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Bayesian Networks 

•  Syntax 
•  Semantics 



Previously: Bayes' Rule 

•  Bayes Rule 

•  Useful for assessing diagnostic probability from causal 
probability: 
P(Cause|Effect) = P(Effect|Cause) P(Cause) / P(Effect) € 

P(Y | X) =
P(X |Y )P(Y )

P(X)

P(Y)	  

P(X|Y)	  

X	  is	  observed,	  we	  want	  P(	  Y	  |	  X	  )	  

P(X,Y)	  =	  P(X|Y)P(Y)	  

Modeling	  joint	  distribu;on	  as	  product	  of	  condi;onal	  and	  
prior	  



Bayesian networks 

•  A simple, graphical notation for conditional 
independence assertions and hence for compact 
specification of full joint distributions 

•  Syntax: 
–  a set of nodes, one per variable 

 
–  a directed, acyclic graph (link ≈ "directly influences") 
–  a conditional distribution for each node given its parents: 

P (Xi | Parents (Xi)) 
 

•  In the simplest case, conditional distribution represented 
as a conditional probability table (CPT) giving the 
distribution over Xi for each combination of parent values 



Example 

•  Topology of network encodes conditional independence 
assertions: 

 
 
 
 
 
 
•  Weather is independent of the other variables 
•  Toothache and Catch are conditionally independent 

given Cavity 



Different types of BN reasoning 

Observe	  evidence	  
Reason	  about	  cause	   Explaining	  Away	  

S	   R	  

H	  

P(S)	  =	  0.7	  
P(R)	  =	  0.01	  
P(H	  |	  S,	  R)	  =	  1	  
P(H	  |	  ~S,	  R)	  =	  0.9	  
P(H	  |	  S,	  ~R)	  =	  0.7	  
P(H	  |	  ~S,	  ~R)	  =	  0.1	  



Example 

•  I'm at work, neighbor John calls to say my alarm is 
ringing, but neighbor Mary doesn't call. Sometimes it's 
set off by minor earthquakes. Is there a burglar? 

•  Variables: Burglary, Earthquake, Alarm, JohnCalls, 
MaryCalls 

•  Network topology reflects "causal" knowledge: 
–  A burglar can set the alarm off 
–  An earthquake can set the alarm off 
–  The alarm can cause Mary to call 
–  The alarm can cause John to call 



Example contd. 



Compactness 
•  A CPT for Boolean Xi with k Boolean parents has 2k rows 

for the combinations of parent values 

•  Each row requires one number p for Xi = true 
(the number for  Xi = false is just 1-p) 

•  If each variable has no more than k parents, the 
complete network requires O(n · 2k) numbers 

•  I.e., grows linearly with n, vs. O(2n) for the full joint 
distribution 

•  For burglary net, 1 + 1 + 4 + 2 + 2 = 10 numbers (vs. 
25-1 = 31) 



Semantics 

The full joint distribution is defined as the product of the 
local conditional distributions: 

 
  P (X1, … ,Xn) = πi = 1 P (Xi | Parents(Xi)) 

 

e.g., P(j ∧ m ∧ a ∧ ¬b ∧ ¬e) 
 

 = P (j | a) P (m | a) P (a | ¬b, ¬e) P (¬b) P (¬e) 
 
 
 

n	  



Local Semantics 

•  Each node is conditionally independent of its non-
descendants given its parents 

•  Each node is conditionally independent of all others 
given its Markov Blanket: parents + children+children’s 
parents 

•  More general notion of conditional independence  
•  d-separation 
•  Helps decide whether set of nodes X is independent  
    from set on nodes Y, given third set  
 



Reasoning Patterns in Bayes Nets 

•  Blackboard 
•  Causal reasoning – downstream; evidence are 

causes – compute probabilities of effects 
•  Evidential reasoning – observe effects, compute 

probability of causes 
•  Inter-causal reasoning – Explaining away: 

different causes of the same effect can interact: 
explain each other away (flu, mono example)  

•  Cancer example, happiness example 



Outline 

•  Exact inference by enumeration  
•  Exact inference by variable elimination 
•  Approximate inference by stochastic 

simulation  
•  Approximate inference by Markov Chain 

Monte Carlo 



Inference by enumeration 

•  Single chain example (black-board) 



Inference by enumeration 



•  The number of operations for inference by 
enumeration depends on how is network 
constructed 

Inference by enumeration 



Enumeration Algorithm 



Evaluation Tree 



Constructing Bayesian networks 

•  1. Choose an ordering of variables X1, … ,Xn 
•  2. For i = 1 to n 

–  add Xi to the network 
–  select parents from X1, … ,Xi-1 such that 

 P (Xi | Parents(Xi)) = P (Xi | X1, ... Xi-1) 
 
 

This choice of parents guarantees: 
P (X1, … ,Xn)  = πi =1 P (Xi | X1, … , Xi-1) (chain rule) 

   = πi =1P (Xi | Parents(Xi))                  (by construction) 

n	  

n	  



•  Suppose we choose the ordering M, J, A, B, E 
 

P(J | M) = P(J)? 
 

Example 



•  Suppose we choose the ordering M, J, A, B, E 
 

P(J | M) = P(J)? 
No 
P(A | J, M) = P(A | J)? P(A | J, M) = P(A)? 
 

Example 



•  Suppose we choose the ordering M, J, A, B, E 
 

P(J | M) = P(J)? 
No 
P(A | J, M) = P(A | J)? P(A | J, M) = P(A)? No 
P(B | A, J, M) = P(B | A)?  
P(B | A, J, M) = P(B)? 

Example 



•  Suppose we choose the ordering M, J, A, B, E 
 

P(J | M) = P(J)? 
No 
P(A | J, M) = P(A | J)? P(A | J, M) = P(A)? No 
P(B | A, J, M) = P(B | A)? Yes 
P(B | A, J, M) = P(B)? No 
P(E | B, A ,J, M) = P(E | A)? 
P(E | B, A, J, M) = P(E | A, B)? 

Example 



•  Suppose we choose the ordering M, J, A, B, E 
 

P(J | M) = P(J)? 
No  
P(A | J, M) = P(A | J)? P(A | J, M) = P(A)? No 
P(B | A, J, M) = P(B | A)? Yes 
P(B | A, J, M) = P(B)? No 
P(E | B, A ,J, M) = P(E | A)? No 
P(E | B, A, J, M) = P(E | A, B)? Yes 

Example 



Example contd. 

•  Deciding conditional independence is hard in noncausal 
directions 

•  (Causal models and conditional independence seem 
hardwired for humans!) 

•  Network is less compact: 1 + 2 + 4 + 2 + 4 = 13 numbers 
needed 

 



Inference by variable elimination 



Variable elimination basic operations 



Irrelevant variables 



Complexity of exact inference 

Variable	  elimina;on	  –	  inference	  is	  linear	  in	  the	  size	  of	  the	  network	  	  
(size	  of	  CPT	  and	  number	  of	  nodes	  	  



Inference by stochastic simulation 



Inference by Sampling 

•  Examples (blackboard)  
•  Estimate joint distribution of two coins (sampling from 

empty network – no evidence) 

•  Direct Sampling 
•  Rejection Sampling  
•  Importance Sampling 
•  MCMC  
 
•  Sampling ->  approximate inference method 
 



Inference by stochastic simulation 



Example 



Example 



Example 



Example 



Example 



Example 



Example 



Sampling from empty network 



Rejection sampling 



Analysis of rejection sampling 



Likelihood weighting 



Example 



Example 



Example 



Example 



Example 



Example 



Example 



Likelihood weighting analysis 



Approximate Inference using MCMC 



Markov Chain 



MCMC continued 



Markov Blanket Sampling 



Summary 



•  Direct Sampling 
•  Rejection Sampling  
•  Importance Sampling 
•  MCMC  

•  Additional inference techniques  
•  Loopy belief propagation 
•  Variational inference 


