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Simply-Typed Lambda Calculus with Extensions 

 

t ::= x | λx:T.t | (t t) | true | false | if t t t | ~t | t = t 
    | <#> | t + t | t-t | t*t | t<t | t>t 
    | nil T | cons t t | isnil t | head t | tail t 
    | fix t 

T ::= T → T | ℤ | 𝔹 | ⟦ T ⟧ 
 
v ::= λx:T.t | true | false | <#> | nil T | cons t t 

 

 

Evaluation Rules 

 

E-App1
𝒕𝟏 →𝒕𝟏

′

(𝒕𝟏  𝒕𝟐)→(𝒕𝟏
′  𝒕𝟐)

  E-App2
𝒕𝟐 →𝒕𝟐

′

(𝒗  𝒕𝟐)→(𝒗 𝒕𝟐
′ )

  E-App-Abs 
((𝝀𝒙:𝑻.𝒕) 𝒗)→( 𝒕[𝒙↦𝒗])

 

 

E-If 
𝒕𝟏 → 𝒕𝟏

′

𝒊𝒇 𝒕𝟏 𝒕𝟐 𝒕𝟑→ 𝒊𝒇 𝒕𝟏
′ 𝒕𝟐 𝒕𝟑

  E-If-true 
𝒊𝒇 𝒕𝒓𝒖𝒆 𝒕𝟐 𝒕𝟑→ 𝒕𝟐

  E-If-false 
𝒊𝒇 𝒇𝒂𝒍𝒔𝒆 𝒕𝟐 𝒕𝟑→ 𝒕𝟑

 

 

E-Neg1 
𝒕→𝒕′

~𝒕 → ~𝒕′    E-Neg-T 
~𝒕𝒓𝒖𝒆  →  𝒇𝒂𝒍𝒔𝒆

  E-Neg-F 
~𝒇𝒂𝒍𝒔𝒆  →  𝒕𝒓𝒖𝒆

 

 

E-Eq1 
𝒕𝟏 →𝒕𝟏

′

𝒕𝟏 =𝒕𝟐  →  𝒕𝟏
′ =𝒕𝟐

  E-Eq2 
𝒕𝟐 →𝒕𝟐

′

𝒗=𝒕𝟐  →  𝒗=𝒕𝟐
′   E-Eq 

𝒂𝒏𝒔∶𝒂𝒓𝒆 𝒗𝟏,𝒗𝟐 𝜶−𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕?

𝒗𝟏=𝒗𝟐 →  𝒂𝒏𝒔
 

 

E-Add1 
𝒕𝟏 →𝒕𝟏

′

𝒕𝟏 +𝒕𝟐  →  𝒕𝟏
′ +𝒕𝟐

  E-Add2 
𝒕𝟐 →𝒕𝟐

′

𝒗+𝒕𝟐  →  𝒗+𝒕𝟐
′   E-Add 

𝒗𝟏 +𝒗𝟐  →(𝒑𝒆𝒓𝒇𝒐𝒓𝒎 𝒂𝒅𝒅𝒊𝒕𝒊𝒐𝒏)
 

 

E-GT1 
𝒕𝟏 →𝒕𝟏

′

𝒕𝟏 >𝒕𝟐  →  𝒕𝟏
′ >𝒕𝟐

  E-GT2 
𝒕𝟐 →𝒕𝟐

′

𝒗>𝒕𝟐  →  𝒗>𝒕𝟐
′
  E-GT 

𝒗𝟏 >𝒗𝟐  →(𝒑𝒆𝒓𝒇𝒐𝒓𝒎 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒄𝒉𝒆𝒄𝒌)
 

 
E-Mul/1/2, E-Sub/1/2, E-LT/1/2 follow the same patterns as E-Add/1/2, E-GT/1/2. 

 

E-isnil1  
𝒕 →𝒕′

𝒊𝒔𝒏𝒊𝒍 𝒕  →  𝒊𝒔𝒏𝒊𝒍 𝒕′  E-isnil-T 
𝒊𝒔𝒏𝒊𝒍 (𝒏𝒊𝒍  𝑻)→  𝒕𝒓𝒖𝒆

  E-isnil-F 
𝒊𝒔𝒏𝒊𝒍 (𝒄𝒐𝒏𝒔 𝒕𝟏 𝒕𝟐)  →  𝒇𝒂𝒍𝒔𝒆

 

 

E-head1  
𝒕 →𝒕′

 𝒉𝒆𝒂𝒅 𝒕  →  𝒉𝒆𝒂𝒅 𝒕′  E-head 
𝒉𝒆𝒂𝒅 (𝒄𝒐𝒏𝒔 𝒕𝟏 𝒕𝟐)  →  𝒕𝟏

 E-tail1  
𝒕 →𝒕′

 𝒕𝒂𝒊𝒍 𝒕  →  𝒕𝒂𝒊𝒍 𝒕′ E-tail  
𝒕𝒂𝒊𝒍 (𝒄𝒐𝒏𝒔 𝒕𝟏 𝒕𝟐)  →  𝒕𝟐

 

 

E-Fix 
𝒇𝒊𝒙 (𝝀𝒙:𝑻.𝒕)  →  𝒕[𝒙↦𝒇𝒊𝒙(𝝀𝒙:𝑻.𝒕)]

 

 

 
Typing Rules 

 

Ty-Var  
(𝑣,𝑇)∈𝛤

𝛤⊢𝑣:𝑇
   Ty-λ  

𝛤,(𝑥,𝑇𝑑)⊢𝑡:𝑇𝑟

𝛤⊢(𝜆𝑥:𝑇𝑑.𝑡) ∶  𝑇𝑑→𝑇𝑟
   Ty-app  

𝛤⊢𝑡1:𝑇𝑑→𝑇𝑟    𝛤⊢𝑡2:𝑇𝑑

𝛤⊢(𝑡1 𝑡2) ∶  𝑇𝑟
 

 

Ty-true  
𝛤⊢𝑡𝑟𝑢𝑒∶ 𝔹

 Ty-false  
𝛤⊢𝑓𝑎𝑙𝑠𝑒∶ 𝔹

 Ty-if  
𝛤⊢𝑡1:𝔹    𝛤⊢𝑡2:𝑇    𝛤⊢𝑡3:𝑇    

𝛤⊢(𝑖𝑓 𝑡1 𝑡2 𝑡3) ∶  𝑇
  Ty-neg 

𝛤⊢𝑡∶𝔹

𝛤⊢(~ 𝑡) ∶ 𝔹
 

 

Ty-eq  
𝛤⊢𝑡1:𝑇    𝛤⊢𝑡2:𝑇

𝛤⊢(𝑡1= 𝑡2) ∶ 𝔹
  

 

Ty- ℤ  
𝛤⊢<#> ∶  ℤ

  Ty-Add  
𝛤⊢𝑡1:ℤ    𝛤⊢𝑡2:ℤ

𝛤⊢(𝑡1+ 𝑡2) ∶  ℤ
  Ty-LT  

𝛤⊢𝑡1:ℤ    𝛤⊢𝑡2:ℤ

𝛤⊢(𝑡1< 𝑡2) ∶  𝔹
  Ty-Sub, Ty-Mul, Ty-GT are similar. 

 

Ty-nil  
𝛤⊢(𝑛𝑖𝑙 ⟦ T ⟧) ∶  ⟦ T ⟧

 Ty-cons  
𝛤⊢𝑡1:T    𝛤⊢𝑡2:⟦T⟧

𝛤⊢(𝑐𝑜𝑛𝑠 𝑡1 𝑡2) ∶  ⟦T⟧
 Ty-head  

𝛤⊢𝑡:⟦T⟧

𝛤⊢(ℎ𝑒𝑎𝑑 𝑡) ∶ T
  Ty-tail  

𝛤⊢𝑡:⟦T⟧

𝛤⊢(𝑡𝑎𝑖𝑙 𝑡) ∶ ⟦T⟧
 

 

Ty-isnil  
𝛤⊢𝑡 ∶ ⟦T⟧

𝛤⊢(𝑖𝑠𝑛𝑖𝑙 𝑡) ∶  𝔹
     Ty-fix  

𝛤⊢𝑡 ∶ 𝑇→𝑇

𝛤⊢(𝑓𝑖𝑥 𝑡) ∶  T
 


