4Aaw+/mWWV3BvUOMbWpCAIwQ8=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUmkohuh6MZlBfvANpTJdNIOnUzCzEQsIbjxV9y4UMStX+HOv3HaZqGtBy6cOede5t7jx5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJRIQusk4pFs+VhRzgSta6Y5bcWS4tDntOkPr8Z+855KxSJxq0cx9ULcFyxgBGsjde39TiAxSVtZepehCzR9PWRpkHXtklN2JkDzxM1JCXLUuvZXpxeRJKRCE46VartOrL0US80Ip1mxkygaYzLEfdo2VOCQKi+dnJChI6P0UBBJU0Kjifp7IsWhUqPQN50h1gM1643F/7x2ooNzL2UiTjQVZPpRkHCkIzTOA/WYpETzkSGYSGZ2RWSATQrapFY0IbizJ8+TxknZrZRPbyql6mUeRwEO4BCOwYUzqMI11KAOBB7hGV7hzXqyXqx362PaumDlM3vwB9bnD4rTl4o=</latexit>

x =
fX

Z

<latexit sha1_base64="Z2tobDQNYifJCruc7v+cdfiuIHY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkRS9C0YvHCvYD21A22027dLMJu5tiCfknXjwo4tV/4s1/47bNQVsfDDzem2Fmnh9zprTjfFuFtfWNza3idmlnd2//wD48aqkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH9/O/PaESsUi8aCnMfVCPBQsYARrI/Vt+wldo14gMUmDTpY+Zn277FScOdAqcXNShhyNvv3VG0QkCanQhGOluq4Tay/FUjPCaVbqJYrGmIzxkHYNFTikykvnl2fozCgDFETSlNBorv6eSHGo1DT0TWeI9UgtezPxP6+b6ODKS5mIE00FWSwKEo50hGYxoAGTlGg+NQQTycytiIywiUGbsEomBHf55VXSuqi41Urtvlqu3+RxFOEETuEcXLiEOtxBA5pAYALP8ApvVmq9WO/Wx6K1YOUzx/AH1ucPBRKTSA==</latexit>

<latexit sha1_base64="jk8Q0Em6BMCn3yahMrX6JA89L9I=">AAACEnicbVBNS8NAEN34WetX1aOXxSLopSQi6kUoevFYwX5gE8pmM2mXbjZhdyOW0N/gxb/ixYMiXj1589+4bYNo64OBx3szzMzzE86Utu0va25+YXFpubBSXF1b39gsbW03VJxKCnUa81i2fKKAMwF1zTSHViKBRD6Hpt+/HPnNO5CKxeJGDxLwItIVLGSUaCN1Soc1fI5dH7pMZH5EtGT3Q9zCrotvsQsi+BGLnVLZrthj4Fni5KSMctQ6pU83iGkagdCUE6Xajp1oLyNSM8phWHRTBQmhfdKFtqGCRKC8bPzSEO8bJcBhLE0Jjcfq74mMREoNIt90mgN7atobif957VSHZ17GRJJqEHSyKEw51jEe5YMDJoFqPjCEUMnMrZj2iCRUmxRHITjTL8+SxlHFOanY18fl6kUeRwHtoj10gBx0iqroCtVQHVH0gJ7QC3q1Hq1n6816n7TOWfnMDvoD6+Mbqmec3Q==</latexit>

P =


X
Z

�
Pinhole Camera Model

image plane sensor

x =
fX

Z
=

f�X

�Z

<latexit sha1_base64="sv1/2spuubJUDqpBSE7GKbFyJh4=">AAACGXicbVBNS8MwGE7n15xfVY9egkPwNFpR9DIYevE4wX2wtYw0TbewNC1JKo7Sv+HFv+LFgyIe9eS/Md0q6OYDgSfP875v8j5ezKhUlvVllJaWV1bXyuuVjc2t7R1zd68to0Rg0sIRi0TXQ5IwyklLUcVINxYEhR4jHW98lfudOyIkjfitmsTEDdGQ04BipLQ0MK17WHcCgXAadLO0l8E6LK4O01N8BLX8Q3tZpTIwq1bNmgIuErsgVVCgOTA/HD/CSUi4wgxJ2betWLkpEopiRrKKk0gSIzxGQ9LXlKOQSDedbpbBI634MIiEPlzBqfq7I0WhlJPQ05UhUiM57+Xif14/UcGFm1IeJ4pwPHsoSBhUEcxjgj4VBCs20QRhQfVfIR4hHYzSYeYh2PMrL5L2Sc0+rZ3dnFYbl0UcZXAADsExsME5aIBr0AQtgMEDeAIv4NV4NJ6NN+N9Vloyip598AfG5zcR+Z+z</latexit>

<latexit sha1_base64="52V9gzcBWP2D27ryu/WWvrbfGwo=">AAACGnicbVDLSsNAFJ3UV62vqks3g0VwVRIRdSMU3bisYB/YhDKZ3LRDJ5MwMxFL6He48VfcuFDEnbjxb5y0RbT1wMDhnHuYe4+fcKa0bX9ZhYXFpeWV4mppbX1jc6u8vdNUcSopNGjMY9n2iQLOBDQ00xzaiQQS+Rxa/uAy91t3IBWLxY0eJuBFpCdYyCjRRuqWnTo+xy43gYBg14ceE5kfES3Z/Qi3seviW+yCCH7EUrdcsav2GHieOFNSQVPUu+UPN4hpGoHQlBOlOo6daC8jUjPKYVRyUwUJoQPSg46hgkSgvGx82ggfGCXAYSzNExqP1d+JjERKDSPfTJoF+2rWy8X/vE6qwzMvYyJJNQg6+ShMOdYxznvCAZNANR8aQqhkZldM+0QSqk2beQnO7MnzpHlUdU6q9vVxpXYxraOI9tA+OkQOOkU1dIXqqIEoekBP6AW9Wo/Ws/VmvU9GC9Y0s4v+wPr8BqfSoAo=</latexit>

P = �


X
Z

�



perspective projection

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

f

<latexit sha1_base64="JIPSKlqv1b4lmIl5tAGpYQSiSfw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzYmM8g==</latexit>

<latexit sha1_base64="jAdnEWVUk125FLPesTy0p20QB3g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06f9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAoXo23</latexit>

Xc

<latexit sha1_base64="AvIn2El9CTj+vUAhIR+Y1cgi5YA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPbUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+yxXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndRde/OK7XrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gArao25</latexit>

Zc

<latexit sha1_base64="jAdnEWVUk125FLPesTy0p20QB3g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06f9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAoXo23</latexit>

Xc

<latexit sha1_base64="AvIn2El9CTj+vUAhIR+Y1cgi5YA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPbUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+yxXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndRde/OK7XrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gArao25</latexit>

Zc

<latexit sha1_base64="5nzr9Trid+BmWEr/tMNMM/9ivMA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68VjRfmAbymY7aZduNmF3o5TQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lvRgn6Ee1LHnJGjZXuHrpP3VLZrbhTkEXi5aQMOWrd0lenF7M0QmmYoFq3PTcxfkaV4UzguNhJNSaUDWkf25ZKGqH2s+mpY3JslR4JY2VLGjJVf09kNNJ6FAW2M6JmoOe9ifif105NeOlnXCapQclmi8JUEBOTyd+kxxUyI0aWUKa4vZWwAVWUGZtO0Ybgzb+8SBqnFe+84t6elatXeRwFOIQjOAEPLqAKN1CDOjDowzO8wpsjnBfn3fmYtS45+cwB/IHz+QNJuo3N</latexit>

Zw

<latexit sha1_base64="8S09uSfg4JQioOT4YotvC+2cIJw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G6WE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6b/eeeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F1b07r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNGro3L</latexit>

Xw
<latexit sha1_base64="W4NsZ3UdMd3JSqHJ0nbSZyXsADw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWasjpVQulWhIYJLlndcitYK9UMk0iwZjS8nfrNJ6YNV/LBjlIWJtiXPOYUrZMaHRTpALulsl/xZyDLJMhJGXLUuqWvTk/RLGHSUoHGtAM/teEYteVUsEmxkxmWIh1in7UdlZgwE45n107IqVN6JFbalbRkpv6eGGNizCiJXGeCdmAWvan4n9fObHwdjrlMM8sknS+KM0GsItPXSY9rRq0YOYJUc3croQPUSK0LqOhCCBZfXiaN80pwWfHvL8rVmzyOAhzDCZxBAFdQhTuoQR0oPMIzvMKbp7wX7937mLeuePnMEfyB9/kDjSePHQ==</latexit>↵



perspective projection

<latexit sha1_base64="jAdnEWVUk125FLPesTy0p20QB3g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06f9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAoXo23</latexit>

Xc

<latexit sha1_base64="AvIn2El9CTj+vUAhIR+Y1cgi5YA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPbUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+yxXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndRde/OK7XrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gArao25</latexit>

Zc

<latexit sha1_base64="5nzr9Trid+BmWEr/tMNMM/9ivMA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68VjRfmAbymY7aZduNmF3o5TQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lvRgn6Ee1LHnJGjZXuHrpP3VLZrbhTkEXi5aQMOWrd0lenF7M0QmmYoFq3PTcxfkaV4UzguNhJNSaUDWkf25ZKGqH2s+mpY3JslR4JY2VLGjJVf09kNNJ6FAW2M6JmoOe9ifif105NeOlnXCapQclmi8JUEBOTyd+kxxUyI0aWUKa4vZWwAVWUGZtO0Ybgzb+8SBqnFe+84t6elatXeRwFOIQjOAEPLqAKN1CDOjDowzO8wpsjnBfn3fmYtS45+cwB/IHz+QNJuo3N</latexit>

Zw

<latexit sha1_base64="8S09uSfg4JQioOT4YotvC+2cIJw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G6WE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6b/eeeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F1b07r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNGro3L</latexit>

Xw
<latexit sha1_base64="W4NsZ3UdMd3JSqHJ0nbSZyXsADw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWasjpVQulWhIYJLlndcitYK9UMk0iwZjS8nfrNJ6YNV/LBjlIWJtiXPOYUrZMaHRTpALulsl/xZyDLJMhJGXLUuqWvTk/RLGHSUoHGtAM/teEYteVUsEmxkxmWIh1in7UdlZgwE45n107IqVN6JFbalbRkpv6eGGNizCiJXGeCdmAWvan4n9fObHwdjrlMM8sknS+KM0GsItPXSY9rRq0YOYJUc3croQPUSK0LqOhCCBZfXiaN80pwWfHvL8rVmzyOAhzDCZxBAFdQhTuoQR0oPMIzvMKbp7wX7937mLeuePnMEfyB9/kDjSePHQ==</latexit>↵

<latexit sha1_base64="UdswZjOTCc56SprQQBWkbbda9YQ="></latexit>
Xc
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2D Rigid Body Motion 



perspective projection

<latexit sha1_base64="jAdnEWVUk125FLPesTy0p20QB3g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06f9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAoXo23</latexit>

Xc

<latexit sha1_base64="AvIn2El9CTj+vUAhIR+Y1cgi5YA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPbUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+yxXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndRde/OK7XrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gArao25</latexit>

Zc

<latexit sha1_base64="5nzr9Trid+BmWEr/tMNMM/9ivMA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68VjRfmAbymY7aZduNmF3o5TQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lvRgn6Ee1LHnJGjZXuHrpP3VLZrbhTkEXi5aQMOWrd0lenF7M0QmmYoFq3PTcxfkaV4UzguNhJNSaUDWkf25ZKGqH2s+mpY3JslR4JY2VLGjJVf09kNNJ6FAW2M6JmoOe9ifif105NeOlnXCapQclmi8JUEBOTyd+kxxUyI0aWUKa4vZWwAVWUGZtO0Ybgzb+8SBqnFe+84t6elatXeRwFOIQjOAEPLqAKN1CDOjDowzO8wpsjnBfn3fmYtS45+cwB/IHz+QNJuo3N</latexit>

Zw

<latexit sha1_base64="8S09uSfg4JQioOT4YotvC+2cIJw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G6WE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6b/eeeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F1b07r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNGro3L</latexit>

Xw
<latexit sha1_base64="W4NsZ3UdMd3JSqHJ0nbSZyXsADw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWasjpVQulWhIYJLlndcitYK9UMk0iwZjS8nfrNJ6YNV/LBjlIWJtiXPOYUrZMaHRTpALulsl/xZyDLJMhJGXLUuqWvTk/RLGHSUoHGtAM/teEYteVUsEmxkxmWIh1in7UdlZgwE45n107IqVN6JFbalbRkpv6eGGNizCiJXGeCdmAWvan4n9fObHwdjrlMM8sknS+KM0GsItPXSY9rRq0YOYJUc3croQPUSK0LqOhCCBZfXiaN80pwWfHvL8rVmzyOAhzDCZxBAFdQhTuoQR0oPMIzvMKbp7wX7937mLeuePnMEfyB9/kDjSePHQ==</latexit>↵

2D Rigid Body Motion in homogeneous coordinates 

<latexit sha1_base64="lD6OsVoUzzKmI/UYtEKBbKwxwV4="></latexit>2
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2D Rotation Matrix

Interpretations of the rotation matrix  RAB

{A}

{B}

Columns of  RAB are the unit vectors of the axes of 
frame B expressed in coordinate frame A. Such 
rotation matrix transforms coordinates of points in 
frame B to points in frame A

XA = RABXB

�
RAB =

�
cos � � sin �
sin � cos �

⇥

Use of the rotation matrix as transformation  RAB   



2D Rotation Matrix
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Counter-clockwise rotation of a point by an angle q

Counter-clockwise rotation of a coordinate frame
attached to a rigid body by an angle q



3D Rigid Body Transformation

What is camera moves ?
{w} world coordinate frame
{c} camera coordinate frame 



3D Rigid Body Transformation

Coordinates are related by:

Camera pose is specified by:



3D Rigid Body Motion in Homogeneous 
Coordinates

3-D coordinates are related by:

Homogeneous coordinates:

Homogeneous coordinates are related by:



3D Rotation of Points – Euler angles

Rotation around the coordinate axes, counter-clockwise:

<latexit sha1_base64="aKHvIN25i9XeIPAFa3ADIPVb+BA=">AAAB83icbVBNS8NAEN34WetX1aOXYBHqpSRS1GPRi8cq9gOaUDbbSbt0swm7E6GW/g0vHhTx6p/x5r9x0+agrQ8GHu/NMDMvSATX6Djf1srq2vrGZmGruL2zu7dfOjhs6ThVDJosFrHqBFSD4BKayFFAJ1FAo0BAOxjdZH77EZTmsXzAcQJ+RAeSh5xRNJJ333uqeDgEpGfFXqnsVJ0Z7GXi5qRMcjR6pS+vH7M0AolMUK27rpOgP6EKORMwLXqphoSyER1A11BJI9D+ZHbz1D41St8OY2VKoj1Tf09MaKT1OApMZ0RxqBe9TPzP66YYXvkTLpMUQbL5ojAVNsZ2FoDd5woYirEhlClubrXZkCrK0MSUheAuvrxMWudV96Jau6uV69d5HAVyTE5IhbjkktTJLWmQJmEkIc/klbxZqfVivVsf89YVK585In9gff4A5a+Q8w==</latexit>

Rz(✓)
<latexit sha1_base64="Ib/UC9zijrwnI4hqkECSSo5MDf0=">AAAB83icbVBNSwMxEM36WetX1aOXYBHqpexKUY9FLx6r2A/oLmU2zbah2WxIsmIp/RtePCji1T/jzX9jtt2Dtj4YeLw3w8y8UHKmjet+Oyura+sbm4Wt4vbO7t5+6eCwpZNUEdokCU9UJwRNORO0aZjhtCMVhTjktB2ObjK//UiVZol4MGNJgxgGgkWMgLGSf997qvjA5RDOir1S2a26M+Bl4uWkjHI0eqUvv5+QNKbCEA5adz1XmmACyjDC6bTop5pKICMY0K6lAmKqg8ns5ik+tUofR4myJQyeqb8nJhBrPY5D2xmDGepFLxP/87qpia6CCRMyNVSQ+aIo5dgkOAsA95mixPCxJUAUs7diMgQFxNiYshC8xZeXSeu86l1Ua3e1cv06j6OAjtEJqiAPXaI6ukUN1EQESfSMXtGbkzovzrvzMW9dcfKZI/QHzucPyf+Q4Q==</latexit>

Rx(↵)
<latexit sha1_base64="Ib/UC9zijrwnI4hqkECSSo5MDf0=">AAAB83icbVBNSwMxEM36WetX1aOXYBHqpexKUY9FLx6r2A/oLmU2zbah2WxIsmIp/RtePCji1T/jzX9jtt2Dtj4YeLw3w8y8UHKmjet+Oyura+sbm4Wt4vbO7t5+6eCwpZNUEdokCU9UJwRNORO0aZjhtCMVhTjktB2ObjK//UiVZol4MGNJgxgGgkWMgLGSf997qvjA5RDOir1S2a26M+Bl4uWkjHI0eqUvv5+QNKbCEA5adz1XmmACyjDC6bTop5pKICMY0K6lAmKqg8ns5ik+tUofR4myJQyeqb8nJhBrPY5D2xmDGepFLxP/87qpia6CCRMyNVSQ+aIo5dgkOAsA95mixPCxJUAUs7diMgQFxNiYshC8xZeXSeu86l1Ua3e1cv06j6OAjtEJqiAPXaI6ukUN1EQESfSMXtGbkzovzrvzMW9dcfKZI/QHzucPyf+Q4Q==</latexit>

Rx(↵)

Where rotation matrix is:



Properties of Rigid Body Motions

Rigid body motion composition

Rigid body motion inverse

Rigid body motion acting on vectors

Vectors are only affected by rotation – 4th homogeneous coordinate is zero



Calibration Matrix and Camera Model

Pinhole camera Pixel coordinates

Transformation between camera coordinate
systems and world coordinate system

More compactly

• Relationship between coordinates in the world frame and image 

<latexit sha1_base64="g7a104t2TcsZmFekkVGjVO56WuY="></latexit>
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Orthographic Projection
• Special case of perspective projection

– Distance from center of projection to image plane is infinite

– Also called “parallel projection”
– What’s the projection matrix (in homogenous coordinates)?

Image World

Slide by Steve Seitz



Orthographic Projection
• Special case of perspective projection

- All objects appear at the same scale 
- Parallel lines remail parallel 
- Often used in engineering drawings

• Scaled orthographic projection
- project to fronto-parallel plane
- scale the image using regular projection

Adopted from R. Szeliski

<latexit sha1_base64="F3EFTJARI3VuO11it8l3UFupSHs="></latexit>
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In non-homogeneous coordinates



Perspective distortion
• Problem for architectural photography: converging verticals
• Parallel lines in the world are not parallel in the image
• Correction; design special cameras to correct the distortion
• Useful for architectural photography 
• http://en.wikipedia.org/wiki/Perspective_correction_lens

Source: F. Durand

http://en.wikipedia.org/wiki/Perspective_correction_lens


Visual Illusions, Wrong Perspective



Vanishing points

Different sets of parallel lines in a plane  intersect 
at vanishing points, vanishing points form a horizon line



Ames Room Illusions



More Illusions

Which of the two monsters is bigger ?


